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Z1(ω) = ]{i |Xi(ω) ∈ E1} ; Z2(ω) = ]{i |Xi(ω) ∈ E2}
»�ÑKMTÎ?¼

N�.#.4���
�����E�
F�>K%(.4�+' 3�����%(���O.=<Y�+�����+06Q .4� {0, 1, 2, ..., p} �+��>?$+3!"�¸L�+�-�O.=< "4� �+�-�!"#��$
Z1 + Z2 = p14D 7O'1Ç!�+'Z�*'Z.4������� .,%1����0]0G�6� ����$+.4$+0G�+�E���O¸�JK' 3X%(�E�&��%(���R.4�:�!"#3X%(J?�

ω5GD
(F,G) → ](F ∩G)

576���6�) � <>C!� I��
��� � + < - � C
9v��"4�+�-�

E
' ���+�����+0�Q .4�
�+�

F
' �Â����'��Á�+�����+0�Q .4�
� �

E
� .=< "#���*" I %(���+' 3R� � F ���+3X%/DL%(3�� ${¸�� "#�!"4���Â.,%¬�m��� I �!"4���
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1F (x) = 1
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1A∩B = 1A.1B = 1A ∧ 1B ; 1A∪B = 1A + 1B − 1A.1B = 1A ∨ 1B(= 1A + 1B si A ∩B = φ)

1A∪B∪C = 1A + 1B + 1C − (1A.1B + 1A1C + 1B1C) + 1A1B1C
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A ∩B = AB
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A ∪B = A+B si A ∩B = φ
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∑i=p
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[X] =

∑

ω∈Ω

X(ω)
�

(ω)
»�ÑKMTÙ?¼
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%(D DV�+.4������\-'��+.4\E'�����D 3���D 3!"4$+��$��
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Î�����06Q 3����
3�$��+.4�/� ����%
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[αX + βY ] = α
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[X] + β

�
[Y ]
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���!�R' ���:�s��� I �!"4��� I ���->?�{)*�2�L%(.4��3�� �
[φ(X)] ≥ φ(

�
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[Z1] =

p
∑

1

�
[Yi] =

p
∑

1

�
[Xi ∈ E1] =

p
∑

1

n1

n
= p

n1

n
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[A ∪B ∪ C] =

�
A+

�
B +

�
C − (

�
[A ∩B] +
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�*¯K¥

ΠX(k) =
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[X = k] ∀k ∈ X(Ω)
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Π
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Π(0) = 1 − α , et Π(1) = α� %1D 3���QL%(Q "#.#"#��$

Π
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αH %(����.=<Y�{) �+0]D .4� aGD �-.4����>K%(3!",%(Q .4���O%(.4$U%(����"#3����
Yi

� ${¸�� "4���
F6.,%�¸����*'�DL%(3X%(JK3X%(D [�� . "	��"���" �����E�R$�\-' "4�*"4��H
�!3!"#Q '�$�����« I [L% I ' �����S<Y�+�E�!3��/�+.#.4���
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n
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Z1
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���!�:' ���+�E�!"4�+3

≤ p
�V.=<Y$+>?$+���+0G�+�-�

[Z1 = k]
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Π(k) =
�

[Z1 = k] =
p!

k!(p− k)!
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n
)k(
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n
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(α, p) (α ∈]0, 1[

	
p ∈ N) �
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Π
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{0, 1, 2, ..., p} ¿ Ë  µ´{¥{É1¡�¢ Ë ´��*¯�¥

Π(k) =
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αk(1 − α)p−k
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� �6.=<Y�{)*�+0]D .4� 5 D «
XD 3��+���Â������>�%(.4�+' 3�����%(����.=< "#�E���+3!>K%(.#.4�
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p
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q − k

)
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[X = k] = H(n, p, q, k) =
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n
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Π(k) = H(n, p, q, k)
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n, p, q
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φ(X)
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[φ(X)] =

∑

k∈X(Ω)

φ(k)ΠX (k).
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Φ(X) =
∑

k∈X(Ω)

Φ(k)1{X=k}
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[X] =

∑

k∈X(Ω)

kΠX(k) ,
�

[Xr] =
∑

k∈X(Ω)

krΠX(k) ,
�

[sX ] =
∑

k∈X(Ω)

skΠX(k)
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∑
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n
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k k H(n, p, q, k)
� %(D 3�W��2%U>?��"#3]0G���E�!3�$�.=< "4� �+�-�!"#��$

p(1 + x)p−1 =
∑p−1

0 (k + 1)

(

p
k + 1

)
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(1 + x)p−1(1 + x)n−p = (1 + x)n−1
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X1 : Ω 7→ E1
�+�
X2 : Ω 7→ E2
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f(X1, X2)
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[f(X1, X2)] =
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f(x1, x2)ΠX(x1, x2)
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Ä 9-"
A1 ⊂ F1

�

�
[X1 ∈ A1] = ΠX1

A1 = ΠX(A1 × F2) =
∑

x1∈A1;x2∈F2

ΠX(x1, x2)

Ä 9v��"#�
φ1 : E1 7→ R

� ���	%

�
[φ1(X1)] =

∑

x1∈F1;x2∈F2

φ1(x1)ΠX(x1, x2)
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ΠX
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∀x1 ∈ F1 , ΠX1
(x1) =

∑

x2∈F2

ΠX(x1, x2)
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Í �;DP�K�X�
Ω = {1, 2, 3, 4, 5, 6}2 , X1(ω) = i , X2(ω) = j si ω = (i, j)
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n−uplet (X1, X2, ..., Xn)
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E1, E2, ...Eq
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E
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DV�K���+3X%
nj = cardEj (1 ≤ j ≤ q) (2 ≤ q ≤ n)
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n1 + n2 + ... + nq = n
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Zj = card{i |Xi ∈ Ej} (1 ≤ j ≤ q)
»
Zj(ω)
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Z1 + Z2 + ....Zq = p
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Z = (Z1, Z2, ..., Zq)
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Zj
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n , p
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Z
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ΠZ(k1, k2, ..., kq) =
�

[Z1 = k1;Z2 = k2; ....;Zq = kq]
\-'L%(���

k1 + k2 + ...kq = p
M
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k2
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E2
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kq
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Eq
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nk1

1 n
k2

2 ....n
kq
q
�
N
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� Í 3/� P ���!��$+JE%(.·F

(

p
k1

)(

p− k1

k2

)(

p− k1 − k2

k3

)

....

(

p− k1 − k2 − ...− kq−1

kq

)

=
p!

k1!k2!....kq!
.
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ΠZ(k1, k2, ..., kq) =
N

np
=

p!

k1!k2!....kq !
(
n1

n
)k1(

n2

n
)k2 ....(

nq

n
)kq1[k1+k2+....+kq=p]
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F = {0, 1, 2, ..., p}q ���!�O%(D DV�+.4$��:.4��"j0�' .#�!"#����0]",%(.4��� �¬DL%(3X%(0GW+�!3����

» n1

n ,
n2

n , ...,
nq

n , p, q
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{k ∈ F | k1 + k2 + ....+ kq = p}
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(A1, A2, ..., An)
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�
[
⋂

j∈J

Aj] =
∏

j∈J

�
Aj
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∀C ∈ C ∀D ∈ D �
[C ∩D] =
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�
D.
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�(#·g·b &o_�` %�/�/�b�5·b!�*_ c;%§_ a�/§b� G_ /'�E_*dUf!%§c(b  
9v��"4�+�-��»

Xi : Ω 7→ Ei
¼�' ���&�=%(0]"#.#.4�&¸�� "4�:� �¬>�%(3!",%(Q .4���
%(.4$U%(����"#3���� � ���Z�*"#��\-'�� I �+�!���&�m%(0]"#.#.4�:���!�R"#��� $+DV�+�*H

��%(�E�����!"��
∀Γ1 ⊂ E1,∀Γ2 ⊂ E2...,∀Γn ⊂ En,

�
[X1 ∈ Γ1;X2 ∈ Γ2; ...Xn ∈ Γn] =

�
[X1 ∈ Γ1]

�
[X2 ∈ Γ2]...

�
[Xn ∈ Γn]

@A��' 3�\E'j< "#.S�+������"#�R%("#���!"=� "#.S�!'43G�R\E'��&.4����$+JE%(.#"#��$���D 3�$ I $�� �+�E�����
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fi : Ei 7→ Fi
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n
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(f1(X1), f2(X2), ..., fn(Xn))
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(F1,Π1)
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(F2,Π2)
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Π2
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Π1 × Π2
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Π
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F1 × F2
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Π(x1, x2) = Π1(x1)Π2(x2)
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Γ1etΓ2
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F1etF2
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Π(Γ1 ×Γ2) = Π1(Γ1)×Π2(Γ2)9-"R�L02%("#�-���+�L%(�E�Â�

X = (X1, X2)
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ΠX = ΠX1

× ΠX2
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Ä Ω = En

Ä Xi(ω) = xi
��"
ω = (x1, x2, ...., xi, ..., xn)

Ä �
= µ× µ× ...× µ = µn
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(
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[Xi ∈ E1]
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[f(X)g(Y )] =
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[f(X)]
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[g(Y )].
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∑

x,y
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∑
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xyΠX(x)ΠY (y) = (
∑

x

xΠx(x))(
∑

y
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B
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�
(A+A′|B) =

�
(A|B) +

�
(A′|B) ;

�
[Ω|B] = 1 ;

�
[φ|B] = 0.
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B(A) = � AB

� B

���!��� ��� I ' ���:����' >?�+.#.4�/D 3���QL%(Q "#.#"#��$��!' 3 Ω
M

� ����� �+'*)�D 3���D 3!"4$+��$��
�!' "#>�%(�-�����O�����-� I ���*�m��3!0G���
F�.=< "4� $��:"#�-�!' "#�!"#>?�6\-'��:.=<Y���Z���&�=%("#�O�S< ' � I �����*"#�!"4��� ���+0G�+�E�]M
Ä �

B[B] = 1
� »§.,%1D 3���QL%(Q "#.#"#��$�\E'j< "#.SD .4�+' >?��� �X% I [L%(�-�
\-'j< "#.SD .4�+' �6�����!��$+JE%(.4��F;Ñe¼¬M

Ä � ����$+>?$+���+0G�+�-���;"#�E>K%(3!",%(�E���ÂDL%(3 I � I [L%(� J?�+0G�+�-�Z� �ZD 3���QL%(Q "#.#"#��$®�����E�Â�{) % I ���+0G�+�-�;.4����$+>?$+���+0G�+�-���
"#��� $+DV�+����%(�E���Â� �

B
� »§.,%®D 3���QL%(Q "#.#"#��$	� �

A
«R¡§°�Ì�¯;�P°#´{ºvÌ���¡§¥����!�]0G�v�*"�¸L$��ZDL%(3].,% I ��� �L%("4����%(� I �Z� �

.=<Y$+>?$+���+0G�+�-��«V°4´� µ´{É
�L³�´�³{  ¨ ��ºvÌ(´{¥+ /�*02%("4�R���¬.=<Y���!�RDL%���DL%(3 I �+.#.4�/� �¬.=<Y$+>?$+���+0G�+�E�&"#��� $+DV�+����%(�E��«���À ¯�¡
ºv¢GB{¥!´+°�¯�¢®³U´{¥{ÌU¡�¼¬M

�	�jbEc+1 %�1?b  $1
ÑKM Í � �*"4�!DV�K���Â� � � I %(3!�����G%("#����" I �����!�!"#�!'�$����	«�.,%�D 3��+0]"4W+3������!��Q .,%(� I [����!' 3]�����]ÎZ�m% I �����·.,%8��� I ����� �

����"#3��]��' 3¬�X���/ÎG�=% I ���:�+�:.,%��!3���"4�!"4W+0G�]DV�K����W�� ��' �����m% I �1Q .,%(� I [��G�+�¬' �����m% I ������"#3�� � ' � %(0]"��!"#3��]%('
[L%���%(3��;.=< ' ���:�S<Y�+.#.4����� �+3!3!"4W+3��:������� �K���+��>?��'���0G���E�!3��:' ���:� �¬�������=% I ���:«*�+.#.4�:���!��Q .,%(� I [�� � \-'��+.#.4�:���!�
.,%]D 3���QL%(Q "#.#"#��$6\-'��¬.=<T%(' �!3��¬�m% I �6����"#�RQ .,%(� I [�� �

Î*M H %(���	' ���®DP��D ' .,%(�!"4��� � ��' � 0]"#.#.#"4��� �S< "#���*"#>v"4�*'�� �R��� I ��0]D ��� 0]"#.#.4��DV�+3������ �����	%(�!���+"#�E�����8�S< ' ���
I �+3!�X%("#����02%(.,%��*"4� M Í �×�*"4�!DV�K����DV��' 3G.,%�� $ I �+.4�+3Â�S< ' �Ó�����!��\E' "��j<Y�����2DL%��G�����X%(.4�+0G�+�-�2¸q%(Q .4� � D .#'��
D 3�$ I "4�X$+0G�+�E��«

Ñ+�



Ä %(D D .#"4\E'�$6F�' ���/DP�+3������ ���/02%(.,%�� �G�*"#.�� ��� ���:' �Z3�$���' .#�X%(��DP�K��"#�!"���%�>?� I ' ���¬D 3���QL%(Q "#.#"#��$6� � 0, 9
Ä %(D D .#"4\E'�$6F�' �	"#���*"#>-"4�*'ZQ "4�+�	DP��3!�X%(�-�6� "#.j���!�RDV�K�!"#�!"���%�>?� I .,%1D 3���QL%(Q "#.#"#��$ 0, 1Í �Â�!"#3��:%('�[L%���%(3��2' �Â"#���*"#>-"4�*'���%(��� I �+�!���
DP��D ' .,%(�!"4��� � "#.V���!�Á��������$ODV�K�!"#�!"�� � \-'��+.#.4�
������.,%6D 3���QL%(Q "#.#"#��$
\-'j< "#.�����"#�R02%(.,%�� � �Â»§3�$+DV�������G«SÑ
�vÑKÑUÎ?¼

�*M � <T%(� "#02%(���+' 3��S< ' �/Ç��+'G��$+.4$+>v"4��$O%(0G$+3!" I %("#�;���!��DV�K�!��$�� �+>K%(�E���!3���"4��DV��3!����� I .4�K�������*"4���!"#0�' .,%(�E�RÎ I [�W+>v3����
�+�6' ��� I %��*"#.#.,% I � ' �;Ç!��'��+' 32�j$+>v"4� �+0]0G�+�E��� $��!"#3��+'*)�� �]JE%(JK���+3/.,% I %��*"#.#.,% I � I [���"4�!"#��%(' [L%��X%(3���' ���
� ��� ��DV��3!�����&M � <T%(� "#02%(���+' 36�v\-' "P�X%("#����È����
�!3���' >?�
.=<T%(' ����0G��Q "#.4�]�*��' >v3��&%(.4��3���' ���&� ����Î6DP��3!�����������
I [���"4�!"4���]�+���m%("#���+�Ø�X��3!����� ��0G���E�!3��+31' ��� I [�W+>v3�� � "#.�"#���*"4\-'��;%(.4��3��]%(' I %(���*"4��%(�]\E'j< "#.�DP�+' �1�+� I ��3��
0G�v�*"�¸L�+3������ I [���"�)]�U< "#.*.4�R� $��!"#3��¬M?���+.#' "�H I "q%�H=��H="#. "#�E��$+3�¹+��FO.4���=%("#3�� �/»§3�$+DV�������:«���' " � �U< "#. � $��!"#JK����.=<T%(' �!3��
DV��3!���G�*"#.�%GÎ��m��"4�RD .#'���� � I [L%(� I ���O� �/JE%(JK���+3�.,%1>?��"#�!' 3��e¼¬M

�+6859685 ���
� � �
I��
�J+��K� I�I < A8A < ��� -
I < � ��������	BA < �7AK� � +#�
��� <
9v��"#�

X
' ���G>�%(3!",%(Q .4�G%(.4$U%(����"#3��2FÂ>K%(.4�+' 3��/��%(���

E
� .,%8°��K¡ ¨ ��¢q¿�¡s s¡s�K¢�¢P´{°§°#´ ΠX/B

� �
X

\E'L%(���
B

���+3X%®�
DL%(3O� ${¸�� "#�!"4�����*.,%�.4��"�� �

X
\-'L%(���

Ω
���!��0�' � "�� �:.,%�D 3���QL%(Q "#.#"#��$ �

B
� ����%1� ��� I

ΠX/B(x) =
�

B [X = x] =
�

[X = x |B] =

�
[X = x ;B]�

B
∀x ∈ X(Ω)
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Sp =

∑p
k=1Xk
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[Sn = q]

M Í �8%

�
[Sp = k | Sn = q] =

�
[Sp = k ;Sn = q]�

[Sn = q]
=

�
[Sp = k ; Sn − Sp = q − k]�

[Sn = q]
=

�
[Sp = k]

�
[Sn−p = q − k]�

[Sn = q]
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[Sp = k | Sn = q] =

(

p
k

)(

n− p
q − k

)

(

n
q

) ((p+ q − n)+ ≤ k ≤ p ∧ q) »mÎ*M#Ñe¼
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�
[X1 = 1 | Sn = q] =

�
[S1 = 1 | Sn = q] =

q

n
,
�

[X1 = 0 | Sn = q] = 1 − q

n
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p
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q
� �+'*)Z�+�E�!"4�+3��

> 0 et α1, α2, ..., αq

q reels > 0
� ����DV�K���

H = {k ∈ {0, 1, , ..., p}q | k0 + k1 + k2 + ...+ kq = p}
� Í �Z�*"#�
\E'j< ' ���:>VMT%*M

Z = (Z1, Z2, ...Zq)
F¬>K%(.4�+' 3�����%(��� {0, 1, 2, ..., p}q ���!��0�' .#�!"#����0]",%(.4�
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(α1, α2, ..., αq , p, q)
» I �
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H
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�
[Z1 = k1;Z2 = k2; ...Zq = kq] =

p!

k1!k2!...kq !
αk1

1 α
k2

2 ...α
kq
q ∀k ∈ H
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, p− j , q − 1
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B
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ai
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∑
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∑
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[S | X1 +X2 = k] = k + 21.
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� ���×%(D DV�+.#.4�

µ
.,%8.4��"O� �

X3
�

0G���E�!3��+3&\E'��¬.,%].4��" I �����*"#�!"4��� ���+.#.4��� � S \-'L%(���
[X1 = i;X2 = j]

���!��� ��� ��$��6DL%(3

�
[S = k | X1 = i ;X2 = j] = µ(k − i− j);
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[X|Z] = φ(Z)
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[Sp = k|Sn] =
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p
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n− p
Sn − k
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n
Sn
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[X1 = 1|Sn] =
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[X1 = 0|Sn] = 1 − Sn
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[Sp|Sn] = p
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[X1|Sn] =
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[S|X1 +X2] = X1 +X2 + 21
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[φ(Z)ψ(Z)] =
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φ(i)ψ(i)
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[Z = i] =
∑
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[aX + bX ′|Z] = a

�
[X|Z] + b

�
[X ′|Z] ∀a ∈ R ∀b ∈ R
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[X|Z] ≥ 0
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[
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[X|Z]] =
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[X]
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ψ : F → R
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[Xψ(Z)|Z] = ψ(Z)
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[X|Z].
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[ψ(Z)|Z] = ψ(Z).
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[Y |Z] = K(., Z)
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h : E × F → R
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v(i) =
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[h(X, i)] (i ∈ F )
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[h(X,Z)|Z] = v(Z)

»mÎ*M#ÑUÙ?¼

�$�-` fqg6 �dUc(_*d
%�fPg' 
ÑKM��+�OÎ*ML$+�X%(�E�O$+>v"4� �+�E���U��DL%����������OF"� � ���8%

�
[φ(Z)] =

∑

i∈Z(Ω)

φ(i)
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[Z = i] =
∑

i
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[X1Z=i] =
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[X] .
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[Xψ(Z)|Z = i] = ψ(i)φ(i)
� ����%1� ��� I � [Xψ(Z)|Z] = ψ(Z)φ(Z) = ψ(Z)
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[X|Z]
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[Y |Z = i] =
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[X|Z]
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Y =
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[X] + r(Z − �
[Z])
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r = cov(X,Z)
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[X|Z])2] ≤ �

[(X −R[X|Z])2]
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[X|Z] = R[X|Z]

�!" |Z(Ω)| = 2
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Ak = [Z = k] , ck = 
 [X;Ak]

� Ak

�
[X|Z] =

∑

k∈Z(Ω)

ck1Ak
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[X|Z] =
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[X|Z + 1] =
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[X|Z3]
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¼��S<T%(D D .#" I %(�!"4�����O�-' 0G$+3!"4\E'���� � DV��' 3�����' �
n
�*.,%1>VMT%*M 3UM

Yn = φn(X0, X1, X2, ...., Xn)
���!� Fn

H=0G���!' 3X%(Q .4���q»s�+.#.4�
���!� I �������X%(�E���&�!' 3 I [L%�\E'��¬%(����0G�
� � Fn
¼R�E� �

�X��3!���:\E'��:.,%1��' "#���
(Yn)

���!�O%���%(D ��$�� � ��%(���R.4� I %�����'�.4����>VMT%*M
Xn

�X���E��3�$��+.#.4�����*.4�����!' "#�����
Sn = X0 +X1 +X2 + .... +Xn et Πn = X0X1X2...Xn

�X���E�
%("#���!"j� ���
�!' "#�����O%���%(D ��$�����M

Î �



� �43 � $ ,�:�5 � 	�$=8 ��!
9v��"#��»

Ω, (Fn),
��¼�' �Z���!DL% I �:¸�.#�!3�$GM

)+6���685 FG�,HEI
�J+��K�
IBC
9v��"#��»

Mn ; 0 ≤ n ≤ N
¼¬' ���Â�!' "#���Â%���%(D ��$��;F	.,%;¸�.#�!3X%(�!"4���

(Fn)
� ����'����*"#3������1\E'�� I �+�!������' "#�������!��' ���

(Fn)
H=02%(3!�!"#� JE%(.4�Â»s��'ZD .#'��RQ 3!"4W+>?�+0G�+�-�
' ���:02%(3!�!"#� JE%(.4�e¼{�q�!"j�+.#.4�¬>?$+3!"�¸L�/.4���O$+JE%(.#"#��$��

�
[Mn+1|Fn] = Mn ∀n ∈ {0, 1, 2, ..., N − 1}. »��*M#Ñe¼

� ��'����*"#3������O\-'�� I <Y���!�R' ���1³{º-¥{ÉG¯�¥{ s¡§¢-©?¯K°#´Â»§3����!DjM*' ���1³���º-³�ÉG¯�¥+ s¡�¢-©E¯�°#´(¼��!"j�+.#.4�/>?$+3!"�¸L�:.4���R"#��$+JE%(.#"#��$��
�

[Mn+1|Fn] ≤Mn
»§3����!DjM �

[Mn+1|Fn] ≥Mn
¼

9-"�.4� I ���E���{)*���]��� I ��0]DP��3!���1DL%��:� ��¸�.#�!3X%(�!"4���¤�P"#.����+3X%;����'���Hµ�+�-���+���*'�\E'���.=<Y�����!3X%�>K%("#.#.4�]��%(���¬.,%2¸�.#�!3X%(�!"4���
�L%(�!' 3��+.#.4�KM

)+6���6�� � � <>=%� � � <>C ?����9?������,+#�>C
9v��"#�

(Mn)
' ���/02%(3!�!"#� JE%(.4� �

ÑKM
9-"
n ≤ n+ p ≤ N ,

�
[Mn+p|Fn] = Mn

� �+��DL%(3!�!" I ' .#"4�+3 Mn =
�

[MN |Fn]
Î*M
9-"

φ : R 7→ R
���!� I ���E>?�{) ���R»

φ(Mn)
¼����!�1' ��������'���02%(3!�!"#� JE%(.4� � I <Y���!�G�+� DL%(3!�!" I ' .#"4�+3G.4� I %��1DV��' 3

|Mn| et M2
n�*M �
��� I ��0�Q "#�L%("4�����	.#"#��$U%("#3��/�S< ' ���:�m%(0]"#.#.4�¬¸�� "4�6� �:02%(3!�!"#� JE%(.4���O���!�R' ���/02%(3!�!"#� JE%(.4�2M

��M �
[Mn] =

�
[M0] ∀n

� ����3��+�!"4�+���*3X%G\-'�� �
[Mn]

���/� $+DP�+���ZDL%���� �
n� �:D 3��+0]"4�+3ODV��"#�E��3�$���' .#���¬"#0]0G$��*",%(���+0G�+�E�:� �G»mÎ*M#ÑUÚ?¼ � ���	%1�+�	���S�+�

�
[Mn+2|Fn] =

�
[Mn+2|Fn+1|Fn] =

�
[Mn+1|Fn] = Mn,

�S<Y��È	.4�:3�$��!' .#�X%(�
%(� ����� I $:DL%(3O3�$ I ' 3!3��+� I �KM
� �/��� I �����Z���!�R' ��� I ������$�\E'��+� I �6� �:.=< "#��$+JE%(.#"#��$/� � I ���->?�{)v"#��$Â»mÎ*M#Ñ��?¼ � ����%1�+�Z���S�+�

�
[φ(Mn+1)|Fn] ≥ φ(

�
[Mn+1|Fn]) = φ(Mn),

.4�
�!3���"4�!"4W+0G�¬���!��$+>-"4� �+�-� � ��"L>?��'������
��%�>?�+Ò¬DL%��Á0G���-�!3��+3R.4�O\-'L%(�!3!"4W+0G�1� I <Y���!��\E'j< ' �ÂDV��"#�E��"#0]DP��3!�X%(�-�U�
»s��%(����� ��' ���2»mÎ*M#ÑUÚ?¼!¼{��>?��'��
%]$ I [L%(D DV$ � "#.����!�RD .#'��O\E'��¬���+0]D��
�S< Å�3��+0G$��*"4�+3�M

)+6���6�) � � <>=%� < � C < ;�<>=@?BA8<>C
ÑKM 7Sfq`�`�b� 5·b � "#_�"�cC"=1?b-gPdUc��Eb� %sg65 �-h�b-g65·_�gPdUb� �1 9v��"#�	»

X0, X1, X2, ..., XN
¼/' ������' "#����� ��>VMT%*M 3UM

I �+�-�!3�$����R"#��� $+DV�+����%(�E����� � DV�K������� Sn = X0 +X1 +X2 + ...+Xn ; Fn = F(X0, X1, X2, ..., Xn)
� Ç!�

�*"4�O\E'��
(Sn)

���!�R' ���:02%(3!�!"#� JE%(.4��� �+�	���V�+�/��D ' "4��\E'��
Xn+1

���!�R"#��� $+DV�+����%(�E����� � Fn
�

�
[Sn+1|Fn] = X0 +X1 + ...+Xn +

�
[Xn+1|Fn] = Sn +

�
[Xn+1] = Sn

Î )



9-' D DV�K�������
� �/D .#'���.4����>PMT%*M
Xn

$�\-' "4�*"4�!�!3!"#Q '�$���� � �+.#.4���&���E�&%(.4��3��O����' �����O.,%10G¹+0G�/>K%(3!",%(� I �6\-'��¬����'��
%(D DV�+.#.4�+3������

σ2
� ��%(��� I �+�!���:��"#�!'L%(�!"4�����

S2
n − (n+ 1) σ2 �����R%('��X�!"V' ���¬02%(3!�!"#� JE%(.4� I ��0]0G�:.4�¬D 3���' >?�

.4�/DP�+�!"#� I %(. I ' .���' "#>�%(�-�6«

�
[S2

n+1|Fn] =
�

[(Sn +Xn+1)
2|Fn] = S2

n + 2Sn
�

[Xn+1] +
�

[X2
n+1] = S2

n + σ2

�S<Y��È	"#.j3�$��!' .#���/%("4��$+0G�+�-�
\-'��

�
[S2

n+1 − (n+ 2)σ2|Fn] = S2
n − (n+ 1)σ2

Î*M � _ c�d
%§g �L_ /§b� 8hAc(f95�#�%�d 1 9v��"#�Â»
T0, T1, T2, ..., TN

¼1��' ���G�!' "#����� �G>VMT%*MSDP�K��"#�!"#>?���2�S"#��� $+DV�+����%(�E�������
�S<Y����DP$+3X%(� I � 1

� .,%8�!' "#���
Mn = T0T1T2...Tn

���!�]%(.4��3��1' ���Â02%(3!�!"#� JE%(.4��DL%(313X%(D DP��3!�GF�.,%	¸�.#�!3X%(�!"4���
�L%(�!' 3��+.#.4���+� J?�+���*3�$��/DL%(3�.4����>PMT%*M

Tn
M N������V�+�6�

�
[Mn+1|Fn] = T0T1...Tn

�
[Tn+1] = Mn

Ã . Å�%¬�S<T%(' �!3����Á�{) �+0]D .4����� ��02%(3!�!"#� JE%(.4����"#�E��$+3�������%(�E������%��X��� I "4$�����F¬� �����!' "#������"#��� $+DV�+����%(�E�����U�E02%("4� I ���j<Y���!�
DL%��:.,F;.4�GD .#'��:"#0]DP��3!�X%(�-� � .4�G��' I�I W��/� � I �+�!���]�![�$���3!"4�G�����6�*Æ %('��=%("#�6\E'j<Y�+.#.4�GDP�+3!0G�+�/�S<T%(.#.4�+3��!3�W��6%(' � �+.,F
� ��.=< "#��� $+DP�+����%(� I �	«q' � I �+3!�X%("#������0�Q 3��]� ���!3X%(���!�s��3!02%(�!"4�����/��"#0]D .4���:� $+�!3!' "4���+�E�/�+�����S�+� I �+.#.4� I "�����' �:�+�
D 3�$����+3!>K%(�E��.,%]D 3���D 3!"4$+��$6� �¬02%(3!�!"#� JE%(.4� � ����'��&%(.#.4������$+�!'��*"4�+3
� �+'*)��S<Y�+�E�!3����+.#.4���6M

� ��� � ,-$ �0!�� < , � )���! (0� � $ ,�:�5 � 	�$=8 ��!
9-' 3�.=<Y����DL% I �¬¸�.#�!3�$ (Ω,Fn,

�
)
�����Z���:� ��� ���:DV��' 3

0 ≤ n ≤ N
«

Ä ' ���6�!' "#���
(Mn)

%���%(D ��$���F�» Fn
¼

Ä ' ���6�!' "#���¬D 3�$+>-"4��"#Q .4�
(Un)Ã �E�!3��v�*' "4�������2�S<T%(' �!3���DL%(3!��.,%8�����X%(�!"4���×�!' "#>K%(�E��� «��!"

(Xn ; 0 ≤ n ≤ N)
���!�]' ���Z�!' "#����� ��>VMT%*M 3UM������

� $��!"#JK���+3X%1DL%(3
(∆Xn ; 1 ≤ n ≤ N)

.,%]�!' "#���:� ���O% I�I 3���"4�X���+0G�+�E���&� �2»
Xn

¼�� ${¸�� "4�6DL%(3

∆Xn = Xn −Xn−1.

Í ��DP�+' �13�� I �����!�!"#�!'��+3Z»
Xn

¼ I ��� �L%("4����%(�E�1.,%	��' "#����� �;�����1% I�I 3���"4�����+0G�+�-���]�+�1��%�>K%(.4�+' 3�"#� "#�!",%(.4�®«A���Ø%�� �
02%(� "4W+3��/$+>v"4� �+�E�����

Xn = X0 +

k=n
∑

k=1

∆Xk.
»��*MTÎ?¼

Í �Z�������+3X%]\-'j< ' ���/�!' "#���/%���%(D ��$��
(Mn)

���!�R' ���:02%(3!�!"#� JE%(.4���!"S�+�O���+' .4�+0G�+�E�&�!"

�
[∆Mn|Fn−1] = 0 ∀n ≥ 1

»��*M �?¼

Î �
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Í ��%(D DV�+.#.4�+3X%1�!3X%(�����m��3!0G$��/� �
(Mn)

DL%(3
(Un)

�+�O.=<Y�����������+3X%
(U ∗M)n

.,%1�!' "#���:� ${¸�� "4�6DL%(3

(U ∗M)n = U0M0 +

k=n
∑

k=1

Uk∆Mk
»��*M �-¼

Ã .S3�$��!' .#���/� � I �/\-' "S>-"4�+�-�O�S<Y�+�!3��/�*"#�O\-'��¬.,%1�!' "#��� (U ∗M)n
���!� I %(3X% I ���+3!"4�X$��/DL%(3R.4���R3��+.,%(�!"4������«

(U ∗M)0 = U0M0 ∆(U ∗M)n = Un∆Mn ∀n ≥ 1
»��*MTÙ?¼

�Zg���bEb�3 �Xb-g65 � � fqgPdUb � _ c+/§f
Ã 02%(JK"#��������\-'���>?��'��PÇ!��' "4�+Ò�%
D "#.4����'1�=% I ����%(����' � I %��!"#���1«�>?��'���JE%(JK���+Ò/Ñ�Ï8�!"*.4� I ��' DG���!��D "#.4���+�ADV�+3�� �+Ò

Ñ�ÏØ��%(���R.4� I %�� I ���-�!3X%("#3�� � DV��' 3O%(3!3!"#>?�+3
% I �¬3�$��!' .#�X%(�O��%(���R' �Z�+�->-"#3���� ���+0G�+�-�
3X%(D DV�+.,%(�E� I �+.#' "��S< ' ���:�X%(.#.4�
� ��Ç��+'*)®�*�*"4��������D .#' ��
��R\E'��&>?��'���0]"4���+Ò:' � "4\-'��+0G�+�E�/Ñ�Ï��!' 3�D "#.4� � >?��'���JE%(JK���+Ò:' ���
�s��"4��>?���!3��&0]"4���:�+� I %��
� �G�!' I�I W��2�j�+�:.,%;DV�+3�� �+Ò2�+� I %��/�S<Y$ I [�� I M Í ���!' D DV�K���+3X%�\-'��1>?��'��6�*"4��DP�K���+Ò2F�>?���!3��2%(3!3!"#>?$��G��%(���/.4�:Ç��+'
�S< ' ���/����0]0G�6�S<T%(3!J?�+�E�

M0
M

�
' "#�!�������O��0G� �-"#� J2�+�R3���QV�/� �¬QL%(.Á�*.4�/���+0]D����S< "#�E�!3��v�*' "#3��
Ä .,%�.4��"·�!Å-0G$+�!3!"4\-'��:�!' 3�.=<Y�+���X�+06Q .4� {−1,+1} \-'��:.=<Y�����������+3X%

Π
»
Π(−1) = Π(1) = 1/2

¼
Ä ' ���6�!' "#���:� �:>VMT%*M*"#��� $+DP�+����%(�-������� $�\-' "4�*"4�!�!3!"#Q '�$����O� �/.4��"

Π
\-'��¬����'����������+3�������»

Xn ; 1 ≤ n ≤ N
¼

Xn
3��+D 3�$��X�+�E���+3X%].4�¬JE%("#��D 3�� I ' 3�$:DL%(3R.4�¬�*H="4�+0G� I ��' D��X%(���*"4�O\E'��

Mn = M0 +X1 +X2 + ...+Xn
���+3X%�.,%

\-'L%(�E�!"#��$6�S<T%(3!J?�+�-�
� ���-��>?��'��O�*"4�!DV�K���+3��+Ò6F I �+��"#�����X%(�E�6M�@�' "4��\E'��¬.4���O>PMT%*M Xn
�����E� I �+�E�!3�$����U� (Mn)

���!�R' ���
02%(3!�!"#� JE%(.4�;�4» I <Y���!�&FGDP�+'8� � I [��K�����&D 3�W��O' � I %��ODL%(3!�!" I ' .#"4�+3¬� �/.=<Y�{) �+0]D .4� � "	��"���" Ñe¼:MqN��	3�$U%(.#"#��$Â�L��%(���
' �
I %��!"#���Z�*.4����3�W+JK.4���O�*'1Ç!�+'Z�����E�R�=%("#������� �:���+.#.4�:�m%�­����Z\-'��:.,%�.4��"�� ���R>VMT%*M

Xn
���E��' ���/����DP$+3X%(� I �¬.4$+J?W+3��+0G�+�-�

��$+JE%(�!"#>?�2� �+��\-'��:.=<Y$+>?��.#' �!"4���8� �¬>?���!3��¬�s��3!�!' ���6���!�R' ���/�!' 3!02%(3!�!"#� JE%(.4��M
9-"j>?��'��
¹+������' �ZDV�+']Ç!��'��+' 3��LÎ I [��K������>?��'��ODL%(3X%("#�!3����E�&"#���!' D DV��3!�X%(Q .4����« ���/DL%���DV��' >?��"#3OJE%(JK���+3
�S<T%(3!J?�+�-�
�!"q.4� I ��' D;���!���=% I �&�S< ' ���ODL%(3!�:�?.#"#0]"#���+3�>?�K��0]"4������%2Ñ�Ï�\E'L%(����>?��'��Á>?��'������+�-���+Ò&�+�Â>?�+"#���&�S<T%(' �!3��
DL%(3!� � ���
DV�+' �Á�!' D D 3!"#0G�+3 I ����"#� I ���->?$+� "4�+�E�����+�G"#�-�!3��-�*' "4�X%(�-��' ���R��' "#���6»

Un
¼�� ������06Q 3�����3�$��+.4�Á� ���!�!"#��$��
F
¸�JK' 3��+3Á>?�K�

0]"4�����1»§' ���60]"4�X�6��$+JE%(�!"#>?�1�!"#JK� "�¸q%(�-�&\-'��6>?��'��¬%�>?�+Ò1DL%(3!"4$��!' 3��=% I �e¼6MP����0]0G�+�E�/� $+���+3!0]"#���+3��+Ò1>?��'��&>?���!3��
0]"4��� �/9-"V>?��'���¹+����� I ��0]0G�&����' ��.4�
0G����� �K�v>?��'������+3��+Ò¬"#� ��'��+� I $¬DL%(3�.=<Y$+>?��.#' �!"4���Z�*'6Ç!�+'�»mF6����3!� I ��0]0G�¬���
>K%¬.4��>?��"#3���%(����\-'��+.4\E'�����.#"#JK������02%("4�Á.,%("4���X������.,F I �+�!���
\E'������!"4���2DV��' 3Á.4��0G��0G�+�-��¼��+��>?���!3��O0]"4�X�
F¬.=< "#���!�X%(�-�
n
���+3X%��m��� I �!"4���	� ������Q����+3!>K%(�!"4�����O\-'��¬>?��'��
%(' 3��+Ò:�=%("#������Ç�'���\-'j<TF I �+�R"#���!�X%(�E��M

N��Ø���+3!0G���102%(�![�$+02%(�!"4\-'����Z� I �+.,%��X�2�!3X%��*' "#�]DL%(3�.4���m%("#�1\E'��Â>?���!3��Â0]"4���
Un

�����1%(.4$U%(����"#3����+�1\E'���.,%
�!' "#���

(Un)
���!�6%���%(D ��$���MS58%(.#[��+' 3��+'����+0G�+�-���S.4���6�*"#3�� I ���+' 3��6� � I %��!"#�������2�����E�:DL%��/�*"4��DP�K��$���F�%��*0G�+�!�!3��

�j< "#0]DV��3!���&\-'��+.#.4�&�!' "#���&%���%(D ��$��1«-"#.P��'43G3X%("#�¬�-�!"P���+.P$+�X%("#��.4� I %��
�v� �O0]"4�X�+3 Un = 106(1{Xn=1} − 1{Xn=−1})DV��' 3��+0]DP� I [��+3�' �]0]"#.#.#"4����� ���§3X%(� I ��� ���=%�­���� I �+3!�X%("#���
F I [L%�\E'�� I ��' D � ���]>?��'���"#0]DP�K�X�+3X%:� ��� I � ��� $ I "4� �+3
� �
>?���!3��
0]"4�X�

Un
%('��*H="4�+0G� I ��' D��+�Â�*"4��DP�K�X%(�-��' � "4\E'��+0G�+�-��� ����"#�*�m��3!02%(�!"4�������s��' 3!� "4����DL%(3�.4�ÁÇ��+'�Ç~'��X\E'j<TF

.=< "#���!�X%(�-�
n − 1

» I �+�!���;3����!�!3!" I �!"4���¤���!�]��DP$+3�$���F�.,%�3���' .4�+�!���ZF�.=<T%("4� ���*'��=%(0G�+'*) E{3!"4�+� ���Â>K%�D .#'�� EU¼ � ���
%��!�!3��+"#�-�O� ��� I »

Un
¼�F1¹+�!3��:�����	�X�+' .4�+0G�+�E�&%���%(D ��$��/02%("4���q¥ Ë ÌU¡�³�¡KB{°4´2M

7�ÅE%(�-�O0]"4��$:� � I �+�!���:�m% I ���j�*>?���!3��¬�m��3!�!' ���6%('Z���+0]D��
n
������� �+>?�+�E'��2�L�!"S.=<Y��� I ���E>v"4�+�E�&\E'�� U0 = 1

�

M0 + U1X1 + U2X2 + ...+ UnXn = UOM0 + U1∆M1 + U2∆M2 + ...+ Un∆Mn.
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� : �Efqc �v`�b
9-' 3A' �����!DL% I �Á¸�.#�!3�$¬» Ω , (Fn) ,
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Mn

¼V' ����02%(3!�!"#� JE%(.4�¬»§3�����DjMe' �����!' 3A��'�' �����X��'���H=02%(3!�!"#� JE%(.4�e¼
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(U ∗M)n
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� Ë ÉG��¢�³{ s¥!¯K s¡s�K¢ ������3!�������
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� ���O02%(3!�!"#� JE%(.4���&�+�
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M ′
n = (U ∗M)n

� ���®%
∆M ′

n = Un∆Mn
�S<Y��È � �+��' �!"#.#"4�X%(�-�O.,%1D 3�$+>v"4�!"#Q "#.#"#��$/� �

(Un)
�

�
[∆M ′

n|Fn−1] = Un
�

[∆Mn|Fn−1] = 0

)+6�)�6�� � - ��AK� ?����9?
���K� + � � < � <#?
���>C < I +#� +#���
I�?���� � � C �K	BA8<
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0 = M0,M1, ...,MN
¼R' ����02%(3!�!"#� JE%(.4����» Fn

¼
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I �����!�X%(�-��� c �+��' ��D 3�� I ���X�!'��RD 3�$+>v"4�!"#Q .4� Un
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(Zn) = c+ (U ∗M)n ∀n M
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(ε1, ε2, ..., εN )
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%(D DV�+.4�����

(Fn)
.,%�¸�.#�!3X%(�!"4�����L%(�!' 3��+.#.4�6�+� J?�+���*3�$��6DL%(3 I �+�!���/�!' "#��� � I �����!"4� $+3������O.,%102%(3!�!"#� JE%(.4�

Mn = (ε0 +ε1 + ...+εn)
ME@·��' 3�$+>-"#���+3�.4���Á�!3!"#>-",%(.#"#��$��
�K����'��Á��' D DP�K���+3������

ε1
�����Â� $+J?$+��$+3�$��6M � ����¸�.#�!3X%(�!"4�����

�L%(�!' 3��+.#.4���G�+� J?�+���*3�$����2DL%(3].4���]�!' "#�����
(Mn)

�+�
(εn)

�X���E�]"4� �+�E�!"4\-'����U� I ��0]0G����� DV�+' �1.4�;>?$+3!"�¸L�+32F8�!"#�!3��
�S<Y�{) �+3 I " I �KM

� c(fLh�f! 
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%§fqg 1
(Mn)

DP�K���XW�� �
.,%�D 3���D 3!"4$+��$/� �¬3��+D 3�$��X�+�E�X%(�!"4���ZD 3�$+>v"4�!"#Q .4�:�!"S�+�R���+' .4�+0G�+�E�
�!"
ε1

D 3��+���������
>K%(.4�+' 3�����%(����' �Z�+�����+0�Q .4�/3�$��*' "#�
F2Î�DP��"#�-���6M

� Ë ÉG��¢�³{ s¥!¯K s¡s�K¢×«�9v��"4�+�E�
a et b > 0

� �!' D DV�K�������¬����' �6�S<T%(QV��3���\-'��
ε1

D 3��+� ���2�����¬>�%(.4�+' 3��
��%(��� {−a, b} �+�R0G���E�!3������&\-'��

(Mn)
DV�K����W�� �/%(.4��3��O.,%�DjM 3UM DjM � DV�K�������

p =
�

[ε1 = b] , q = 1 − p =
�

[ε1 = −a].
@�' "4��\E'��

ε1
���!� I �+�-�!3�$��K� 0 = pb− (1 − p)a

�S<Y��È
p = a

a+b , q = b
a+b , p

q = a
b

M
��������"4� $+3������Á02%("#�-���+�L%(�E��' ���R>VMT%*M 3UM

Fn Fn
H=0G���!' 3X%(Q .4��>?�+3!"�¸q%(�-� �

[Fn|Fn−1] = 0
� ����'���%(.#.4�����

0G���-�!3��+3	\-'j< "#.¬�{)*"4�!���
γn Fn−1

H=0G���!' 3X%(Q .4�®���+.#.4�®\E'��
Fn = γnεn
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��' 3
R

n+1 » I <Y���!�]FZ�*"#3���' ���2�s��� I �!"4���Ø3�$��+.#.4�Â� �
n + 1

>�%(3!",%(Q .4���]3�$��+.#.4���{¼����+.#.4��\E'��
Fn = fn(ε0, ε1, ε2, ..., εn)

MÁ����0]0G�
εn

���!�1"#��� $+DV�+����%(�E���
� � Fn−1

� .=<Y���!DV$+3X%(� I � I �����*"#�!"4��� ���+.#.4� � [Fn|Fn−1]
��� I %(. I ' .4��F].=<T%("4� ��� �/.,%��m��3!06' .4�;»mÎ*MTÎ �?¼R� �

�X��3!���:\E'��&.=<Y���Z%�.=<Y$+JE%(.#"#��$
pfn(ε0, ε1, ..., εn−1, b) + qfn(ε0, ε1, ...εn−1,−a) = 0

�S<Y��È;.=<Y�����!"#3��
fn(ε0, ..., εn−1,−a) = −a

bfn(ε0, ..., εn−1, b)
M

Í �	DP�+' �O%(.4��3��
$ I 3!"#3��

Fn = fn(ε0, ε1, ..., εn−1, b)1{εn=b} + fn(ε0, ε1, ..., εn−1,−a)1{εn=−a}

=
fn(ε0, ε1, ..., εn−1, b)

b
(b1{εn=b} − a1{ε=−a})

=
fn(ε0, ε1, ..., εn−1, b)

b
εn = γnεn

\-'L%(���	���®%]DV�K��$
γn = fn(ε0,ε1,...,εn−1,b)

b

� I �+.,%2� $+0G���E�!3��������!3���%��X���+3!�!"4����MV�������!"4� $+3������O02%("#�*H
���+�L%(�-��' ��� 02%(3!�!"#� JE%(.4�

(Nn)
� %(D D .#"4\E'L%(�-� I ��\E' "6D 3�$ I W�� ��F

Fn = ∆Nn
�R"#.�>-"4�+�-�

Nn =
N0 +

∑n
1 γkεk

M Ã .Á3����!���2�!"#0]D .4�+0G�+�-�GF�3��+02%(3�\-'��+3�\-'��
N0

��\-' "������ F0
H=0G���!' 3X%(Q .4�8�����!��' ���

I �������X%(�E���/3�$��+.#.4�KM
@�%����������&F�.,%13�$ I "#D 3��v\E'�� � DV�K������� � [ε21] =

�
[ε2k] = σ2 ML����0]0G�6.,%1�!' "#���

(ε2k −σ2; k = 1, 2, ..., N)
�����Á�m��3!0G$��
� �
>VMT%*ME"#��� $+DV�+����%(�E�������+� I �+�E�!3�$����:� ∑n

1 (ε2k −σ2)
���!��' ���

02%(3!�!"#� JE%(.4�6�E' .#.4��F�.=<Y��3!"#JK"#��� � DL%(3�[-Å-DV���![�W����]� "#.j�{)*"4�!���¬' ���/�!' "#���
(γn)

D 3�$+>v"4�!"#Q .4�:���+.#.4�/\-'��

k=n
∑

k=1

(ε2k − σ2) =
k=n
∑

k=1

γkεk ∀n ∈ {1, 2, ..., N}

Ã .��+��3�$��!' .#���Â\E'�� ∀n ≥ 1 , ε2n − σ2 = γnεn
� D ' "4��\E'��

σ2 �����
> 0

� I �+.,%Z�+�-�!3X%��4�����S<T%(QP��3��
εn(ω) 6= 0 ∀ω

� �S<T%(' �!3��:DL%(3!���*D ' "4��\E'�� ε2n−σ2

εn

���!� Fn−1
H=0G���!' 3X%(Q .4�G�����	%

ε2n − σ2

εn
=
�

[
ε2n − σ2

εn
|Fn−1] =

�
[
ε2n − σ2

εn
] =

�
[
ε21 − σ2

ε1
]
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ε2n − Cεn − σ2 = 0 ∀n ≥ 1
M Ã .·�+��3�$��!' .#���6\-'��

εn
D 3��+���8������>K%(.4�+' 3��
��%(���
.=<Y�+�����+0�Q .4��F�Î

DV��"#�E��� I �����!�!"#�!'�$:DL%(3�.4����3X% I "#�����O�*'��!3!"#� 
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x2 −Cx− σ2 M

� ��� � ��� "	! ( �8$ , ,��>:
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(Xn ; n ∈ {0, 1, 2, ..., N}) ' �����!' "#���O� �R>PMT%*ME�+� T ' ����>VMT%*M?%¬>�%(.4�+' 3��Á��%(��� {0, 1, 2, ..., N} �?���2�������+3X%
XT

.,%;Ì�¯K¥�¡m¯�B{°4´1¯�° Ë ¯K =��¡§¥!´�� ${¸�� "4�6DL%(3
XT (ω) = XT (ω)(ω)
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XT =
n=N
∑

n=0

Xn1{T=n}

�+�
(XT

n )
.,%�³�ºv¡§ µ´�¿E´6Ì�¯�¥{¡m¯�B{°4´�³�¯�° Ë ¯K =��¡§¥!´{³�� ${¸�� "4�:DL%(3

XT
n = Xn1{n<T} +XT 1{n≥T}

��'	�+� I ��3��
XT

n = Xn∧T
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(Mn)
� �&.,%:�m��3!�!' ���:�*'�Ç���'��+' 3R���!��3��+0]D .,% I $��¬DL%(3�.,%���' "#��� (MT

n )
� I �+�!���¬� �+3!� "4W+3��K� I <Y���!�

I �:\-'��:����'��O%(.#.4������>?��"#3O02%("#�E���+�L%(�E�U�qDV�+' ��¹+�!3�� I �����!"4� $+3�$�� I ��0]0G�/' ���:�!3X%(�����m��3!0G$��/� �
(Mn)

M

� c(fLh�f! 
%�d
%§fqg%1
9v��"4�+�E�

((Mn) ; 0 ≤ n ≤ N)
' ���/�!' "#���:� �:>VMT%*M �+�

T
' ���¬>VMT%GF�>�%(.4�+' 3��O��%(��� {0, 1, ..., N} ����ZDV�K���

Un = 1{n≤T}
� .,%��!3X%(�����m��3!0G$��/� �

(Mn)
DL%(3�.,%1�!' "#���

(Un)
���!�

(MT
n )� Ë ÉG��¢ ³{ s¥!¯K s¡m��¢ � Ã .j�!'43G�O� �¬>?$+3!"�¸L�+3U� I �:\E' "j���!���=% I "#.4�6%('Z>v'Z� ����� ${¸�� "#�!"4�����U�L\E'��

∆(MT )n = UnMn ∀n ≥ 1

� ��'��6%(.#.4�����/02%("#�-���+�L%(�E������'��6� �+02%(��� �+3�F�\-'��+.#.4� I �����*"#�!"4��� (Un)
�����:D 3�$+>-"4�!"#Q .4�KM � %;3�$+DV�������G���!�¬�m��' 3!� "4�

DL%(3�.4����$�\-' "#>K%(.4�+� I ���O�!' "#>K%(�E�����/«

∀n {n ≤ T} ∈ Fn−1 ⇔ {n > T} ∈ Fn−1 ⇔ {T ≤ n} ∈ Fn.
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{T ≤ n} ∈ Fn ∀n ⇔ {T = n} ∈ Fn ∀n »��*M �?¼
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(Mn)
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(Fn)
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(MT

n )
M
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(Un)
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[MT |Fn] M0 =
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[MT |F0]
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UT∧n ≥ �

[UT |Fn]
�

[UT∧n|F0] ≥
�

[UT |F0]
»��*M )K¼
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n ≥ �
[UT

N |Fn]
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(Xn)
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(Fn)
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Γ
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� �
E
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TΓ = inf{n ≤ N |Xn ∈ Γ}
»m%�>?� I .,% I ���E>?�+�-�!"4��� inf φ = N
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%§fqg%1

TΓ
���!�&%(.4��3��R' �Z���+0]D����S<T%(3!3�¹+�&\E'j<Y���	%(D DV�+.#.4�G µ´{É
�L³�¿�À ´{¢L s¥ Ë ´1¿E´6°#¯]³{º-¡s µ´ (Xn)
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Γ
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{T = 0} = {X0 ∈ Γ} ∈ F0 , {T = N} = {X0 /∈ Γ;X1 /∈ Γ; ...;XN−1 /∈ Γ} ∈ FN�+�RDP��' 3

0 < n < N, {T = n} = {X0 /∈ Γ; ...;Xn−1 /∈ Γ;Xn ∈ Γ} ∈ FnÃ . Å1%¬QV�U%(' I ��' D��S<T%(' �!3������{)*�+0]D .4����� �R���+0]D��Á�S<T%(3!3�¹+�U�E.4����D .#'��Á��"#0]D .4���Á�S<Y�+�E�!3��
�+'*)1$+�X%(�-�Á.4���Á���+0]D��Á�S<T%(3!3�¹+�
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T ∧ 1
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T + 1
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T−1
�j<Y���!��DL%�����$ I �����X%("#3��+0G�+�E�Á' �]���+0]D����S<T%(3!3�¹+�O«�' �¬Ç!��'��+' 3�DP�+' ��� $ I "4� �+3Á� �R�e<T%(3!3�¹+���+3
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)+6��G6�� � I < ��� �,�8?������ - < ��- +���� � � � = < ��� � �����,+
� c(fLh�f! 
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9v��"#�
((Xn) ; 1 ≤ n ≤ N)

' �����!' "#����>?� I ����3!"4�+.#.4�®%���%(D ��$��	���+.#.4��\E'��	DP��' 3G����' �����!' "#���ZD 3�$+>v"4�!"#Q .4�
>?� I ����3!"4�+.#.4� (Un)

������%("#� �
[(U ∗X)N ] =

�
[< U0, X0 >]

�
(Xn)
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� �



� Ë ÉG��¢ ³+ s¥�¯? s¡s��¢ � Í �����
3X%(0GW+���/%("4��$+0G�+�E�O%(' I %���' � "4�*"#0G�+���!"4��� ���+.=ML9-"
T
' �Â���+0]D��R�S<T%(3!3�¹+�U�*.,%

��' "#���
Un = 1{n≤T}

���!�RD 3�$+>-"4��"#Q .4�K���+�
(U ∗X)N = XT

� ���	%]� ��� I
�

[XT ] =
�

[X0] ∀T
9-"
A

���!�R' �	$+>?$+���+0G�+�-�
� � Fn
� ���Z>?��"#�R�=% I "#.4�+0G�+�E�&\E'��¬.,%�>K%(3!",%(Q .4�6%(.4$U%(����"#3��

T = n1A + (n+ 1)1Ac

���!�O' �Z���+0]D��
�S<T%(3!3�¹+�U�LDP��' 3
.4��\E'��+.
XT = Xn1A +Xn+11Ac

� ���ZDV�+' �
� ��� I $ I 3!"#3��

�
[X0] =

�
[Xn1A +Xn+1(1 − 1A)] =

�
[(Xn −Xn+1)1A] +

�
[X0] .

Í ��%�� ��� I � [Xn1A] =
�

[Xn+11A] ∀A ∈ Fn
� .,% I %(3X% I ��$+3!"4�X%(�!"4��� » ��"���"�� ¼:�+�E�!3X%��4����%(.4��3��
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Xn =

�
[Xn+1|Fn]
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(Zn 0 ≤ n ≤ N)
' ���1�!' "#���1� ��>PMT%*M 3UMS%���%(D ��$��]F�' ���6¸�.#�!3X%(�!"4���

(Fn)
M H ${¸�� "4�X���������&DL%(3¬3�$ I ' 3!3��+� I �

� ��� I �+����%(�-���/' ���/�!' "#��� (Un 0 ≤ n ≤ N)
DL%(3�.4����$+JE%(.#"#��$��

UN = ZN Un = sup(Zn,
�

[Un+1|Fn]) (0 ≤ n < N).
»��*M � ¼

Ã .������ I .,%("#3:\-'�� (Un)
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Un ≥ Zn
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Un ≥ �

[Un+1|Fn]3�$��!' .#�X%(�-�
� �
(24)
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(Un)
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(Un)
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(Zn)
�?���!�Á.,%:D .#'���DV�+�!"#���O��' 3!02%(3!�!"#� JE%(.4�

02%�Ç!��3X%(�E�
(Zn)� Ë ÉG��¢ ³+ s¥�¯? s¡s��¢ �V�+.#.4�¬���
0GW+���
DL%(3�3�$ I ' 3!3��+� I �/� ��� I �+����%(�E��� � ����"#� (Vn)

' ���&��' 3!02%(3!�!"#� JE%(.4�
02%�Ç!��3X%(�E�

(Zn)
� ����%

VN ≥ ZN = UN
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�+�E�!3X%("#���6.,%]�!' "#���:�S< "#��$+JE%(.#"#��$��

Vn ≥ �
[Vn+1|Fn] ≥ �

[Un+1|Fn] ≥ Un
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T0 = inf{n ≥ 0 | Un = Zn}
�
T0
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(UT0

n )
�����/' ���

02%(3!�!"#� JE%(.4��M
� Ë ÉG��¢�³{ s¥!¯K s¡s�K¢ �

T0
���!�1' �¤���+0]D��G�S<T%(3!3�¹+� I %(3 I <Y���!�].4�;���+0]D��G�S<Y�+�E�!3�$����S< ' �����!' "#���
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(UT0
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(Un)
DL%(3�.,%6��' "#����D 3�$+>v"4�!"#Q .4�

(φn)
� ${¸�� "4�GDL%(3

φn = 1{n≤T0}
M Í �Ø%�� ��� I ∆UT0

n = φn∆Un
��D ' "4� �

[∆UT0
n |Fn−1] =�

[1{n≤T0}∆Un|Fn−1]
� 02%("4���!' 3�.=<Y$+>?$+���+0G�+�E� {n ≤ T0} = {n − 1 < T0}

�
Un−1

���!�
���!3!" I ���+0G�+�E�6�!' DV$+3!"4�+' 36F

Zn−1
DL%(3¬� ${¸�� "#�!"4����� �

T0
�V� �]����3!���1\E'��

Un−1 =
�

[Un|Fn−1]
�

���8%1� ��� I
�

[∆UT0

n |Fn−1] =
�

[1{n≤T0}(Un − �
[Un|Fn−1])|Fn−1] = 1{n≤T0}

�
[(Un − �

[Un|Fn−1])|Fn−1]

= 0
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[ZT |F0] ≥
�

[ZS |F0]
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S
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[ZT ] ≥ �

[ZS ]
� \-'L%(����.,%1�!' "#���2»
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a) ZT = UT b) (UT
n ) est une martingale
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T

' �����+0]D����S<T%(3!3�¹+��>?�+3!"�¸q%(�-�
a) et b)

� ��� DP�+' �6$ I 3!"#3����j\-'��+.4\E'��
�X��"#��.4�¬���+0]D��O�S<T%(3!3�¹+�

S
�j» I �O» 2.7 ¼!¼

�
[ZT |F0] =

�
[UT |F0] = U0 ≥ �

[US |F0] ≥
�

[ZS |F0] ,

I �6\E' "j0G���-�!3��6\-'��
T
���!�O��D �!"#02%(.ÁM>1O�+02%(3�\-'������
%('ZDL%�����%(J?�:\E'��

T0
���!����D �!"#02%(.A�S<T%(D 3�W��

.,%]D 3���DP�K�!"#�!"4���8Î1�*'ZDL%(3X%(JK3X%(D [��/D 3�$ I $�� �+�-� � ����%1� ��� I � [ZT |F0] =
�

[ZT0
|F0].1
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T
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�
[UT |F0] ≥

�
[ZT |F0] =

�
[ZT0

|F0] = U0 ≥ �
[UT |F0]

Í �8%1� ��� I � [ZT ] =
�

[UT ]
�+�
ZT ≤ UT

� I �/\E' "j�+�-�!3X%("#��� ZT = UT
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@�%����������&%('ZDV��"#�E�
(b)

«����	%

�
[UT |F0] =

�
[ZT |F0] = U0 ≥ �

[UT∧n|F0] ≥
�

[UT |F0] =
�

[UT |Fn|F0] .
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UT∧n
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[UT |Fn]
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�S<T%(3!3�¹+�O��D �!"#02%(.����!� ≥ T0
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T0

$+�X%("#����D �!"#02%(. � .4�Á3����!����D 3��U>v"4�+�E��� � I ��\E'��
�e� �ÁDL%(3A�X%O� ${¸�� "#�!"4���
�
T0
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a
¼¬M

��M �Âb-` _ c � #·b 17H $��!"#JK��������DL%(3 Tn
.,%��=%(0]"#.#.4�/� ���R���+0]D��O�S<T%(3!3�¹+� ≥ n
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Dn = inf{p ≥ n |Xp = Up};
���8%]%(.4��3��

�
[ZDn |Fn] ≥ �

[ZT |Fn] ∀T ∈ Tn.
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(a) Un =
∨

T∈Tn

�
[ZT |Fn] ; (b) Un =

�
[UDn |Fn] =

�
[ZDn |Fn]
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T1 et T2 ∈ Tn
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T ∈ Tn
���+.

\E'��
�

[ZT |Fn] =
�

[ZT1
|Fn] ∨ � [ZT2

|Fn]
@·�K�X������DP��' 3 I �+.,% A = { � [ZT1

|Fn] ≥ �
[ZT2

|Fn]} et T = T11A+T21Ac
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Xn ≥ Zn
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[Xn+1|Fn] =
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[ZRn+1

|Fn] ≤
Xn

� I %(3 Rn+1 ∈ Tn
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≥ (Un)

M
Ä @·��' 3�% I [��+>?�+3�� �	0G���E�!3��+3�\E'��

(Xn) = (Un)
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T ∈ Tn
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[ZT |Fn] ≤ �

[UT |Fn] ≤ Un
� ' ��DL%�����%(J?�ÂFZ.,%ZQV��3!������' DP$+3!"4�+' 3��Â\E'L%(���

T
� $ I 3!"#� TnD 3���' >?�6%(.4��3��R.=< "#��$+JE%(.#"#��$

Xn ≤ Un
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[ZDn |Fn]
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ZDn = XDn
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.4�8D 3��-�*' "#��� I %(.,%("#3��®'���'��+.¬��' 3
R

d+1 ��.,%�>�%(.4�+' 3	F
.=< "#�����X%(�E�

n
�S< ' �ZDV��3!���{�s�+' "#.#.4��%������ I "4$/%�.,%]�!�!3X%(��$+JK"4� (φn)

���+3X%*�*DL%(3O� ${¸�� "#�!"4���j�

Vn(φ) =< φn, Sn >=

k=d
∑

k=0

φk
nS

k
n

»§��M#Ñe¼

���+�!���1� ${¸�� "#�!"4��� �X��DL%��X����� � I ��0]0G�+�-�X%("#3���� � ���®�������+3X%Â����' ���{�m��"4�:\E'��
(Vn(φ)) I �������!"#�!'��1' ������' "#���

%���%(D ��$��6� �:>PMT%*M 3UMSM
� %;Ì�¯�°4´{ºv¥�¯ ¨  sº ¯�°²¡,³ Ë ´�� � I �:DV��3!���{�s�+' "#.#.4�6���+3X%1� ��� I

Ṽn(φ) = βnVn(φ) = βn < φn, Sn >=< φn, S̃n > .
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φn
¼�>?$+3!"�¸q%(�E�

< φn, Sn >=< φn+1, Sn > ∀n < N
»§��MTÎ?¼

���+.,% I ��3!3����!DV�����	%(' I ��0]DV��3!���+0G�+�E�&�S< ' �Z"#�E>?�����!"4�����+' 3�3�$���3!JE%(� "4�X%(�-�&�X����DP��3!���{�m�+' "#.#.4�/�+�E�!3��6.,%1��%(���
n
�+�R.,%

��%(���
n+1

��» I <Y���!��F/�*"#3���3��+0]D .,% I %(�E� φn
DL%(3

φn+1
¼{�-�+���=%("4�X%(�E�Á�+�Â����3!����\-'�� I �R3�$U%(0G$+�L%(J?�+0G�+�-� I �������+3!>?�R.,%

>K%(.4�+' 3
�����X%(.4�1�*'8DP��3!���{�m�+' "#.#.4�KM Ã .·�e< "#�E���+3��*"#�:� ��� I ����' �
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� 6���685 � ���9?7� C �K+#���
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� %]���!3X%(��$+JK"4�

(φn)
���!�O%(' ���(¸��L%(� I $����!"j�+�O���+' .4�+0G�+�-�
�!"=� \-'��+.4\E'��:�X��"#�

n ≥ 1
�

Vn(φ) =< φ0, S0 > +

k=n
∑

k=1

< φk,∆Sk > .
»§��M �?¼

Í �Z�������+3X%]\-'�� I �+�!���/$+JE%(.#"#��$/�����O$�\E' "#>K%(.4�+�E����F1.=<Y$+JE%(.#"#��$ E�% I �!'L%(.#"4��$�� E

Ṽn(φ) =< φ0, S0 > +
k=n
∑

k=1

< φk,∆S̃k > .
»§��M �-¼

� Ë ÉG��¢ ³+ s¥�¯? s¡s��¢ �V@A��' 3
n ≥ 1

�v����%
< φn,∆Sn >=< φn, Sn > − < φn, Sn−1 >

� �¬����3!���&\E'��
»§��MTÎ?¼R���!��$�\E' "#>K%(.4�+�E����%('*);$+JE%(.#"#��$��

< φn,∆Sn >= ∆Vn(φ)
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�Âb-`�_ c�� #·b/1 Í �;DV�+' �R� ��� ���+3R' ���O�m��3!0G�&D .#'�� I ����� �+����$��/% (4.3)
�+�

(4.4)
� "#.V��'43G��DV��' 3 I �+.,%��S<Y$+���+���*3��

.,%
�����!"4���]� ����' "#���Á�!3X%(�����m��3!0G$���%(' I %���>?� I ����3!"4�+.j«e3��+>?�+��������F
.,%
� ${¸�� "#�!"4��� ��"���" . " �+�]�!' D DP�K��%(�E��02%("#�E���+�L%(�-�
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(Mn)
�+�

(Un)
�����E�OF]>�%(.4�+' 3�����%(���O' �Z���!DL% I �/N�' I .#"4�*"4�+� � .=<Y$+JE%(.#"#��$

(U ∗M)n = U0M0 +

k=n
∑

k=1

< Uk,∆Mk >

� ${¸�� "#��' ���/��' "#���]¥ Ë ´{°�°4´ I %(3X% I ��$+3!"4��$��/DL%(3O.4���R3��+.,%(�!"4�����

(U ∗M)0 =< U0,M0 > ∆(U ∗M)n =< Un,∆Mn >

7·>?� I:I ���������X%(�!"4�����6� (4.3) �+� (4.4)
�e<Y$ I 3!"#>?�+�E��3����!DV� I �!"#>?�+0G�+�E�

Vn(φ) = (φ ∗ S)n Ṽn(φ) = (φ ∗ S̃)n
»§��MTÙ?¼

� %	D 3���DP�K��"#�!"4���Ø��' "#>�%(�-���2>K%Z����'���0G���E�!3��+3G\-'j< "#.��!'43G��� � I ��� �L%("#�!3��;.,%�J?���!�!"4��� � ���1% I �!"��s�]FZ3!"4��\E'��Â�S< ' �
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� 6���6�� � ���9?7� C �K+#���
I �

9v��"4�+�E�
V0

' ���
>VMT%*M 3UM F0
H=0G���!' 3X%(Q .4�G»§"=MY�KM*' ��� I �����!�X%(�E���e¼��+� ((φ1

n, φ
2
n, ..., φ

d
n) ;n ∈ {0, 1, ..., N}) ' ���¬�!' "#���D 3�$+>v"4�!"#Q .4�2FÂ>K%(.4�+' 3��/��%(���

R
d
� "#.��{)*"4�!���]�!�!3X%(��$+JK"4�2%(' ���(¸��L%(� I $�� φ = (φ0

n, φ
1
n, φ

2
n, ..., φ

d
n)

' � "4\-'��]���+.#.4�G\-'��
V0(φ) = V0

M
� Ë ÉG��¢ ³+ s¥�¯? s¡s��¢Ô«j9-"

u = (u0, u1, ..., ud) et v = (v0, v1, ..., vd) ∈ R
d+1 �V����'��:"#�-�!3��-�*' "#3������6.,%

�����X%(�!"4���

[u, v] =

k=d
∑

k=1

ukvk =< u, v > −u0v0.
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φ
���!��' ���6���!3X%(��$+JK"4�6� �/J?�����!"4�����X%(�!"4���=%("4�X%(�-�
%('*) I �����*"#�!"4�����
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�S<Y${¸�� "4�X�X%(�E�
.=<T%(' ���(¸��L%(� I �+0G�+�E�:�����E�
$�\E' "#>K%(.4�+�E���6%('*)�$+JE%(.#"#��$��

< ∆φn, S̃n−1 >= 0 ∀n ≥ 1

\-' "j�U<Y$ I 3!"#>?�+�-�
�+� I ��3��
∆φ0

n = −[∆φn, S̃n−1]
»§��M )K¼

Í �8%(' 3X%]�+�Z��' �!3��
V0 = V0(φ) = φ0

0 + [φ0, S0]
»§��M � ¼

��'��+� I ��3��K�
φ0

0 = V0 − [φ0, S0]
»§��MTÚ?¼

� ���
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(φk

n , k ≥ 1)
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φ
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φ = (φ0

n, φ
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n, ..., φ
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n)
M Ã .������ I .,%("#36\E'�� φ ���!�/%(' ���(¸��L%(� I $�� � "#.�3����!���GFÂ0G���E�!3��+3�\E'��

φ0
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� fLc(f!/�/§_ %§c�bG1
� <Y�+�����+0�Q .4� V � {VN (φ)} = {ṼN (φ)} �

φ
DL%(3 I ��' 3X%(�E�R.=<Y�+�����+0�Q .4�:� �����!�!3X%(��$+JK"4���R%(' ���(¸��L%(� I $��������!��' �Â����'��

���!DL% I �:>?� I ����3!"4�+.·� �:.=<Y���!DL% I �:>?� I ����3!"4�+. E � ���R>PMT%*M 3���' 3
Ω
M

Í �8%1�+�	���V�+�

ṼN (φ) = {c+

n=N
∑

n=1

< ψn,∆S̃n >; c ∈ R , ψ ∈ Pd}

\-'L%(��� Pd � $��!"#JK���2.=<Y���!DL% I ��>?� I ����3!"4�+.�� �����!' "#������� �G>VMT%*MjD 3�$+>v"4�!"#Q .4��� {(ψ1
n), (ψ2

n), ...., (ψd
n)} F
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d

� 6���6�) �>+#��� + � �
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V0(φ) = 0 , VN (φ) ≥ 0 ,
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[VN (φ) > 0] > 0
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ÑKM Ã .j�{)*"4�!���¬' ���/�!�!3X%(��$+JK"4�6%(' ���(¸��L%(� I $�� φ ���+.#.4�/\E'��

V0(φ) ≤ 0 ; VN (φ) ≥ 0 ;
�

[VN (φ) > 0] > 0.
»§��M#ÑKÑe¼

Î*M Ã .S�{)v"#���&' ���+�E�!"4�+3
p ∈ {1, 2, . . . , N} �+��' �;>?� I ���+' 3O%(.4$U%(����"#3�� Fp−1 −mesurable η = (η1, η2, . . . , ηd)F]>�%(.4�+' 3�����%(���

R
d ���+.4��\-'��

[η,∆S̃p ≥ 0] ;
� [

[η,∆S̃p > 0
]

> 0.
»§��M#ÑUÎ?¼

�*M Ã .j�{)*"4�!���¬' ���/�!�!3X%(��$+JK"4�/�S<T%(3!Q "#�!3X%(J?�KMA»s7O' �!3��+0G�+�-�&�*"#�R.4�/02%(3 I [�$:�j<Y���!�ODL%��R>-",%(Q .4�KM�¼
��M Ã .j�{)*"4�!���¬' ���/�!�!3X%(��$+JK"4�/�S<T%(3!Q "#�!3X%(J?�

φ
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Vn(φ) ≥ 0 ∀n ≤ N. �� Ë ÉG��¢ ³+ s¥�¯? s¡s��¢ � � ���������
�S<T%(QP��3��Z\-'��
4. =⇒ 3. =⇒ 1.
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1. =⇒ 2.
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φ = (φ0, ψ)
' ��DP��3!���{�m�+' "#.#.4�6%(' ���(¸��L%(� I $/>?$+3!"�¸q%(�-�1»§��M#ÑKÑe¼ � DP�K�������

u(n) =
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∑
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[ṼN (φ)] = 0 ∀φ ∈ 7

0 .
»§��M#Ñ+�-¼

�EÙ



� ��'��:%(.#.4�����&0G���E�!3��+3/\-'��
(S̃n)

���!�&' ����02%(3!�!"#� JE%(.4�]����'�� ���Z�+��' �!"#.#"4�X%(�-�¬.,% I %(3X% I H
��$+3!"4��%(�!"4��� ��"��
" � � F I �+�����V�+�U�L� ��� ������������'��R' ���/��' "#���:>?� I ����3!"4�+.#.4�/D 3�$+>v"4�!"#Q .4�

(ψn) = (ψk
n) , k = 1, 2, . . . , d , n = 0, 1, 2, . . . , N

F�>K%(.4�+' 3��Z��%(���
R

d �+�Z� $��!"#JK�������ZDL%(3
(φn)

�R.,%Ø���!3X%(��$+JK"4��� � 7
0
%����X� I "4$���F

ψ
�+�

%(D D .#" I %(�!"4���8�*'Z�![�$���3�W+0G� �
"	��"	� »m%�>?� I V0 = 0)
M � ���������

(σn)
.,%1��' "#���:>?� I ����3!"4�+.#.4�K�

F�>K%(.4�+' 3��¬��%(���
R

d � ���:% I �!"��m�&3!"4��\E'�$��:% I �!'L%(.#"4��$��:�+� [ , ]
.4��D 3��-�*' "#�:� I %(.,%("#3���'��!'��+.

��%(���
R

d M2�
� I %(. I ' .��!"#0]D .4� I �����*' "#�¬F�.=<Y$+JE%(.#"#��$

(ψ ∗ σ)N = [ψ0 , σ0] + ṼN (φ)
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Ṽn(φ) = βN

� �
[h|Fn] ≥ 0

M Ã .j�+��3�$��!' .#���6\E'��
Vn(φ) ≥ 0 ∀n M

^�b�h·c;% � 5��(#Ag�bZfqh�d
%§fPg¤c��Eh&/�%�1?_ a&/§b "
N�� .=<T%(Q����+� I �2�S< [-Å-DV���![�W����G�!' D D .4$+0G�+�-�X%("#3��K��»§>?��"#3�.4�1DL%(3X%(JK3X%(D [�����' "#>�%(�-��¼{� ���	�j<Y�����/DL%��:' � "4\-'��K�jDL%��

D .#'��&\E'���.,%G�!�!3X%(��$+JK"4�
φ
� � I ��' >?�+3!�!' 3��1� � h M<�
���{)�%(0G�+�8� �;»§��MTÎ(�-¼ I �����*' "#�¬��$U%(0]0G��"#���:F2' ���63��+02%(3�\-'��

"#0]DV��3!�X%(�E���/«�.4��D 3��+0]"4�+3�0G�+0�Q 3��O� � I �+�!����$+JE%(.#"#��$����R� $+DV�+���1DL%���� �7��� ∈ P �X%(���*"4�Á\E'���.4�R��� I �����10G�+0�Q 3��
���O� $+DV�+���GDL%���� ��.,%6�!�!3X%(��$+JK"4�O� � I ��' >?�+3!�!' 3�� φ M � %:>K%(.4�+' 3 I ��0]0�' ���¬%('*)�Î:0G�+06Q 3������ ��»§��MTÎ(�-¼����O� $+DV�+���
� ��� I \-'��:� � h �+�O� �

n
� I �6\E' "*Ç�'��!�!"�¸L�¬.4���R�����X%(�!"4�����&�!' "#>K%(�E�����/«

πn(h) = Vn(φ) =
1

(1 + r)N−n

� �
[h|Fn] ; π0(h) = V0(φ) =

1

(1 + r)N

� �
[h]

»§��MTÎKÙ?¼

� %�Ì�¯�¥{¡s¯�B+°#´1¯�° Ë ¯K =�K¡�¥�´ Fn
H=0G���!' 3X%(Q .4�

πn(h)
�U<T%(D DP�+.#.4�+3X%��q¥�¡#¾;¿E´6°!À ���P s¡m��¢

h
MG°#¯;¿?¯K µ´

n
M

� % ¨ ��¢�³{ =¯�¢L µ´®¥ Ë ´+°�°4´��*��³�¡s s¡�Ì(´
π0(h)

�:»s\E'���.=<Y���Ô�������+3X%�D .#'��Â��"#0]D .4�+0G�+�E�
π(h)

¼��U<T%(D DV�+.#.4�+3X%��P¥�¡#¾ ¿E´
°�À ���V s¡s��¢

h
Mv�&<Y���!�RF I �
D 3!"�)2\E'j< ' �Â02%(�![�$+02%(�!" I "4�+�Z�+0]D .4�UÅ?$&DL%(3�' ���OQL%(��\-'�� I �������+"#.#.4�+3X%6� �
>?�+���*3��
.=<Y��D �!"4���

h
F�.,%1��%(���

0
� �+�Z>?��" I "S' ���:D 3��+0]"4W+3��63X%("4����� «

� <Y$+0G�+�!���+' 3�� ��.=<Y��D �!"4���
h
�*"4��DP�K�X%(�-�6%('®���+0]D��

0
� ��.,%Â����0]0G�

V0(φ)
���!�/%�����' 3�$�DV��' >?��"#3¬�=%("#3��6�=% I �]F

�����¬��Q .#"#JE%(�!"4�����U��» I <Y���!�/FÂ�*"#3��1� $+QP��' 3��X�+3&.,%Â����0]0G�
h
\-'L%(���8.=<Y��D �!"4�������+3X%2�{) �+3 I $��1DL%(3:������% I [��+���+' 3�F2.,%

��%(���6�S<Y�{) �+3 I " I �e¼ � "#.�.#' "��!'43G�
DP��' 3 I �+.,%G�S<�"#�->?���!�!"#3 I �+�¬%(3!J?�+�E�¬�!' 3�.4�602%(3 I [�$��+�	�!' "#>K%(�E�O.,%2�!�!3X%(��$+JK"4�
φ
M Ã .

���!��� ��� I �L%(�!' 3��+.·\E'j<K"#.S>?�+��� � I �+�!���/��D �!"4����%('ZD 3!"�)
π0(h)

DV��' 3O%(DL%("4���+3O�X���O%(� J?��"4�������UM
� %&D 3���DV�K�!"#�!"4���2�!' "#>K%(�E���K������'��Á�+�1�s��' 3!� "#��' ���R��� I ����� �K�K�m%("4�X%(�-��"#�E���+3!>?�+� "#3�.,%&�L%(�!' 3���D 3��(�s����� ���S< ' �]02%(3 I [�$
¸��L%(� I "4�+3�»m%(Q��X�+� I �/�S<T%(3!Q "#�!3X%(J?�e¼{M

� c(fLh�f! 
%�d
%§fqg
9v��"#�

h
' ������D �!"4�����+' 3���DV$��+� ����3�$+D .#" I %(Q .4� � π(h)

���!��.=< ' � "4\-'��RD 3!"�)G�{) I .#'L%(�E�Á.=<T%(3!Q "#�!3X%(J?�
� � I �+�!���O��D �!"4���jM
� Ë ÉG��¢ ³{ s¥!¯K s¡m��¢Ø«

ÑKM�58���E�!3��������S<T%(QV��3��2\-'��
π(h)

���!�Á' �2DjMY�KMT%*ME� ��.=<Y��D �!"4���
h
� 3��+>?�+��������%('*)]�����X%(�!"4������� �R��M ��MTÎ/�+�ÁDP�K�������

Hn = Vn(φ)
MP9v��"#�¬�S<T%(' �!3��6DL%(3!����� ∈ P

� I ��0]0G�
(S̃n)

�+�
(H̃n)

�����-�
� �������?H=02%(3!�!"#� JE%(.4���U�q"#.·�+�8���!�
� �¬0G¹+0G�6� �

(S̃n, H̃n))
M Ã .S�+�Z3�$���' .#���:\E'��¬.4�¬02%(3 I [�$:¸��L%(� I "4�+3O$+���+���*' (

Ω, (S̄n) := (Sn,Hn),
� ) ���!�

>v",%(Q .4�KM

ÙK�



Î*M�@�%����������;F�.=< ' � " I "#��$ � � $��!"#JK��������DL%(3
(hn)

' ���	�!' "#���8%���%(D ��$���� �	>PMT%*M 3UM ≥ 0
>?$+3!"�¸q%(�E�

hN = h
�+�

DV�K�������
π = h0

M � ��'���%(.#.4�����Á0G���-�!3��+3R\E'��K�-�!"
π 6= π(h)

�v���2DV�+' � I �����!�!3!' "#3��
' ���O���X%(��$+JK"4�
�S<T%(3!Q "#�!3X%(J?�
��%(����.4�&02%(3 I [�$&¸��L%(� I "4�+3�$+���+���*' (

Ω, S̄n := (Sn, hn),
� ) MV» Í � I ������"4� W+3��
02%("#�-���+�L%(�E�&\E'��
.=<Y��D �!"4���j�

"#�-�!3��-�*' "#������%(����.4�602%(3 I [�$K� I �����!�!"#�!'��/' �®% I �!"���F]3!"4��\E'��6�!' D D .4$+0G�+�E�X%("#3���������$
d+ 1

� ���-�O.4� I ��' 3��¬F
.,%G��%(���

n
�����

hn
¼{M

9-' D DV�K�������
DL%(3
�{) �+0]D .4�
π > π(h)

� DP�K�������&%(.4��3��
ψ̄n = (φ1

n, φ
2
n, . . . , φ

d
n,−1)

�+�
� $��!"#JK�������
DL%(3
(φ̄n).4�&DV��3!���{�s�+' "#.#.4�/%(' ���(¸��L%(� I $ I ���m� I "4��%(�-�
%�>?� I ψ̄ ��' 3�.4����% I �!"��m�RF�3!"4��\E'��¬�*';02%(3 I [�$:$+���+���*'Z�+��>?$+3!"�¸q%(�-�

V0(φ̄) = 0
»=�Á��M���MTÎ*MTÎ?¼{M Í ��%

Vn(φ̄) = φ̄0
nS

0
n + φ1

nS
1
n + . . .+ φd

nS
d
n − hn

»§��MTÎ �?¼

= (φ̄0
n − φ0

n)S0
n + Vn(φ) − hn

»§��MTÎ )K¼

»§��MTÎ )K¼R$ I 3!"#���6�+� n = 0 I �����*' "#�&F�.=<Y$+JE%(.#"#��$

φ̄0
0 − φ0

0 = π − π(h)
»§��MTÎ � ¼

����0]0G�6.4�����!�!3X%(��$+JK"4���
φ̄
�+�
φ
�����-�
%(' ���(¸��L%(� I $����U�A»§��MTÎ �?¼��U<Y$ I 3!"#�O�+� I ��3��

Vn(φ̄) = φ̄0
n+1S

0
n + φ1

n+1S
1
n + . . .+ φd

n+1S
d
n − hn

»§��MTÎKÚ?¼

= (φ̄0
n+1 − φ0

n+1)S
0
n + Vn(φ) − hn

»§��M �K�?¼

����0]DL%(3X%(�-�1»§��MTÎ )K¼R�+�6»§��M �K�?¼{�L���Z��Q �!"4�+�E�
.4���R3��+.,%(�!"4�����

φ̄0
n+1 − φ̄0

n = φ0
n+1 − φ0

n

����0]D ���6���+�E'	� ��»§��MTÎ � ¼{������%1� ��� I

φ̄0
n = π − π(h) + φ0

n

Vn(φ̄) = (π − π(h))(1 + r)n + Vn(φ) − hn

VN (φ̄) = (π − π(h))(1 + r)N > 0

� %]�!�!3X%(��$+JK"4�
φ̄ I �����!�!"#�!'��/� ��� I ' �	%(3!Q "#�!3X%(J?�6\-' "SDP�+' �O¹+�!3��¬0]"4�
�+��D 3X%(�!"4\E'��6� �:.,%��m%�­������!' "#>�%(�-���G«

.4�Â�!DV$ I ' .,%(���+' 3G%(�!�!"#3�$�DL%(3�.,%��!' 3�$+>�%(.#'L%(�!"4��� � ��.=<Y��D �!"4���
h
.=<Y�+0]D 3!' �-���ZFZ.,%���%(���

0
��.,%	>?�+����"#0]0G${H

�*",%(���+0G�+�-���!' 3¬.4��02%(3 I [�$�%('8D 3!"�)
π
�P�+�:D 3�$+.4W+>?�]��' 3 I �+�!���]�X��0]0G�1.,%�\-'L%(�E�!"#��$

π(h)
\E' "�.#' "�DP�+3!0G�+�

�S<T% I [��+���+3/.4��DP��3!���{�m�+' "#.#.4�1� � I ��' >?�+3!�!' 3�� φ � ��.=<Y��D �!"4���
h
� .,%Â����0]0G��3����!�X%(�E���K�

π − π(h)
�S���!�¬D .,% I $��

FÂ.,% I %("4���X�]�S<Y$+DL%(3!JK���KMj7OD 3�W��/%U>?��"#3/.,%("4����$]%('�.4� I ���+' 3:.4�]����"#���S<K"#02%(JK"#���+36' ���]�!�!3X%(��$+JK"4�]�S<T%(3!Q "#�!3X%(J?�
��%(���O.4� I %�����È π < π(h)

�q��� I ��� I .#' �
\-'j<Y���	%���$ I �����!"#3��+0G�+�E�
π = π(h)

M

� 6���685 � <>C ?
��� ; ��� -
I < �9? +����
I�< ; � A�- ��I + A � ����	
�K+ ��� � < � ��IBC A8< � �7C � ��I � ���7A
@�.,%�­�������������'��Á��%(����' �]02%(3 I [�$�>v",%(Q .4�R�+��� ��� ������������'���' ������D �!"4�����+' 3���DP$��+� ���

h
�����G��$ I �����X%("#3��+0G�+�-�

�!"#0�' .,%(Q .4�KM � %1D 3���DV�K�!"#�!"4���	��' "#>�%(�-���:>�%1�+��DL%(3!�!" I ' .#"4�+3
0G���E�!3��+3
.=<Y�{)v"4�!���+� I �6� �:DjMY�KMT%*M DV��' 3 I �+�!���/��D �!"4����M
�  "� �# �� �����  �� � �����
����� �������"�����"�	� � ��� � �
�
� �����
� ���
���
� �
���

Ù*Ñ



� c(fLh�f! 
%�d
%§fqg%1
9v��"#�

Π(h)
.4�/�X��'����+�����+06Q .4�6� �

R+
I ���-�!"#�!'�$/DL%(3�.4���RD 3!"�)��{) I .#'L%(�E�O.=<T%(3!Q "#�!3X%(J?��� �¬.=<Y��D �!"4��� h � ���8%

Π(h) = { � � [h̃] ;
��� ∈ P } »§��M �*Ñe¼

� Ë ÉG��¢ ³{ s¥!¯K s¡m��¢
ÑKM
9v��"#�

π ∈ Π(h)
� "#.��{)*"4�!���G%(.4��3��:' ���G�!' "#����%���%(D ��$��

(hn)
>?$+3!"�¸q%(�-�

hN = h et h0 = π
���+.#.4�G\-'��1.4�

02%(3 I [�$ (

Ω, (Sn, hn),
� ) ����"#�6>-",%(Q .4�KM Ã .Á�{)*"4�!���]� ��� I »=�Á�!MV��M �*M �?¼¬' ���GD 3���QL%(Q "#.#"#��$ ¯� I [L%(3!J?�U%(�E�1����'��

.4���¬DV��"#�E���6� �
Ω

����'��¬.,%�\-'��+.#.4�
(S̃n)

�+�
(h̃n)

�����-�/� ���:02%(3!�!"#� JE%(.4��� � "#.��+�®3�$��!' .#���]�+��DL%(3!�!" I ' .#"4�+36\-'��
¯� ∈ P M H �:D .#'��U�

π = h0 = ¯� [h̃]
� I �:\-' "S0G���E�!3���\E'��

π
%(D DL%(3!�!"4�+�-�&%('Z0G�+0�Q 3��6� �:�*3���"#���/� �2»§��M �*Ñe¼{M

Î*M Ã �E>?�+3��X�+0G�+�E�U�V����"4�+�E� ��� ∈ P �+�
π =

� �
[h̃]

� DP�K�X�����
h̃n =

� �
[h̃|Fn] = βnhn

MV����0]0G�
(S̃n) et (h̃n)�X���E�Z� ��� ���?H=02%(3!�!"#� JE%(.4���U�R.4�®02%(3 I [�$ $+���+���*' (

Ω, (Sn, hn),
� ) �����Â>v",%(Q .4� � �S<T%(' �!3��®DL%(3!�U�R��� >?��"#�

"#0]0G$��*",%(���+0G�+�-�:\E'��
h0 = π

�+�
hN = h

� "#.j�+�	3�$��!' .#���/\-'��
π ∈ Π(h)

M

� fq` h�/'�v`�b-gPd

Í �ZDV�+' �O%(.#.4�+3�D .#'��R.4��"#����%(����.,%1� ��� I 3!"#D �!"4���8� �
Π(h)

��%(���R' �Z02%(3 I [�$6>-",%(Q .4�]«
Ä Í '�Q "4�+�

h
���!�R3�$+D .#" I %(Q .4���+�U� I ��0]0G�/����'��R>?�+�������
� �¬.4�:>?��"#3U�

Π(h) I ��0]DP��3!���6' �Z���+' .SDV��"#�E�UM
Ä H %(���1.4� I %�� I ���E�!3X%("#3��K� Π(h)

���!�1' �Ø"#�E���+3!>K%(.#.4����' >?�+3!�G� �
R
M�»=�Á�!M�Ï���.#.#0G�+3G�+�29 I [ "4��� «�9-��� I [L%��!�!" I

ÏA"#�L%(� I �e¼

� ��� � $ , & �	)�! &>< � "98 �>: !
� 6���685 FG�,HEI
�J+��K�
I �

Í �	�*"#��\-'j< ' �Z02%(3 I [�$/¸��L%(� I "4�+3O���!� I ��0]D .4�+�
�!"S����' ���/��D �!"4���	�+' 3���DV$��+� ���6���!����"#06' .,%(Q .4�KM

�����E�!3X%("#3��+0G�+�-�ÂF	.=<T%�)v"4��0G�;� �Â>v",%(Q "#.#"#��$Â\-' "�DL%(3X%��4�]"#� [�$+3��+�E�2F	.,%	�L%(�!' 3��;�S< ' �Ø02%(3 I [�$K� I �+�!���Â[-Å-DV���![�W����
%(D DL%(3X%��4� I ��0]0G��' ��� I ��0]0G�v�*"#��$�02%(�![�$+02%(�!"4\-'�� � ��� DV�+' �]0G¹+0G������� �+02%(��� �+32�!"R.4���=%("#�G�S<Y�{)v"#J?�+3�\E'��
����' ���O��D �!"4���2D ' "4������¹+�!3��
�!"#06' .4$��ODL%(3�' �����!�!3X%(��$+JK"4� I ���E>?�+�L%(Q .4�&���!��Q "4�+�G3�$U%(.#"4�!��� � ���G�������+3X%:����' ��� �R0G¹+0G�
\-'���.=<Y���G����� �+02%(��� ��DL%��ÁDP��' 3�.=< "#�����X%(�E���S<Y�{)*[ "#QV�+3 I �+�!�����!�!3X%(��$+JK"4��«K�X%�>?��"#3Á\-'j<Y�+.#.4���{)*"4�!�������!����'432�X%(�E��DV��' 3
��Q ���+� "#3
� ����3�$��!' .#�X%(���UM H <T%(' �!3��:DL%(3!�U� .4�/0G�-� W+.4�/� � ��.,% I ��%(���89 I [���.4���&\E' "j���!�R.4�/D .#'�� I ��' 3X%(0]0G�+�E�&' �!"#.#"4��$
�m��' 3!� "#�Á' ���{) �+0]D .4��"#0]DV��3!�X%(�E��� �R02%(3 I [�$ I ��0]D .4�+� � "#.L�+�������Á� ��0G¹+0G�
�*'20G�v� W+.4�O�*"4� I 3��+�Á\-'�������'���%(.#.4�����
$+�!'��*"4�+3
%(' I [L%(D "#�!3��6�!' "#>K%(�E�UM

� 6���6�� � � ��+#� I � �7A8<>C <,+ = ����� � �>C � � = ? A <,+ C
� : �Efqc �v`�b
�
�802%(3 I [�$1>-",%(Q .4�1���!� I ��0]D .4�+�/�!"��+�:���+' .4�+0G�+�-�/�U< "#.��{)v"4�!����' ����D 3���QL%(Q "#.#"#��$�ºv¢�¡��+º ´2����'��&.,%�\-'��+.#.4�1.4���¬D 3!"�)
% I �!'L%(.#"4��$��
� ���O% I �!"��s�O�����E�O� ����02%(3!�!"#� JE%(.4���

� Ë ÉG��¢ ³+ s¥�¯? s¡s��¢ �

ÙKÎ



%?¼�9-' D DP�K�X������.4�R02%(3 I [�$O>v",%(Q .4�O�+� I ��0]D .4�+���+�Á����"#� h ' ���R>VMT%*M 3UM ≥ 0
� "#.q�{)v"4�!����' �����!�!3X%(��$+JK"4�

%��*0]"4�X�!"#Q .4�
φ
���+.#.4��\E'��

h = VN (φ)
� I ��0]0G�

φ
���!�·%(' ���(¸��L%(� I $��¬�U����DP�+' �A$ I 3!"#3��
» I �!MU.,%�3��+02%(3�\-'��

�
"	��" .*¼
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(1 + r)N−n
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b
� �+'*)�3�$��+.4��>?$+3!"�¸q%(�-� −1 < a < b

� ����'��Á%(.#.4����� I �����!�!3!' "#3��R' �]02%(3 I [�$�¸��L%(� I "4�+3�¸�� "����+3!>K%(�E�
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((Sn) ; 0 ≤ n ≤ N)

�+��� I ��0]0G�2�S< [L%(Q "#�!'�� ���S' ��% I �!"��R������3!"4��\-'�$
S0

n = (1 + r)n M � �K�:[EÅvDV���![�W������
�!' 3R.4� I ��0]DV��3!���+0G�+�E�&� �¬.=<T% I �!"4��� S ���+3����E� I �+.#.4��� I "�«v�+�-�!3��:.4���R"#���!�X%(�-��� n �+�

n+ 1
�*.4� I ��' 3�� Sn

� �¬.=<T% I �!"��
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1 + a
� ����"#��DL%(3

1 + b
� %(' �!3��+0G�+�-�&�*"#�/�

Sn+1 = Tn+1Sn

��È
(Tn)

���!��' ���O��' "#����� ��>VMT%/F¬>K%(.4�+' 3�����%(���Á.=<Y�+�����+06Q .4�¬F/� �+'*)]DV��"#�E��� {(1+a), (1+ b)} M-���+�!���O[EÅvDP���![�W����
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�+6859685 � � <>C ?����4< �G<>C �#?
� < - � <>C
Í �ÂDP�K���

Ω = {1 + a, 1 + b}N � ' ���&$+D 3��+' >?�
ω
���+3X%�� ��� I ' ���&�!' "#��� {t1, t2, ..., tN} � �

N
3�$��+.4��>�%(.,%(�-�

1+a��'
1 + b

M � �����s��� I �!"4����� I �v��3�� ��� ��$���� Ti
�A� ${¸�� "4���1DL%(3

Ti(ω) = ti
�A���+3����E�1.4���

N
>K%(3!",%(Q .4���G%(.4$U%(����"#3����

I �+�E�!3X%(.4���&� � I �:0G�v� W+.4�]M Í ���������+3X%
(Fn)

.,%�¸�.#�!3X%(�!"4���	�L%(�!' 3��+.#.4�/�+� J?�+���*3�$��6DL%(3�.,%1�!' "#���
(Tn)

� I ��0]D .4$+��$��
F�.=<Y��3!"#JK"#���/DL%(3 F0 = {Ω, φ} M
9v��"#�

s0 ∈ R
� ���	� ${¸�� "#��' ���/��' "#���¬3�$��+.#.4�

((Sn) ; 0 ≤ n ≤ N)
�+�	DP�K�X%(�-�

S0 = s0 , S1 = s0T1, ....., Sn = Sn−1Tn = s0T1T2.....Tn
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(Fn)
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(Sn)
M 1
%(D DV�+.4������\-'��:����'����*"4�!DV�K���������S< ' ���/� �+'*)*"4W+0G�/�!' "#���

S0 ��� $+���+3!0]"#� "4�!���G�L� ${¸�� "4�:DL%(3

S0
n = (1 + r)n =

1

βn

Í �Z0�' � "#�
Ω
�S< ' ���:D 3���QL%(Q "#.#"#��$ � ����' 0]"4���6F�' ���/�X�+' .4�¬3����!�!3!" I �!"4����« I [L%(3!J?�+3O����'��R.4���RDV��"#�E���
� � Ω

M

� �43 � 5 $7695A8A54: ) �>: & < � "98 )>: .	(	� (	� & � � $ , &��0)
9v��"#�!� ' ���®D 3���QL%(Q "#.#"#��$�\E'��+. I ����\-'����!' 3

Ω
� �{)�%(0]"#�������	F \-'��+.#.4��� I �����*"4�*"#�!"4�����	.,% �!' "#���

(S̃n)
���!��' ���

02%(3!�!"#� JE%(.4�6�X��'��=� M Í ��%

�
[S̃n+1|Fn] = βn+1

�
[Sn+1|Fn] = βn+1Sn

�
[Tn+1|Fn] = βS̃n

�
[Tn+1|Fn] =

1

1 + r
S̃n
�

[Tn+1|Fn],

� ������3!����\-'j< ' ��� I �����*"#�!"4���®��$ I �����X%("#3��1�+�&��'432�X%(�E����DV��' 3&\-'j< "#.A�+�®����"#�:%("#���!"����!��« �
[Tn+1|Fn] = 1 + r

� Ã .
�+�Z3�$��!' .#���G»§D 3��+���*3��6.=<Y���!DV$+3X%(� I �/� ���OÎ10G�+0�Q 3�����¼¬��\-'�� �

[Tn] = 1 + r
M @�' "4�X\E'��

1 + a < (1 + a)
�

[Tn = 1 + a] + (1 + b)
�

[Tn = 1 + b] = 1 + r < 1 + b,

����%���$ I ������%("#3��+0G�+�E�
a < r < b

M 5®%("4�U���!"S.4�:02%(3 I [�$6���!�R>v",%(Q .4�K�����ZDV�+' �
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F�.,%1D 3���QL%(Q "#.#"#��$ ��� � %("#���!"�«
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� ¢q�KºE³:³{ºU�?� �(³�´{¥!��¢ ³ ¨ ´+ m µ´

¨ ��¢q¿K¡§ s¡m��¢8Ì Ë ¥{¡ ¶ Ë ´1¿?¯�¢ ³/ =��º* µ´6°�¯2³�ºv¡s µ´ �
Ã .��j<Y$+�X%("#�]DL%��1��$ I ������%("#3��Â� �Â3�� I ��' 3!"#32%('*)�3�$��!' .#�X%(���]�*'ØDL%(3X%(JK3X%(D [�� ��"���"�� DV��' 31��Q ���+� "#3 I �Â3�$��!' .#�X%(��«��!"
.=<Y���®�!' D DP�K�X�K� DL%(3&�{) �+0]D .4�K�

r > b
�q"#.·�������=% I "#.4�6� �/JE%(JK���+3¬� ��.=<T%(3!J?�+�E�:F I ��' D®�!Æ 3U�L�X%(���¬%(D DV��3!�O"#� "#�!",%(.��+�

�X%(���O3!"4��\E'��2«qF1.=< "#���!�X%(�-�
0
�q�����+0]D 3!' �E����' ����% I �!"4���8\E'��6.=<Y���Z>?�+����"#0]0G$��*",%(���+0G�+�E�¬DP��' 3
D .,% I �+3O.=<T%(3!J?�+�-�

��Q ���+�E'ÔF8.,% I %("4�������S<Y$+DL%(3!JK����» I <Y���!� I �Z\-'j<Y���Ó%(D DV�+.#.4��' ��� E{>?�+�E���8F®� $ I ��' >?�+3!� E «����Ó>?�+��� ' ���	% I �!"4���
\-'j<Y���Â���
DV�K����W�� �
DL%���¼{�vD ' "4�U�vF6.=< "#���!�X%(�-�

N
�v���Â3X% I [�W+���¬.=<T% I �!"4�����!' 3�.4�&02%(3 I [�$¬DP��' 3�3��+06QV��' 3����+3��X%�� �+�!���KM

� ��'��
.,%("4�X���+3������¬.4�6.4� I ���+' 3/$ I 3!"#3���.,%��!�X%(��$+JK"4�
φ I ��3!3����!DV������%(�E���]�+�¬>?$+3!"�¸L�+3/\-'��6.=<Y�������!�¬�+�®D 3�$����+� I �1�S< ' �

%(3!Q "#�!3X%(J?� � \-'��&�=%("#3��/�!"
r < a

�

@A��' 3&%(.#.4�+3�D .#'��R.4��"#�j������'��O%(' 3�������QV������"#�Z�*'Z.4�+0]0G�/��' "#>�%(�-�6«

�+6���685 � <>= =@< �

9v��"#�
T

' ���]>�%(3!",%(Q .4�Â%(.4$U%(����"#3��23�$��+.#.4�ÂF;>K%(.4�+' 3�����%(���6.=<Y�����+06Q .4�;F�� �+'*)�DV��"#�E��� {α, β} (α < β)
�+������"#�

G ' ��������'��¬%(.#J?W+Q 3���� � F � ���8�!' D DP�K�X�6\-'j< "#.A�{)*"4�!���/' ��� I �����!�X%(�-��� m ���+.#.4��\-'�� �
[T |G] = m

�
T

���!�¬%(.4��3��
"#��� $+DV�+����%(�E���6� � G �+����%�.4��"����!��� ��� ��$��:DL%(3�.4���O$+JE%(.#"#��$��

�
[T = α] =

β −m

β − α
;

�
[T = β] =

m− α

β − α
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� Ë ÉG��¢ ³+ s¥�¯? s¡s��¢ Í �Z0G���-�!3��6�S<T%(QV��3�� I ��0]0G�:D 3�$ I $�� �+0]0G�+�E�¬\-'��
α < m < β

M
@A�K�������

A =
�

[T = α|G] , B =
�

[T = β|G]
� �+� I �����*"#�!"4��� �L%(�-�ODL%(3R3X%(D DV��3!�OF G .4���R$+JE%(.#"#��$��

1[T=α] + 1[T=β] = 1 , T = α1[T=α] + β1[T=β]

������Q �!"4�+�E�
A+B = 1 ,

�
[T |G] = αA+ βB.

Ã .j�+�;3�$��!' .#���/\-'��&.4���R>�%(3!",%(Q .4���
%(.4$U%(����"#3����
A

�+�
B

�����E���X��.#' �!"4�������*'Z�!Å*�!��W+0G�:� �:Î1$�\E'L%(�!"4�����OF
Î]"#� I ��� �E'����6«

A+B = 1 , αA+ βB = m ,
� ���-�O.=< ' � "4\-'��/����.#' �!"4���	�����

A =
β −m

β − α
, B =

m− α

β − α
.
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ω
M � %G>VMT%*M
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���!�
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�!' "#>K%(�E�����6«
Ä Í ��DV�K���+3X%

p = b−r
b−a , q = r−a

b−aÄ µ
� $��!"#JK���+3X%/.,%6.4��"V� �OD 3���QL%(Q "#.#"#��$&DV��3!��$��ODL%(3 {1+ a, 1+ b} � ${¸�� "4�
DL%(3

µ(1+ a) = p , µ(1+ b) = q
Ä Í ���������+3X%G�+�*¸�������.,%GD 3���QL%(Q "#.#"#��$

µN = µ× µ× ... × µ
� 3X%(D DP�+.4�����1» I ��M . "�� ¼�\-'�� ���;���!��.=< ' � "4\-'��

D 3���QL%(Q "#.#"#��$Â�!' 3
Ω

����'��/.,%�\-'��+.#.4�G.4���/�s��� I �!"4����� I �-��3�� ��� ��$���� T1, T2, ...., TN
I �����!�!"#�!'��+�E��' ���]�=%(0]"#.#.4�

� �¬>VMT%*M "#��� $+DV�+����%(�E�����&$�\E' "4�*"4���!3!"#Q '�$����O� �:.4��"
µ
M

� c(fLh�f! 
%�d
%§fqg%1
���;���!�O.=< ' � "4\-'��/D 3���QL%(Q "#.#"#��$1����'��O.,%�\E'��+.#.4��.,%]�!' "#���

((S̃n) ; 0 ≤ n ≤ N)
������' ���/02%(3!�!"#� JE%(.4�KM � �602%(3 I [�$

� �����U)V� 1
�K�����+��1�' Q "#�������+"#�	���!��� ��� I >v",%(Q .4�/�+� I ��0]D .4�+�UM
� Ë ÉG��¢ ³+ s¥�¯? s¡s��¢ �
ÑKMRB¬$+3!"�¸L�����
����' �
�S<T%(QV��3��	\-'��K������'������q�

(S̃n)
���!��' ���602%(3!�!"#� JE%(.4� � I ��0]0G�

Tn+1
���!�O"#��� ${H

DV�+����%(�E����� � Fn
� ���8%

� �
[Tn+1|Fn] =

� �
[Tn+1] =

1

b− a
[(1 + a)(b− r) + (1 + b)(r − a)] = 1 + r,

I �6\E' "=�*����'��O.=<T%�>?������>v'	%('Z� $+Q ' �
� � I �/DL%(3X%(JK3X%(D [��K�L�+�E�!3X%("#���6.4�¬3�$��!' .#�X%(�UM
Î*M
9v��"#���� ' ���	%(' �!3���D 3���QL%(Q "#.#"#��$��!' 3

Ω
"#���*' "4�X%(�E��.,%80G¹+0G��D 3���D 3!"4$+��$	�!' 3].,%®��' "#���

(S̃n)
�

��� %(' 3X% %(.4��3����
[Tn+1|Fn] = 1 + r

� "#.&3�$���' .#����%(.4��3����*' .4�+0]0G� �
"���" .¤\E'��
Tn+1

�����
"#��� $+DV�+����%(�E���8� � Fn

» I <Y���!��F®�*"#3��Z� �
(T1, T2, ..., Tn)

¼1�+��%8DV��' 3G.4��"
µ
M Í �Ó�+�¤� $��*' "#�

%("4�X$+0G�+�E�1\E'��].4���6>PMT%*M I �-��3�� ��� ��$���� Tn
�����-�U������'�� ��G�j"#��� $+DV�+����%(�E�����1�+�6� �2.4��"

µ
� ����%
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h
' ���/��D �!"4�����+' 3���DV$��+� �����+�
����"#�����Â.,%1D 3���QL%(Q "#.#"#��$��!' 3

Ω
� ${¸�� "4���+� � "�� " � � .4�/D 3!"�)

Vn� � I �+�!���G��D �!"4����FÂ.,%���%(���
n
���!�6� ��� ��$��GDL%(3/.,%��s��3!0�' .4�

Vn = 1
(1+r)N−n

� �
[h|Fn]

� �+� DL%(3!�!" I ' .#"4�+3��
�X����D 3!"�)ZF�.,%G��%(���

0
���!� 1

(1+r)N

� �
[h]

M
���U%(' I ��' D½�S<Y�+�E�!3�� >?��'����!3���' >?�+3����E� I �+�!���®�m��3!06' .4���!3���D �![�$���3!"4\-'���� ��� I DV�+' �*"#JK�����S<T%(�!���+�E�!"4��� � .4���	Î
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Ä 9v��"4�+�-�7�
1
�+�;�

2
Î6D 3���QL%(Q "#.#"#��$�����' 3

Ω
>?$+3!"�¸q%(�E��3����!DV� I �!"#>?�+0G�+�E�7�

1[Tn = 1+ b] = 0, 99 ∀n »§02%(3 I [�$
�!3�W��¬[L%('��X�!"4�+3�¼&�+���

2[Tn = 1 + a] = 0, 99 ∀n » �v3X% I [�DV�+3!02%(���+�E��¼ � I ��0]0G� ���������&.,%Â0G¹+0G�]��%(���
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∑

j=0
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j
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pj(1 − p)l−jψ((1 + a)(j), (1 + b)(l−j)) (39)
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[ψ(T1, T2, ...., Tl)] =

j=l
∑

j=0

ψ((1 + a)(j), (1 + b)(l−j))
�

[J = j]

=
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∑
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pj(1 − p)l−jψ((1 + a)(j), (1 + b)(l−j))
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(
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pj(1 − p)N−n−j[Sn(1 + a)j(1 + b)N−n−j −K]
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∑
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(
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pj(1 − p)N−n−j[s(1 + a)j(1 + b)N−n−j −K]
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(Φn) = (φ0
n, φn)
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Cn = c(n, Sn) = Vn(Φ) = φ0
n(1 + r)n + φnSn,
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{ c(n, (1 + a)Sn−1)1[Tn=1+a] = [φ0
n(1 + r)n + (1 + a)φnSn−1]1[Tn=1+a]

c(n, (1 + b)Sn−1)1[Tn=1+b] = [φ0
n(1 + r)n + (1 + b)φnSn−1]1[Tn=1+b]
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n(1 + r)n + (1 + a)φnSn−1]p

c(n, (1 + b)Sn−1)(1 − p) = [φ0
n(1 + r)n + (1 + b)φnSn−1](1 − p)
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(1 + b)c(n, (1 + a)Sn−1) − (1 + a)c(n, (1 + b)Sn−1)

(b− a)(1 + r)n
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φn =
c(n, (1 + b)Sn−1) − c(n, (1 + a)Sn−1)

(b− a)Sn−1
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{log 1 + aN

1 + rN
, log

1 + bN
1 + rN

} = {− σ√
N

, +
σ√
N

}
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f
�+�
u : R+ 7→ R

� ${¸�� "4����DL%(3

f(x) = log
x

1 + rN
; u(x) =

(x− (1 + aN ))f(1 + bN ) + (1 + bN − x)f(1 + aN )

bN − aN

����0]0G�
u
���!��$+JE%(.4�OF

f
%('*)GÎ&DP��"#�-���

1+aN
�+�

1+bN
� � �

N [f(TN
1 )] =

� �
N [u(TN

1 )]
� �S<T%(' �!3��

DL%(3!���*D ' "4��\E'��/'Z���!�O% 3G���G�

� �
N [u(TN

1 )] = u(
� �

N [TN
1 ]) = u(1 + rN )

Í �8%1� ��� I ��%(D 3�W��
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f(1 + bN ) = −f(1 + aN ) = σ/

√
N

�

µN =
� �

N [XN
1 ] =

� �
N [f(TN

1 )] = u(1 + rN ) =
σ(2rN − (aN + bN ))

(bN − aN )
√
N

� �
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1 + aN = (1 + rN ) exp(− σ√
N

) = (1 + rN )[1 − σ√
N

+
σ2

2N
+ o(1/N)]

1 + bN = (1 + rN ) exp(
σ√
N

) = (1 + rN )[1 +
σ√
N

+
σ2

2N
+ o(1/N)]
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bN − aN =
2σ√
N

+ o(1/N) ; 2rN − (aN + bN ) = −σ
2

N
(1 + rN ) + o(1/N)

Í �8%1� ��� I
lim

N→∞
NµN = lim

N→∞
−σ2(1 + rN ) +No(1/N)

2(1 + rN ) + o(1/N)
= −σ2/2
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N
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0
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PN
0 =

1

(1 + rN )N
� ∗

N [(K − SN
N )+] =

� ∗
N [(

K

(1 + rN )N
− S̃N

N )+] =
� ∗

N [(
K

(1 + rN )N
− eYN )+]
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ψ
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ψ(y) = (Ke−Rt − ey)+

� ���8%

|PN
0 − � ∗

N [ψ(YN )]| = | � ∗
N [(

K

(1 + rN )N
− eYN )+ − (Ke−Rt − eYN )+]|

≤ � ∗
N [|( K

(1 + rN )N
− eYN )+ − (Ke−Rt − eYN )+|]

≤ K| 1

(1 + rN )N
− e−Rt| → 0

» � %]� �+3!� "4W+3��6.#"#JK���:D 3��U>?�+�L%(�-�
� �:.=< "#��$+JE%(.#"#��$��+�E�!3��:����0�Q 3����O3�$��+.4�6« |a+ − b+| ≤ |a− b| ¼ � "#.j�+�	3�$��!' .#���:\E'��

lim
N→∞

PN
0 = lim

N→∞
� ∗

N [ψ(YN )]
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lim
N→∞

PN
0 =

∫

R

ψ(y)ν(y)dy =
1√
2π

∫

R

[Ke−Rt − exp(−σ
2

2
+ σy)]+e−y2/2dy
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S0
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S′ �+� P ′ .4���O>�%(.4�+' 3��
3����!DV� I �!"#>?���O� �6.=<T% I �!"����X��'���Ç�% I �+�E�
�+�&�*'ZD ' �
��%(��� I �+�!���/����' >?�+.#.4���!"#�!'L%(�!"4���
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S′N

N = S0S
N
N

� �6����3!���:\E'��

P ′N
0 =

1

(1 + rN )N
� ∗

N [(K − S′N
N )+] =

S0

(1 + rN )N
� ∗

N [(
K

S0
− SN

N )+]

� %1.#"#0]"#���
P

� � I �+�!���:�{)vD 3�������"4���	\E'L%(���
N
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P =
S0√
2π

∫

R

[
K

S0
e−Rt − exp(−σ

2

2
+ σy)]+e−

y2

2 dy =
1√
2π

∫

R

[Ke−Rt − S0exp(−
σ2

2
+ σy)]+e−

y2

2 dy
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F (x) =
1√
2π

∫ x

−∞
e−

−y2

2 dy , d1 =
1

σ
(
σ2

2
+ Log

S0

K
+Rt) , d2 = d1 − σ.
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Í �Z>?��"#���=% I "#.4�+0G�+�E�&\E'��
P = Ke−RtF (−d2) − S0F (−d1).
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C ′N
0

\E'L%(���
N → ∞ M � %1�m��3!06' .4�
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C ′N
0 − P ′N

0 = S0 −
K

(1 + rN )N

H <Y��È����+��DL%����X%(�-��FO.,%O.#"#0]"#���&�
C−P = S0−Ke−Rt

� ���]%O� ��� I C = S0[1−F (−d1)]−Ke−Rt[1−F (−d2)]
�

I �:\-' "jDP�+' ���+� I ��3��6�U<Y$ I 3!"#3��
C = S0F (d1) −Ke−RtF (d2)
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