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C(k) (X1 + µ,X2, . . . , Xk) = C(k) (X1, X2, . . . , Xk) + C(k) (µ,X2, . . . , Xk)
`�v W8�_e���Y�uZW��_e�^�xyX���eB^a`b^EY��_e�f)�_e�X�t�VBtEY�t�u@t�xy^�z�V�W)X�e�^�Y

= C(k) (X1, X2, . . . , Xk) + 0
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g�W)e

µ
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X2, . . . , Xk
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P (3)
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{1, 2, 3}

YB]_X@�mW)z�VB^�Y

{1, 2, 3}
{1, 2} , {3}
{1, 3} , {2}
{2, 3} , {1}
{1} , {2} , {3}

C(3)(X1, X2, X3)
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C(3)(X1, X2, X3) = (−1)00!E
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 = E [X1X2X3]
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C(3)(X1, X2, X3) = C(3)(X1 − E [X1] , X2 − E [X2] , X3 − E [X3])
`�v W8�_e���Y�uZW�\�]_^EY[V�X�fLz�}

= E [(X1 − E [X1]) (X2 − E [X2]) (X3 − E [X3])]
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Xi − E [Xi]
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{U1, . . . , Up} ∈ P(3)
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εs, s ∈ Z
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ε (s, t) = C
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ε
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ε30
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=
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2
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3 (−2)3 = −2
YBX
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C
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(ε0 + θε−1)
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= · · · = E
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−2(1 + θ3)
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P (εt = 1) = 2P (εt = −2) = 2
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YBX

P (εt = 1) = 2P (εt = −2) = 2
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X (1, 1) = E
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(ε0 + θε−1) (ε1 + θε0)
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[
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YPX
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YPX

P (εt = 1) = 2P (εt = −2) = 2
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C
(3)
X (1, 2) = E [(ε0 + θε−1) (ε1 + θε0) (ε2 + θε1)]

= · · · = 0
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C
(3)
X (s, t) = E [(X0 − µX) (Xs − µX) (Xt − µX)] ,
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Ĉ
(3)
X (s, t) =

1

N − t

N−t
∑

u=1

(

Xu − X̄N

) (

Xu+s − X̄N

) (

Xu+t − X̄N

)
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X̄N = 1

N
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u=1 Xu
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(I − αB)−1 ^IwbXZY[V�^��_X@^�z g�W8e
|α| 6= 1

�
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X
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ψ(B)
^EY[V~�_X�^�z ]_z

�%u�V�eB^nu@X�z%t�W8X@e�^)�bX@uGY�v ^�z�YP]_X�V+\�]_^
Y

^�YPV3W8]%Y�YPX ��W)X��_u@^�xy^�zLV3YPV�W8VBX@f)z_z�W8X@eB^L�
�pz�W

(I − αB) (Y ) = (I − αB) ◦ ψ(B)(X) =
(

I − 1
α
B
)

(X)
�_X=� ^)�

∀t ∈ Z, Yt − αYt−1 = Xt −
1

α
Xt−1.

Uhf)X�V
t ∈ Z

\�]_^�u@g�f)z%\�]_^L���pz�`_t�`b]_X�V3`b^�g�^n\�]_XG�_eBtEgI�E`b^

g�f �
(Yt − αYt−1, Y1 − αY0) =

gIf �
(Xt −

1

α
Xt−1, X1 −

1

α
X0);

W8]bV�eB^�x�^�z�Vd`_X�VE�

−αγY (t)+(1+α2)γY (t−1)−αγY (t−2) = −
1

α
γX(t)+(1+

1

α2
)γX (t−1)−

1

α
γX(t−2).
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α
�_fLz fL�bVBX@^�z�V

ϕ(t) −
1 + α2

α
ϕ(t− 1) + ϕ(t− 2) = 0,

Wm�)^�g
ϕ(t) = γX(t) − α2γY (t)
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u@W ��f)e�xy^
rt

��qr^n\�]_X�gIf)z�`b]_X�Vd�yu=v t�\�]%W V�X�fLz

rt −
1 + α2

α
rt−1 + rt−2 = 0

f)]�^�z%g�f)e�^

r2 −
1 + α2

α
r + 1 = 0.
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^IV 1
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ϕ

^EY[V3`_f)z%gn`b^auZW ��f)e�x�^

∀t ∈ Z, ϕ(t) = Aαt +B
1

αt
,

Wm�)^�g
A

^IV
B

gIfLz%YPV�W8z�V�^�Y��
��^�Y ��f)z%gIVBX@f)z%Yp`�v W8]bV�fhg�f � W8e�X@W)z%gI^�`b^

X
^IV
Y

YPfLz�Vp��f)e�z_t�^EY���g�W8e
X

^IV
Y

YPfLz�V
`b^�Y �_e�fbgI^�Y�YB]%Y ��W8X@�_u�^�xy^�z�VQY[V:W VBX@f)z%z%W8X@eB^EY�i�fLz�W

|γX (t)| ≤ γX(0)
^�V�XZ`b^�x ��f)]_e

Y
���GW ��fLz%g2V�X�fLz

ϕ
^�YPVn`_f)z%g���fLeBz_t�^)�
	%W)X@YBf)z%Y+VB^�z%`be�^

t
�L^�e�Y

+∞
��UhX

|α| > 1
�

W8u@f)e:Y
|αt|

V�^�z%`��L^�e:Y
+∞

�b^IVdX@u ��W8]bV+`bfLz%gn\�]_^
A

YPfLX�Vdzh]_u@u�^n��f)]_e+\�]_^
ϕ

e�^�YPVB^
��fLeBz_t�^)��UhX

|α| < 1
��f)z ^�z `_t�`b]_X�Va�_u@]bV��)V

B = 0
� �pz e:W8XZYPfLz_z_^�`_^�x�
�xy^�^�z

��W8XZYBW)zLV�VB^�z%`be�^
t

�)^�e�Y
−∞

�bgI^a\�]_X���^�e�xy^IV+`b^~x�fLz�VBe�^�ed\�]_^pu=v W8]bV�eB^ngIfLz%Y[V:W8z�VB^
`bf)X�V�
IVBe�^aW8]%Y�YBX�z�]%u�u@^)� �pz{Wy`bf)z�g

ϕ(t) = 0
\�]_^�uG\�]_^aYBf)X�V

t
�



� �+UhX
X

^�YPV3]_z �_e�]_X�V+�_uZW8z%g)�%W8u@f)e:Y
γX(t) = 0

YBX
t 6= 0

�%��v W8�_e���Y+g�^�\�]_XG�_e�t�g���`b^L�
f)z'W W)]%Y�YPX

γY (t) = α2γX(t) = 0
YPX
t 6= 0

����^EY�� W8e�X@W)�_u@^�Y
Ys, s ∈ Z

��YPfLzLV
`bf)z%g `bt�g�f)e�eBt�u�t�^�Y���gI^�z�V�eBt�^�Y���g�W)e

X
^�YPV�g�^�z�VBe�t��I��^�V�`b^ x�
�x�^ � W8e�X@W)z%gI^���g�W8e

Y
^EY[V ��W8X@�_u@^�xy^�z�V Y[V:W V�X�fLz_z%W8X@e�^�� �

Y
^�YPV `bf)z�g ]_z �_e�]_X�Vy�%u@W)z%g `_^�� W)eBXZW8z%g�^

γY (0) = γX(0)/α2
�

�p���G�
}L���+f)x��_e�^ `b^{g �%W8x��_eB^EY�`�v � �8V�^�u�fbg�g�]_��t�^�Y ��fLz'e�^�x-W8e:\�]_^ ]_z gIf)xy��f)eBVB^�x�^�z�V

YBW)X@YBf)z_z%X�^�er`b^~��t�eBX@fb`b^�}E|�YB]_e�]_z_^pVB^�z%`_W)z%gI^nW��-z_^ngIe�f)XZYBY�W8z�V�^)� �pz ��^�]bV+`bf)z�g
�_eBfL��f�YP^�ey]_z xyfh`_��u@^ Ubo � �[j o `b] V[�h��^

(I − B12)(X) = µ + Y
Wm�)^�g

Y�_eBfbg�^�Y�YP]%Y�o � j o g�^�z�VBe�t ^�V
µ

g�f)z%YPV�W)z�VB^)� � z ^ ��^IV���u@^ ��u�V�eB^
I − B12 YB]_�bi

�_eBX@xy^�u@^�YnY�W8XZYPfLz_z%W8u@X�VBt�Y~`b^���t�eBX@fb`b^�}E|b��^IVnV�e�W)z%Y ��fLeBxy^�u@^�YpV�^�z%`_W)z%gI^EYnW��-z_^�Y
^�z VB^�z�`_W8z%g�^�Ydg�f)z%YPV�W)zLV�^�Y��
�pzk��^�]bVaeB^�x-W8e:\L]%^�epW)]%Y�YPX�]_z_^ygIe�f)XZY�YBW)z%gI^��%u�]%Y~fL] xyf)X@z%YnW��-z_^�`b^yu�v W8xy�_u@X�i
VB]%`b^d`b^EY
	%]%gIVB]%W8VBX@f)z%Y�� c�f)]_e�xyfb`bt�u@XZYP^�eQgI^����_t�z_f)xy��z%^)� f)z���^�]bVQ^ ��^Eg2VB]%^�e�]_z_^
VBe:W8z%Y ��f)e�x-W VBX@f)z�u�fLsLW8e�X�V
�_xyXZ\L]%^r�_e�t�W)u@W)�_u@^QiG`�v f���u�^�xyfb`b��u@^

(I−B12)(lnX) =
µ+Y

Wm�)^Eg
lnX = (lnXt, t ∈ Z)

i:�)f)]��%u�VBe�^�er]_z_^3`_^�]bwbX@��xy^ ��f)XZYQ��W8e
I−B12

i#`�v f
� u@^axyfb`b��u@^
(I −B12)2(X) = Y

�
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`b^���t�e�X�fb`b^ }E|_�%x-W8XZY+�%WLYp`_^�VB^�z%`_W)z%gI^�gIe�f)XZYBY�W8z�VB^afL] `btEgIe�f)XZYBY�W8z�VB^L� �pzk��^�]bV
`bf)z%g �_eBfL��f�YP^�e�]_z x�fb`b��u�^{Ubo � �[jko `_]'V[�h��^

(I − B12)(X) = Y
Wm�L^�g

Y�_eBfbg�^�Y�YP]%Y�o � jko g�^�z�VBe�t~i#f)z{��^�]bV3^�z{^ ��^IVpYB]_�_��fLYB^�eduZW�x�f �L^�z_z%^~zh]_u@u@^�g�W8e
]_z_^~VB^�z%`_W8z�gI^�gIfLz%YPV�W8z�V�^p^EY[V3W)z_zh]_u�t�^n�%W8edu@^ �%u�V�eB^

I −B12
�

� ���+f)x��_e�^�`�v X�z�VB^�eBz�W8]bV�^�Y+^�z u�X@s)z%^ ��u�v W8u@u�]%eB^�`_^�uZW YPt�eBX@^�z_^��_e�t�YB^�z�VB^�W)]%gI]%zkg�W i
e�WLg2VB��eB^-`b^ Y[V:W VBX@f)z%z%W8e�X�V�t z_X�`b^-VB^�z%`_W)z%gI^ e�t�sL]_u@X���eB^L� �pz ��^�]bV���^�z�YP^�e�� ]_z_^
xyW)e�g �%^ W8u@t�W8VBfLX�e�^)� �pz���^�]bVk`bfLz%g �_eBfL��f�YP^�e ]%z xyfb`b��u@^�o � �[jko `b] V[�h��^

(I − B)(X) = µ + Y
Wm�)^�g

Y
�_eBfbg�^�Y�YP]%Y-o � jko gI^�z�V�eBtk^�V

µ
gIfLz%Y[V:W8z�VB^L�

�)f)X@e�^p]_z{xyfb`b��u@^
(I −B)2(X) = µ+ Y

YBX�z_tEgI^�Y�Y�W8X@eB^L�
������^�z�VB^EY�`b^ Y
�%W)x���fhf)X@z_s �GfLz eB^�x-W8e:\L]%^�]%z_^ V�^�z%`_W)z%gI^ gIe�f)XZYBY�W8z�VB^L��W��-z_^ fL]
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+
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(
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∣
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(
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(
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
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+
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