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x = (xt, t = 1, . . . , N) :<;<=?>A@CB 6 = 8 =CDFE 4 BG=CHIHJ=7KML 4ON @CH 6 >A=CB�PC= 8A8 =Q>A@CB 6 =RETSUB*:<;VE<B 4 PC=W>G>X:Y>Z> 8 S 8A6I4 ;<;YS 6 BA=
X = (Xt, t ∈ Z) [OP]\ =W> 8 >X:<ETE 4 >X=WB_^`:a\ =CHIHJ=b=C;�=W> 8 :<;T=cBG@WS]H 6 >AS 8A6I4 ;ed 8!f E 6 ^`:<=-g0[`hUB0iUPC=cjeHkSU^`:<=WHJHI= 4 ;�=W>AE	lCBG=c=C; N @ N : 6 BG=HkSFH 476mN = X K 3 \ 6 H2>W\ SUh 6J8nN \ :T;po<BA: 698 o<HkS];YP][TPC=qE<B 4 o<HIlCDF=q=W> 8cN :pBG=W>G> 4 B 8�N =(HkSZH 476srt4 B 8 = N =u>�hUB0S]; N >�; 4 Dvo<BG=W>WKOw 4 :<BN =u>�E<B 4 PC=W>G>X:T>�ETHJ:T>�h7@C;<@WBGSU:Oxs[ 6 H r SU: 8�r S 6 BG=ySUE<E	=CHmSU:Ox 8Az @ 4 BGlCDF=u> N<698 >�=CBGh 4ONO6 ^`:<=W>WK
{
|7}�~&�t�W���Y~�� � =yE<B 4 PC=W>G>X:T>�> 8 S 8A6I4 ;<;YS 6 BA= (Xt, t ∈ Z) =u> 8nNO6J8��`��� �m�2���s� � > 6

∀k ∈ N
∗, ∀φ : R

k → R DF=W>A:<B0S]o<HI=yo 4 BA;T@C=
lim

N→+∞

1

N

N−1
∑

p=0

φ(Xp+1, ..., Xp+k) = E

[

φ(X1, ..., Xk)
]

P ��EaK >WK

w 4 :<B�^`:a\ :<;RE<B 4 PC=W>G>X:Y>_> 8 S 8A6I4 ;<;TS 6 BG= X > 4U6J8 =WBAh 4ONO6 ^`:<=7[ 6 Hm>A:O� 8 =W>G>X=W; 8A6 =CHIHJ=WDZ=W; 8 ^`:<= Xt = 8 Xs > 476 =W; 8 S7> f DFEO�8A4U8A6 ^`:<=CDF=C; 8�6 ; N @WEY=W; N S]; 8 >�^`:TS]; N |t − s| 8 =C; N�� =CB0>ZH�\ 6 ;<�T; 6 K���\ =W> 8 @ �56IN =CDFDF=C; 8 HJ=QPWSU>*> 6 X =W> 8 :<;<= r S]D 6 HJHI=N = � SUB 6 S]o<HI=W>�S]HI@WS 8G4U6 BA=u> 6 K 6 K N K.�n;�P 4 ; 8 BG=-��=-xO=WDZETHJ=p> 6 DFE<HI=Q=W> 8�NO4 ;<;<@QEYS]B�HI=QE<B 4 P-=W>G>A:T> (Yn = ε1)n∈N � 6 Hc=u> 8> 8 S 8G6J4 ;<;TS 6 BG=U[5D*S 6 >
lim

N→+∞

1

N

N
∑

p=1

φ
(

Yp(ω), ..., Yp+n(ω)
)

= lim
N→+∞

1

N

N
∑

p=1

φ
(

ε1(ω), ..., ε1(ω)
)

= φ
(

ε1(ω), ..., ε1(ω)
)

6= E
[

φ(ε1, ..., ε1)
]
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� 4 ;Y> 6kN @CB 4 ;Y>(:<;<=p>A@CB 6 = 8 =WDFE 4 BA=WHJHI= x = (xt, t ∈ {1, . . . , N}) ^7:T=�H×\ 4 ;Ø>A:<E<E 4 >A=
Ù 8 BG=
:<;<=RBA@uS]H 6 >GS 8G6J4 ; N \ :<;E<B 4 P-=W>G>A:T> r S 6 o<HI=CDF=C; 8 > 8 S 8A6I4 ;<;YS 6 BA= X = (Xt, t ∈ Z) K<Ú�;�>X=cE 4 >X= 6 P 6 HJ=nETB 4 o<HJlWDF= N =nH×\ =u> 8G6 D*S 8A6I4 ; N =u>METSUBGSUDZl 8 BG=W>
ÛUÜ



d N :p>A=WP 4 ; N�4 B N BG=¨g N @uP-B 6J� SU; 8 P-=qETB 4 P-=u>A>A:T>W[OjZ>GS �U476 B� K�>GSZD 4�f =C;<;T= µ = E[Xt] = 8 >GS � SUB 6 S];YP-= γX(0)� K�>GS rt4 ;TP 8A6I4 ; N \ SU: 8A4 P 4 BGBA@WHIS 8A6I4 ; ρX� K�>GS rt4 ;TP 8A6I4 ; N \ SU: 8A4 P 4 BGBA@WHIS 8A6I4 ;�EYS]B 8A6 =CHIHJ= rX� K�HI=W>�P 4 =C��P 6 =C; 8 > N =(>GS N @WP 4 DFE 4 > 698G6J4 ; N =�� 4 H N (ψu, u ∈ N)Û K�HkS � SUB 6 S];YP-= N :Ro<BA: 698 o<HkS];YP N \ 6 ;<; 4�� S 8G6J4 ; σ2� =W>_=W> 8A6 D*S 8 =C:<B0>.E<BA@u>X=W; 8 @W> 6 P 6 > 4 ; 8 P 4 ;T> 8 BG: 698 >Êh7BGi7P-=cSU:Ox�DF@ 8Gz<4ON =W> N =y>X:ToT> 8G698G6J4 ;aK��³Hs>C\ S]h 698�N \ :T;<=�=u> 8G6 D*S 8A6I4 ;E<BA@WH 6 D 6 ;YS 6 BA=7K 356 H�\ 4 ;v>X:<ETE 4 >X= N =ÊE<HI:T>&^7:T= X =W> 8 :<;eE<B 4 PC=W>G>X:T>	��
nL��e[ N \ SU: 8 BG=W> 8 =uP z ; 6 ^7:T=W> N \ =u> 8G6 D*S 8G6J4 ;(E	=C: � =C; 8Ù 8 BG=q: 8G6 H 6 >A@C=u>CK�
ÊHJHI=W>n>A=CB 4 ; 8�� :<=W>�:TH 8 @CB 6 =W:<BA=WDF=C; 8 K
�p�T���O�W���Y~��¼� 356

TX = T (X1, . . . , XN)
N @W> 6 h7;<=F:<;¼=W> 8A6 DFS 8 =W:<BW[aSUH 4 BG> 4 ;¼; 4U8 =CB0S Tx = T (x1, . . . , xN ) HkS� SUHJ=W:<B�E<B 6 >A=yETS]BnPC= 8A8 = � S]B 6 SUo<HI=bSUHJ@uS 8A476 BG=yS]:
E 476 ; 8 (X1 = x1, . . . , XN = xN ) K
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� \ =W> 8A6 DFS 8 =W:<B�:T>A:<=CH N =qHkSZD 4�f =C;T;<= µX

N :RE<B 4 PC=W>G>X:Y> X =W> 8 HISZD 4�f =W;<;<=y=CDFE 6 B 6 ^`:<=
XN =

1

N

N
∑

t=1

Xt

��\ =u> 8 HkS � SUB 6 S]oTHJ=qS]HI@WS 8A476 BG=�^`: 6 D 6 ; 6 D 6 >A=
Y 7→ E

[

N
∑

t=1

(Xt − Y )2

]
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X =W> 8 :T;¼oTBA: 6J8 o<HkS];TPZh7SU:T>G> 6 =C; N @WPC=C; 8 BG@U[ XN =u> 8 H×\ =u> 8G6 D*S 8 =C:TB(�/<�L>= N = µX [mP]\ =W> 8 S]:T>G> 6 H×\ =W> 8A6 DFS 8 =W:<B N :DFS]x 6 Dv:<D N = � B0S 6 >X=WDeo<HkS];TPC=UK
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t→+∞

γX(t) = 0 ´�±]»J®�­0§ lim
N→+∞

� SUB (XN ) = 0 G ¥ »M¦-«¸­Aº-§¨ªO» ©³¦ À ªT¦ XN ¯0®�«T½�¦C­�°7¦�½ ¦C­0§ µX ±�ª²§-¦C«<§*·U¦F»I±
«¶®�­¨¿*¦IH ¥ » ? ¦-­¨© ¥ ¦-«Y«	¦Z¦-© À ªM¹ ¥ »2¦¨§¨©.ªO«²¦-§0© ¥ ¿*±�©³¦-ªO­ µ-± ¥@? »J¦C¿F¦C«T©n¯0®�«T§ ¥ §0©³±�«Y©�Á

J Áq§ ¥ +∞
∑

t=0

|γX(t)| < +∞ ´_±]»J®�­0§

lim
N→+∞

N
� SUB (XN ) = γX(0) + 2

+∞
∑

t=1

γX(t).

{�| � �	~&�W� � �O�u�£�	~��&�V� � |5� � �5���p�m J¡ ¡� �¢ � =qE 476 ; 8 � =W> 8 @ �56kN =C; 8 K � =q>A=WP 4 ; N =W> 8 :<;<=(P 4 ;T>A@W^`:<=C;YP-= N =qH×\ @Wh7S]H 6J8 @>X: 6I� S]; 8 = �
� S]B (X̄N

)

=
1

N2

N
∑

s,t=1

γX (|s− t|)

=
1

N2

N−1
∑

u=−N+1

(N − |u|) γX (|u|)

≤ 2

N

N−1
∑

u=0

|γX (u)|



Ú�B.:<;�BG@W>A:<H 8 S 8 P-HkSU>G> 6 ^`:<=c>A:<B�HJ=u>ÊD 4�f =C;<;<=u> N =(�_@W>GS]B 4 ; 4 :T>.S]E<E<BG=C; N ^`:<=b> 6 |γX(N)| 8 =C; N�� =WBG> 0 ^`:TS]; N N 8 =W; N� =WBG>.H×\ 6 ;O�T; 6 [TSUH 4 BG> 1
N

∑N−1
u=0 |γX (u)| P 4 ; � =CBGhU=�SU:T>G> 6¶� =WBG> 0 KY�_=CHkSZS7P z l � = N = N @CD 4 ; 8 BA=WB.HI=yE 476 ; 8 � K<L 4 ; 8 B 4 ;Y>_HI=E 4U6 ; 8 � � 4 ;
S

1

N

� S]B
(

N
∑

u=1

Xu

)

=
1

N

N
∑

m,n=1

γX(|m− n|) =

N−1
∑

p=−N+1

N − p

N
γX(|p|) =

+∞
∑

p=−∞

αp,NγX (|p|)

S � =uP αp,N = N−p
N > 6 |p| < N = 8 αp,N = 0 > 6 ; 4 ;aKOw 4 :<B 8G4 : 8 N [ 4 ;
S |αp,NγX(|p|)| ≤ |γX(|p|)| = 8 +∞

∑

t=0

|γX(t)| <

+∞ KYÚ�;RE	=C: 8cN<4 ;TPyS]ETE<H 6 ^`:<=CB�HI= 8Az @ 4 BGlCDF= N =qP 4 ; � =CBGhU=W;TP-= NO4 D 6 ;<@C=7[<= 8 =W; N @ N : 6 BG=
lim

N→+∞
N
� SUB (X̄N

)

= lim
N→+∞

+∞
∑

p=−∞

αp,NγX(|p|)

=

+∞
∑

p=−∞

lim
N→+∞

αp,NγX(|p|)

=

+∞
∑

p=−∞

γX(|p|)

2
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X = µX + ψ(B)(ε)

±�½�¦0¯ ε ? ­¨ª ¥ © ? »J±�«¶¯Êµ-®]­¨©�·7¦(½�±�­ ¥ ±]«	¯0¦ σ2 ¦C© ψ(B) ¾M» ©×­A¦q» ¥ «	º0± ¥ ­A¦uÁ	C�»J®]­0§ √N(XN − µX) ¯0®�«Y½ ¦C­�°`¦v¦C«Q»J® ¥ ½ ¦C­0§qªO«	¦°`±�ª5§0§ ¥ ¦-«Y«	¦Z¯G¦C«T©×­Aº0¦e·7¦(½�±�­ ¥ ±]«	¯0¦ γX(0) + 2
∑+∞

t=1 γX(t) Á

{
| � �Y~��C� � �O�W���Y~ �&��
7� � �������<� ��� �a I¡u¡] �� N SU;T>(HI=�PCS7> 4
� ε =u> 8 :T;�o<BG: 698 o<HkS];TP*h`S]:T>G> 6 =W;aK�� 4 : 8 ETB 4 P-=u>A>A:T> X
N =pHkS rt4 BGDF= µX + ψ(B)(ε)

� @WB 6 �T=RH�\ z5f E 4U8Az lu>X= +∞
∑

t=0

|γX(t)| < +∞ K �³HnBG@W>A:<H 8 =QS]H 4 B0> N : 8Az @ 4 BGlCDF= � K �)�¨K � ^`:<=
√
N(XN −µX) =u> 8 :<;<=bh7SU:T>G> 6 =C;<;T=cP-=W; 8 BA@W= N<4 ; 8 HkS � SUB 6 S];TPC=cP 4 ; � =CBGhU=�^7:YS]; N N 8 =W; N�� =CB0>MH×\ 6 ;O�T; 6 K<�c;�BG@W>A:<H 8 S 88 BGlW>
P-HkSU>G> 6 ^`:<=Q; 4 :T>�EY=WBADF= 8RN \ =C;�P 4 ;YP-HI:<BA=¼^`:<=?HkS�>A: 6J8 = N =²h`S]:T>G> 6 =C;T;<=W> (√N(XN − µX)

) P 4 ; � =CBGhU=p=W;$H 4U6
^`:TS]; N N 8 =C; N*� =WBG> H×\ 6 ;O�Y; 6 [ � =WBG>M:<;<=ch`S]:T>G> 6 =W;<;<=nP-=W; 8 BG@C= N = � SUB 6 S];YP-=�HkSqH 6 D 698 = N =u> � S]B 6 S];TPC=W>�� 6 H¶>X:O� 8 [7E 4 :<B.>C\ =C;P 4 ; � S 6 ;YP-BG=U[ N \ @ 8 : NO6 =WBnHkSZP 4 ; � =WBAh7=C;TPC= N =u> rt4 ;TP 8A6I4 ;T>cPCS]B0SUP 8 @WB 6 > 8G6 ^`:<=u>	�-K 2

� =u>�BA@u>X:TH 8 S 8 >nE<BA@uP-@ N =C; 8 >�E	=CBGDF= 8A8 =C; 8�N =(P 4 ;Y> 8 BA: 6 BG= N =W>n> 8 S 8A6 > 8G6 ^`:<=u> N = 8 =u> 8 >nSU> f DFE 8A4U8A6 ^7:T=W>W[OE 4 :<B 8 =u> 8 =CBc> 6
µX =u> 8 ;5:<H 4 :�; 4 ;aK
������� ��� � 4/��(�9;(�� $�8 ! $ *�9;. . � $ 4:��(:9;( 8'8��&0 $��'! (+*7.	"%65!)8�!���4/.&�

wMHI:T> 6 =W:<BG>Ê=W> 8A6 D*S 8 =W:<B0>M=CDFE 6 B 6 ^`:<=u>ME	=C: � =C; 8 Ù 8 BG= N @C�T; 6 >ÊE 4 :<B_H�\ S]: 8A4 P 4�� S]B 6 S];TPC= N \ :T;�E<B 4 PC=W>G>X:Y> X r S 6 o<HI=CDF=C; 8> 8 S 8G6J4 ;<;TS 6 BG=UK � =qETHJ:T>�:Y>X:<=WHa=W> 8

γ̂
(N)
X (h) =











1

N

N−h
∑

t=1

(Xt −XN )(Xt+h −XN ) > 6 0 ≤ h ≤ N

0 > 6 ; 4 ;




M;�ETBGS 8A6 ^7:T=U[ 4 ;Ø@ �56J8 = N =pPCS]HkP-:THJ=WB γ̂(N)
X (h) E 4 :TB N =W> � S]HI=C:<B0> N = h >A:<E	@CB 6 =W:<BG=W>Fj N/4 �£PC=CB 8 S 6 ;T>ZE<BG@WP 4 ; 6 >X=W; 8E<HJ: 8��]8 10 ln10N �¨KÚ�; N @C�T; 6J8 :<;<= � S]B 6 S]; 8 = N =qP-= 8 =W> 8A6 D*S 8 =W:<B�ETSUB

γ̂
(N)
X

′(h) =











1

N − h

N−h
∑

t=1

(Xt −XN )(Xt+h −XN ) > 6 0 ≤ h ≤ N

0 > 6 ; 4 ;

�(� |5� ���`���R�m J¡ ¡� k� ¤ ® ¥ © X ªO«F¬	­G®W¯0¦-§G§¨ª5§Mµ-± ¥@? »J¦C¿F¦C«T©.§¨©³±�© ¥ ®�«T«¶± ¥ ­A¦uÁE Á (γ̂
(N)
X (|h|), h ∈ Z) ¦-§¨©.·7¦(© AG¬<¦�¬T® § ¥ © ¥ µ-Á

F Á ¤	¥ ·U¦�¬	» ª5§ +∞
∑

t=0

|γX(t)| < +∞ ´_±]»J®�­0§

lim
N→+∞

NE[γ̂
(N)
X (h) − γX(h)] = −

(

γX(0) + 2

+∞
∑

t=1

γX(t)

)

− hγX(h).

��� ¿F¦e­Aº-§0ªO»9©�±]©s¬T®�ªO­ γ̂(N)
X

′(h) Á

{�| � �	~&�W� � �O�u�£�	~ �2� � � |`� ���5�����m J¡ ¡� I� w 4 :TB(D 4 ; 8 BG=CBqHI=*E 476 ; 8 � [ N @-�Y; 6 >G> 4 ;T>W[aE 4 :<B 8G4 : 8 t ∈ Z [ X ′
t = Xt> 6 t = 1, . . . , N [	= 8 X ′

t = X̄N > 6 ; 4 ;aK 354U6 =C; 8 p ≥ 1 [ t1, . . . , tp ∈ Z = 8 α1, . . . , αp ∈ C ^`:<=CHkP 4 ;T^`:<=W>�� 6 H&>W\ S]h 6J8bN =
D 4 ; 8 BG=CBn^`:<= ∑p

i,j=1 αiᾱj γ̂
(N)
X (ti − tj) =W> 8 E 4 > 698G69r �

p
∑

i,j=1

αiᾱj γ̂
(N)
X (|ti − tj |) =

p
∑

i,j=1

αiᾱj

N





N−|ti−tj |
∑

t=1

(Xt −XN )(Xt+|ti−tj | −XN )





=

p
∑

i,j=1

αiᾱj

N

(

∑

t∈Z

(X ′
t −XN )(X ′

t+|ti−tj |
−XN)

)

=

p
∑

i,j=1

αiᾱj

N

(

∑

t∈Z

(X ′
t+tj

−XN )(X ′
t+ti

−XN )

)

=
1

N

∑

t∈Z





p
∑

i,j=1

αiᾱj(X
′
t+tj

−XN )(X ′
t+ti

−XN )





=
1

N

∑

t∈Z

∣

∣

∣

∣

∣

p
∑

i=1

αi(X
′
t+ti

−XN )

∣

∣

∣

∣

∣

2

≥ 0

� =yE 476 ; 8 � =W> 8 @Ch`S]HI=CDF=C; 8 E<:<BG=CDF=C; 8 PCSUHIPC:<HIS 8A476 BG=U[5= 8 ;T=bETBA@u>X=W; 8 =�EYSU> N =qD f > 8 lWBA=��`E 4 :TBn> 6 DFE<H 6 �T=WB�HJ=u> rt4 BGDe:<HI=W>W[>X:<ETE 4 > 4 ;T>�> 6 DFE<HI=CDF=C; 8 ^`:<= X =u> 8 PC=C; 8 BG@ �
NE

[

γ̂
(N)
X (h) − γX(h)

]

=

N−h
∑

t=1

(

E[XtXt+h] − E[X̄NXt] − E[X̄NXt+h] + E[X̄2
N ]
)

−NγX(h)

= (N − h)γX(h) −NE[X̄2
N ]

+
N
∑

t=N−h+1

E[X̄NXt] −NE[X̄2
N ] +

h
∑

t=1

E[X̄NXt] + (N − h)E[X̄2
N ] −NγX(h)

= −hγX(h) −NE[X̄2
N ] +

(

N
∑

t=N−h+1

E[X̄NXt] +

h
∑

t=1

E[X̄NXt] − hE[X̄2
N ]

)



Ú�;�=W; N @ N : 6J8 HJ=yBG@W>A:<H 8 S 8 PCSUB NE[X̄2
N ] = N

� S]B (X̄N )
8 =C; N�� =WBG> γX(0) + 2

∑+∞
t=1 γX(t) [O= 8 ^7:T=bHI= N =CBG; 6 =CB 8 =WBADF==W> 8 :<;<=q> 4 DFDF=b�T; 6 =U[<o 4 BG;<@C=7[ N \ =W>AEY@WBGSU;TP-=u>�^7: 6¶8 =C; N =C; 8n8G4 : 8 =W> � =WBG> 0 PCSUB � S]B (X̄N )

8 =C; N
� =WBG> 0 K 2

� �5� � � �s� � � 3O6 HIS
D 4�f =W;<;<= µX
N :¼E<B 4 PC=W>G>X:T> X =W> 8 P 4 ;T;`:T=e�n=W;¼EYS]B 8A6 P-:<H 6 =WBq> 6 HI=FE<B 4 PC=W>G>X:T>b=u> 8 P-=W; 8 BG@v�0[

S]H 4 B0> 4 ; N @-�Y; 698 ETHJ: 8 �]8 γ̂(N)
X = 8 γ̂(N)

X
′ EYS]B

γ̂
(N)
X (h) =

1

N

N−h
∑

t=1

(Xt − µX)(Xt+h − µX)

γ̂
(N)
X

′(h) =
1

N − h

N−h
∑

t=1

(Xt − µX)(Xt+h − µX)

� S];T>�PC=(PCSU>W[ γ̂(N)
X

′(h) =W> 8 :<;R=W> 8A6 D*S 8 =W:<Bn>GS];T>�o 6 S 6 > N = γX(h) K

�(� |5� ���5���p�a I¡ ¡� ��É¤ ® ¥ © X ªO«F¬¶­A®u¯G¦-§0§¨ª5§�µ-± ¥@? »J¦C¿*¦-«Y©_§¨©³±�© ¥ ®�«Y«	± ¥ ­G¦(©³¦-» À ªT¦E Á E[X4
t ] = ¯C©³¦ < +∞ GF Á�P 4�� (XtXt+k, Xt+mXt+m+k) ¦-§¨© ¥ «	·7º�¬T¦C«	·U±]«T©n·U¦ t GJ Á lim

m→+∞
P 4�� (XtXt+k, Xt+mXt+m+k) = 0 G

±�»I®�­0§ γ̂(N)
X (k) ¯0®]«T½�¦-­�°`¦Q±]ª�§C¦-«T§ H ¥ » ? ¦C­¨© ¥ ¦-«$½�¦C­0§ γX(k)

À ªT±]«	· N → +∞ Á ¤Y¥ ´(¦-«�®]ªO©�­A¦-´ X ¦-§0©qªO«²¬¶­A®W¯0¦-§0§0ª5§
°`±�ª5§0§ ¥ ¦-«T´_¦-©_§ ¥ +∞

∑

t=0

|γX(t)| < +∞ ´_±�»I®�­0§

lim
N→+∞

N P 4�� (γ̂(N)
X (h), γ̂

(N)
X (k)

)

=

+∞
∑

u=−∞

(

γX(u)γX(u+ h− k) + γX(u− k)γX(u+ h)
)

� �5� � � �s� � � 354 :T>�HI=W> z5f E 4U8Az lu>X=u> N =qHIS N =WBA; 6 lWBA=qSU>G>A=CB 8A6I4 ;a[ 4 ;RSZ=C;RETSUB 8G6 PC:<H 6 =CBn^`:<=
lim

N→+∞
N
� S]B (γ̂(N)

X (h)
)

=

+∞
∑

u=−∞

(

γX(u)2 + γX(u− h)γX(u+ h)
)

P-=q^`: 6a6 DFE<H 6 ^`:<=qHkSFP 4 ; � =CBGhU=C;YP-=c=W;RD 4�f =C;<;T=b^`:TS N BGS 8A6 ^`:<= N = γ̂(N)
X (h)

� =WBG> γX(h) K� \ =W> 8A6 D*S 8 =C:<B�=WDZE 6 B 6 ^`:<= N =yH×\ SU: 8A4 P 4 BGBA@WHIS 8A6I4 ;�=u> 8

ρ̂
(N)
X (k) =

γ̂
(N)
X (k)

γ̂
(N)
X (0)

� \ =W> 8A6 D*S 8 =C:<B r(N)
X

N =bHkS rt4 ;TP 8G6J4 ; N \ S]: 8G4 P 4 BGBG@CHkS 8A6I4 ;�ETS]B 8A6 =CHIHJ=�=W> 8nN @-�T; 6 jvETSUB 8G6 B N =u>_@u^`:TS 8G6J4 ;T> N =��M:THJ=C� � S]H��U=WBW[4 � H×\ 4 ;RSZBG=CDFE<HkSUPC@bHkS rt4 ;TP 8A6I4 ; N \ S]: 8G4 P 4 BGBA@WHIS 8A6I4 ;�ETS]B�> 4 ;
=W> 8A6 DFS 8 =W:<BWK

�(� |5� ���5���p�a I¡ ¡� 	� ¤ ® ¥ © ε ªO« ? ­¨ª ¥ © ? »J±]«	¯�
!±�ª¸§C¦C«<§cµ-®]­¨©
�Q©³¦-» À ªT¦ E[ε4t ] = ¯-©³¦ < +∞ Á��M®�«<§ ¥ ·7º-­A®]«<§ φ(B) ªO«¾M»9©�­A¦(» ¥ «	º0± ¥ ­A¦¨´ µX ªO«¶¦e¯0®�«T§0©³±�«Y©�¦-´_¦C© X »J¦�¬	­A®u¯0¦¨§0§¨ª5§y§¨©�±]© ¥ ®]«T«	± ¥ ­A¦Z·Uº�¾M« ¥ ¬T±�­ X = µX + φ(B)(ε) Á&C�»J®]­0§
� § ¥ X ¦-§¨©YªO« � C�
 q � ´ √Nρ̂(N)

X (k) ¯G®]«T½�¦-­×°7¦�¦C«v»I® ¥ ½�¦C­0§ÊªO«	¦&°7±]ª5§0§ ¥ ¦C«T«¶¦�¯0¦-«Y©�­Aº0¦.·U¦.½�±�­ ¥ ±]«	¯0¦ 1+2
∑q

u=1 ρ
2
X(u)¬<®]ªO­q©�®]ªO© k > q G



� § ¥ X ¦¨§¨©nªO«>C�� 
 p �u´ √N r̂
(N)
X (k) ¯0®�«Y½ ¦C­�°`¦�¦C«¸»J® ¥ ½�¦-­0§FªO«	¦q°`±�ª5§0§ ¥ ¦C«T«	¦�¯G¦C«T©×­Aº0¦�·7¦F½ ±]­ ¥ ±�«¶¯G¦ 1 ¬T®�ªO­Z©�®]ªO©

k > p Á

Ú�; N @ N : 6J8cN =(P-=u>�P 4 DZE 4 B 8 =WDF=C; 8 >�S7> f DFE 8A4U8A6 ^`:<=W> NO6�� @CBG=C; 8 > 8 =W> 8 >n>A:<B�HI=W>�ETSUBGSUDZl 8 BG=W> N :RE<B 4 P-=W>G>A:T> X K
��� �`� 
U� 
 �¸¢	  E � ¤ ® ¥ © X = (Xt, t ∈ Z) ªO«F¬	­G®W¯0¦-§G§¨ª5§y§¨©�±]© ¥ ®]«T«¶± ¥ ­A¦e½ ºC­ ¥ ¾_±]«T©

Xt = εt + φXt−12

±�½�¦G¯ ε ? ­¨ª ¥ © ? »J±�«¶¯WÁ��Zº-©³¦-­¨¿ ¥ «	¦C­q§C±bµ-®�«¶¯-© ¥ ®�«�·m¹ ±�ªO©³®W¯0®�­¨­Gº-»J±]© ¥ ®]«	Á�

	�«�¬T®�ªO­¨­A±RºC©�± ? » ¥ ­vªO«¶¦e­G¦-»J±]© ¥ ®]«�·U¦F­Aº0¯CªO­¨­A¦C«	¯0¦¦-«Y©�­A¦ ρX(t) ¦-© ρX(t+ 12) ´Ê¦-©.»J±*­Gº¨§C®�ªT·]­A¦uÁ �F � ¤ ® ¥ © x = (x1, . . . , xN ) ªO«¶¦F§Cº-­ ¥ ¦�©³¦-¿c¬T®�­A¦C» »J¦
·U®�«Y©�»I±(µ-®�«¶¯-© ¥ ®�«V·a¹ ±]ªO©�®u¯0®�­¨­AºC»J±]© ¥ ®]« ¦-§¨© ¥ ¿*º0¦�±Q»X¹ ±�» » ªO­G¦�§¨ª ¥��½ ±]«T©³¦�

ρ̂x(12j) ≈ (0, 7)j , j = 0, 1, . . . � � K � �

ρ̂x(12j ± 1) ≈ 0, 4 × (0, 7)j , j = 0, 1, . . . � � K � �
ρ̂x(h) ≈ 0 § ¥ «	®]«	Á � � K � �

� ­A®G¬T® §C¦C­0´.¦C«?»J¦��¨ª5§¨© ¥ ¾.±�«T©�´ ªO«Q¿*®W·
�-»J¦ C�� � C�
 EBF ´ E � ´s¬T®�ªO­e¯0¦-©×©³¦y§Cº-­ ¥ ¦uÁ
����������� � 0�� ( 8�! ���5"%. ,/.	� !)*�*�(�� $��'! (+*5�

356
X =W> 8 :T;
ETB 4 P-=u>A>A:T> r S 6 o<HI=CDF=C; 8 > 8 S 8A6I4 ;<;TS 6 BG=yP-=C; 8 BA@y= 8 BG@Ch7:<H 6 =WBW[O>GS N @WP 4 DFE 4 > 6J8A6I4 ; N = � 4 H N >W\ @uP-B 698

Xt = εt +

+∞
∑

u=1

ψuεt−u

S � =WP ε o<BG: 6J8 o<HkS];YP N \ 6 ;<; 4�� S 8G6J4 ;aK � =u>�EYS]B0S]DFl 8 BA=u> N =FP-= 8X8 = N @WP 4 DFE 4 > 6J8A6I4 ;¼> 4 ; 8 HI=W>yP 4 =-��P 6 =W; 8 > (ψu, u ≥ 1) = 8HIS � S]B 6 S];TPC= σ2
N = εt KTw 4 :<BcHJ=u> N @ 8 =CBGD 6 ;<=WBW[ 6 H&>X=WDeo<HI=q;TS 8 :<BG=CH N =vPCS]HkP-:THJ=WB εt = Xt − P⊥

Xt−1 ,Xt−2,...(Xt) [T= 8�N \ =C;N @ N : 6 BG=
σ2 =

� S]B (εt)

ψi = P 4�� (Xt+i, εt)/σ
2

Ú�B 4 ;Ø;<=REY=W: 8 PCSUHIPC:<HJ=WB P⊥
Xt−1 ,Xt−2,...(Xt) [ÊDFS 6 >F>A=C:<HI=CDF=W; 8 HI=W>*SUE<E<B 4 x 6 D*S 8G6J4 ;T> P⊥

Xt−1,...,X1
(Xt) �£hUB0iUP-=
S]:Ox

@W^`:TS 8G6J4 ;T> N = �M:<HI=-� �¼SUH��7=CB�EYS]B�=CxO=CDFE<HI= �¨K�� 4U8A4 ;T> ε̃t = Xt − P⊥
Xt−1,...,X1

(Xt) = 8 σ̃2
t =

� SUB (ε̃t) K � S r S]D 6 HJHI=
(ε̃t/σ̃t, t = 1, . . . , N) ;a\ =W> 8 SU: 8 BG=e^`:<=(HkSFoTSU>A= 4 B 8AzT4 ; 4 BADF@C= N = V 2(Xt, t = 1, . . . , N) P 4 ;Y> 8 BA: 6J8 =eETS]BnHI=(E<B 4 P-@ N @N = 3 P z D 6kN58 K'
Ê;
EYS]B 8A6 P-:<H 6 =WBW[ 4 ;
SZHkSFE<B 4 E<B 6 @ 8 @ �

∀t = 1, . . . , N, V 2(X1, . . . , Xt) = V 2(ε̃1, . . . , ε̃t).

��\ =u> 8 H�\ S];YS]H 4 hU:T=R�T; 6 � NO6 DF=C;T> 6I4 ;<;<=WH N =?HkS�E<B 4 ETB 6 @ 8 @?P-HkSU>G> 6 ^`:<= � @CB 6 �Y@C=QETSUB�HI=?oTBA: 6J8 o<HISU;TP N \ 6 ;<; 4�� S 8G6J4 ; N \ :<;E<B 4 PC=W>G>X:T>��5
nL�� � 4 : N \ :T;
ETB 4 P-=u>A>A:T> r S 6 o<HI=CDF=W; 8 > 8 S 8A6I4 ;<;TS 6 BG=yBA@WhU:<H 6 =CB � �
∀t ∈ Z, V 2(Xs, s ≤ t) = V 2(εs, s ≤ t).

w 4 > 4 ;T>�E 4 :<B 8G4 : 8 t = 1, . . . , N

ψt,i =
P 4�� (Xt, ε̃t−i)

σ̃2
t−i

=
〈Xt, ε̃t−i〉
‖ε̃t−i‖2

2

;

S]H 4 B0> ψt,0 = 1 [O= 8
Xt = ε̃t +

t−1
∑

i=1

ψt,iε̃t−i.




nSUE<EY=WH 4 ;T>q^`:<= N S];Y>yHJ=*PCS7> N \ :T;¼ETB 4 P-=u>A>A:T>���
cL�� � 4 : N \ :<;¼E<B 4 PC=W>G>X:Y> r S 6 oTHJ=WDZ=W; 8 > 8 S 8A6I4 ;T;TS 6 BA=vBA@WhU:<H 6 =CB �¨[ N =o<BG: 6J8 o<HISU;TP N \ 6 ;<; 4�� S 8A6I4 ; ε [ 4 ;pS
Xt = εt +

+∞
∑

i=1

ψiεt−i,

S � =uP
ψi =

P 4�� (Xt, εt−i)

σ2
.

� �5� � � �s� �	  � S r S]D 6 HIHI= N = � SUB 6 S]o<HI=W>ySUHJ@uS 8A476 BG=W> (ε̃t, t ≥ 1) EY=W: 8 Ù 8 BA= � :<=*P 4 DZDF=ZHJ=*ETB 4 P-=u>A>A:T> N \ 6 ;<; 4�� S 8A6I4 ;SU>G> 4 P 6 @�S]:�E<B 4 P-=u>A>A:T> (Yt, t ∈ Z) S � =WP Yt = 0 > 6 t ≤ 0 [7= 8 Yt = Xt > 6 t ≥ 0 K � =�E<B 4 PC=W>G>X:Y> Y ;m\ =u> 8 ETSU> r S 6 o<HI=CDF=C; 8> 8 S 8G6J4 ;<;TS 6 BG=U[OP-=(^`: 6 =CxOE<H 6 ^`:<=qE 4 :<B0^`: 4U6 tildeε ;m\ =u> 8 ETS7>�:<;Ro<BA: 698 o<HkS];YP]K

�(� |5� ���5���p�a I¡ ¡� �� C�½ ¦0¯e»J¦-§y«¶®�©³±�© ¥ ®�«T§(¦C©Ê»I¦¨§5H�AG¬T®�©�H��-§C¦¨§�¬¶­Aº0¯0ºG·7¦-«Y©�¦-§0´_®�« ±
lim

N→+∞
‖εN − ε̃N‖2 = 0

lim
N→+∞

ψN,i = ψi

lim
N→+∞

σ̃2
N = σ2

{
| � �Y~��C� � �O�W���Y~ �&� � � |5� ���`�����a I¡ ¡� �� 
M; � =CB 8 : N =�HISQ> 8 S 8A6I4 ;<;YS]B 698 @ r S 6 o<HJ= N = X [ 6 H.=W> 8(r SUP 6 HI= N = � @CB 6 �T=CBH×\ @Wh7S]H 6J8 @ �
‖εN − ε̃N‖2 =

∥

∥

∥P⊥
V 2(Xs,s<N)(XN ) − P⊥

V 2(Xs,1≤s<N)(XN )
∥

∥

∥

2

=
∥

∥

∥P⊥
V 2(Xs,s<0)(X0) − P⊥

V 2(Xs,−N≤s<0)(X0)
∥

∥

∥

2

Ú�B V 2(Xs, s < 0) =
⋃

N>0 V
2(Xs,−N ≤ s < 0) K � \ SUE<BAlu>¶HJ=_P 4 B 4 HIHkS 6 BA= Û K �)�¨K � [ 4 ;y=C; N @ N : 698 ^7:T= P⊥

V 2(Xs,−N≤s<0)(X0)

P 4 ; � =CBGhU=bS]:R>X=W;T> N =yHkSF; 4 BGDF= zT6 HIoY=WB 8G6 =W;<;<= � =CB0> P⊥
V 2(Xs,s<0)(X0) ^`:TS]; N N 8 =W; N
� =CB0>.H�\ 6 ;O�T; 6 K	Ú�;R=C; N @ N : 698 HJ=E<BG=CD 6 =CB�E 4U6 ; 8 [TjF>AS �74U6 B

lim
N→+∞

‖εN − ε̃N‖2 = 0

� =u> N =C:<x
S]: 8 BG=W>.H 6 D 698 =W>�=W; N @WP 4 :<HI=C; 8 [<PWS]B σ̃2
N = ‖ε̃N‖2

2 SZDFÙCDF=qH 6 D 6J8 =(^`:<= ‖εN‖2
2 = σ2 �

N \ S]: 8 BA=yETSUB 8 [
|〈XN , εN 〉 − 〈XN , ε̃N〉| ≤ ‖XN‖2‖εN − ε̃N‖ →N→+∞ 0N \ 4 �
6 HmBA@u>X:<H 8 =q^`:<=

ψN,i =
〈XN , ε̃N 〉
σ̃N−iP 4 ; � =CBGhU= � =WBG>

〈XN , εN 〉
σ

= ψi

2


M;ØE<B0S 8A6 ^`:<=U[�HI=RE<B 4 PC@ N @ N \ 4 B 8Az<4 ; 4 BGD*S]H 6 >GS 8G6J4 ; N = 3 P z D 6IN58 E	=CBGDF= 8 HJ=pPWS]HkP-:<H�ETSUBZBG@WPC:<BGBA=W;TP-= N = (σ̃2
t , t =

1, . . . , N) = 8cN = (ψt,i, 0 ≤ i ≤ t ≤ N) �
ψt,t−j =

1

σ̃2
j

(

γX(t− j) −
j−1
∑

u=1

ψt,t−uψj,j−uσ̃
2
u

)

, j = 1, ..., t

σ̃2
t = γX(0) −

t−1
∑

u=1

ψ2
t,t−uσ̃

2
u



S � =WP σ̃2
1 = γX(0) K<�_= 8A8 =�DZ@ 8Az<4ON =�E 4 B 8 =c=W;�> 8 S 8A6 > 8A6 ^7:T= N =u>ÊE<B 4 P-=u>A>A:T> HI=c; 4 D N \ ��� � � � �t� � ��� � � �(��~2~&���'�O�W���Y~�� K


M;�BG=CDFE<HkS��WS]; 8*N S];T>ZH×\ SUHJh 4 B 698Gz DF=�E<BG@WPC@ N =W; 8 HkS rt4 ;TP 8G6J4 ; N \ SU: 8A4 P 4�� SUB 6 S];TPC= γX ETS]BF> 4 ;�=u> 8G6 D*S 8 =C:<B γ̂(N)
X [ 4 ;N @-�T; 698 HI=W>�=u> 8G6 D*S 8 =C:TBG> ψ̂(N)

t,i = 8 σ̂2(N)
t K

�(� |5� ���`���R�m J¡ ¡� ���¤	¥
X ¦-§0©ÊªO«(¬¶­A®W¯0¦-§0§0ª5§/C�� � Cy´�·U®]«T©M»A¹ ¥ «T«	®]½ ±]© ¥ ®]« ε ¦-§¨© ªO« ? ­¨ª ¥ © ? »J±]«	¯(±]ª�§C¦C«<§2µ-®]­¨©£´	¬T® §0§-º �·U±�«Y©MªO«R¿F®]¿F¦C«T©.·a¹ ®�­G·�­A¦��O´Ê±�»J®]­0§0´_¦-«p­A¦³¬	­G¦-«¶±�«T© »I¦¨§b«	®�©³±�© ¥ ®�«T§Ê¬¶­Aº0¯0ºG·7¦-«Y©�¦-§0´T¬T®�ªO­b©³®�ªO© k ≥ 1 ¦C©¶¬<®]ªO­�©³®�ªO©³¦�§¨ª ¥ ©�¦·a¹ ¦C«T© ¥ ¦-­0§�¬<®�§ ¥ © ¥ µG§ (mN , N ≥ 1) ©�¦C» »J¦ À ªT¦ mN < N ´ limN→+∞mN = +∞ ¦C© limN→+∞

mN

N1/3 = 0 ´.»I¦F½ ¦0¯C©�¦CªO­±�»Jº0±�©³® ¥ ­G¦ √
N t(ψ̂

(N)
mN ,1 − ψ1, . . . , ψ̂

(N)
mN ,k − ψk)

¯G®]«T½�¦-­×°7¦*¦C«²»I® ¥ ½ ¦C­0§(ªO«²½�¦0¯-©³¦CªO­c°7±]ª5§G§ ¥ ¦C«�¯G¦C«T©×­AºF·U¦v¿*±�©×­ ¥ ¯0¦*·U¦*¯0®�½�±�­ ¥ ±]«	¯0¦ A = (ai,j)i,j=1...,k ©�¦C» »J¦ À ªT¦ ai,j =
∑min(i,j)

u=1 ψi−uψj−u Á �v¦�¬	» ª5§0´ σ̂2(N)
mN ¯0®�«T½�¦C­�°7¦Z¦C«*¬	­G® ? ± ?C¥ » ¥ ©³ºe½�¦C­0§ σ2 Á

��� �`� 
U� 
 � �a  ¤ ® ¥ © X = (Xt, t ∈ Z) ªO«
¬	­A®u¯0¦¨§0§¨ª5§ C�� � C�
 E ´ E �u´n½�ºC­ ¥ ¾_±�«Y© Xt + φXt−1 = εt + θεt−1 ´�±]½ ¦0¯ ε? ­¨ª ¥ © ? »I±�«	¯Z·U¦e½�±�­ ¥ ±�«¶¯0¦ σ2
ε ´_¦C© |θ|, |φ| < 1 ÁE Á 	�«Z¬T® §C¦ ε̃1 = X1 ¦C© ε̃i = Xt − P⊥

V 2(1,X1,...,Xt−1)(Xt)
À ªT¦C» À ªT¦b§C® ¥ © t > 1 Á � ®�«Y©�­A¦C­ À ªT¦.¬<®]ªO­b©³®�ªO© t > 1

¥ »¦	� ¥ §0©³¦ θt,1 ©�¦C» À ªT¦
Xt + φXt−1 = ε̃t + θt,1ε̃t−1

F Á�
.«¼·Uº0·�ª ¥ ­A¦v»J±�­A¦C»J±�© ¥ ®�«¸·U¦e­Aº0¯-ªO­¨­G¦-«¶¯G¦














δ1 =
γX(0)

σ2
ε

δt+1 = 1 + θ2 − θ2

δt

±]½ ¦0¯ δi = E[ε̃2i ]/σ
2
ε ÁJ Á�
.©³± ? » ¥ ­(ªO«¶¦q­A¦C»J±]© ¥ ®]«¼·U¦e­Aº0¯CªO­¨­A¦-«¶¯0¦y§ ¥ ¿n¬¶»J¦F·Uº�¾M« ¥ §G§C±]«T©.»J±F§¨ª ¥ ©³¦ (ε̃i)1≤i≤N Á

�	Á 

��ªT¦¨§¨© ¥ ®�«F¬T®�­¨©³±�«Y©Ê§¨ªO­q»J¦Z¯ H<±G¬ ¥ ©�­G¦v§0ª ¥ ½�±�«Y©
� �M±�»I¯-ªO»J¦C­Êµ-®]­¨¿F¦C» »J¦C¿F¦C«T©�»X¹ ¦C­¨­A¦CªO­e·U¦n¬	­Aº0· ¥ ¯-© ¥ ®�«¸±�ªF¬T± § h ´s¬	ª ¥ §¦C«²·U®]«T«¶¦-­qªO«¶¦v±0¬U¬	­G®�� ¥ ¿F±]© ¥ ®]« ¦	�-¬	» ¥ ¯ ¥ ©³¦Z¦C«eµ-®]«	¯C© ¥ ®]« ·7¦ θ ¦C© φ Á
��� �`� 
U� 
 �?�m  ¤ ® ¥ © X = (Xt, t ∈ Z) ªO«F¬	­A®u¯0¦¨§0§¨ª5§5C�� � C 
 p, q �UÁ 	.«*¬<®�§-¦ ε̃i = Xi − P⊥

V 2(1,X1,...,Xi−1)
(Xi) ÁE � 	�«�§0ªu¬7¬<®�§C¦ p = 0 Á ¤ ® ¥ © (ψi,j)1≤j<i≤N »I¦¨§b¯0®u¦�� ¯ ¥ ¦-«Y©£§b·7º-©³¦C­¨¿ ¥ «¶º¨§Ê¬<±]­c»X¹ ±]» °7®]­ ¥ © HO¿F¦v·U¦-§ ¥ «T«¶®�½�±�© ¥ ®�«T§G´�©³¦-» §À ªT¦

Xi =
i−1
∑

j=0

ψi,j ε̃i−j

� ®]«T©×­A¦C­ À ªT¦ ψi,j = 0 § ¥ j > q ÁF � 	�«p§¨ªu¬U¬T® §C¦(¿*± ¥ «Y©�¦C«	±]«T© p 6= 0 Á 	�«F¬T® §C¦�¬<®]ªO­q©�®]ªO© i ∈ {1, . . . , N}

Yi =

{

Xi § ¥ i ≤ max(p, q)

φ(B)(X)i § ¥ «¶®�«¶Á
± � � ®�«T©×­A¦C­ À ªT¦ V 2(1, X1, . . . , Xi) = V 2(1, Y1, . . . , Yi)

À ªT¦-» À ªT¦(§C® ¥ © i ∈ {1, . . . , N} Á? � � ®�«Y©�­A¦C­ À ªT¦ ε̃i = Yi − P⊥
V 2(1,Y1,...,Yi−1)

(Yi)
À ªT¦-» À ªT¦q§-® ¥ © i ∈ {1, . . . , N} Á

¯ ��
.«²·7º0·�ª ¥ ­A¦vªO«	¦(­Aº0¯-ªO­0§ ¥ ®]«p§ ¥ ¿n¬¶»J¦n¬<®]ªO­q»J¦v¯0±]»J¯-ªO»&·U¦-§ ε̃i Á
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x = (xt, t ∈ {1, ..., N}) :<;<=�>A@CB 6 = 8 =WDZE 4 BG=CHIHI=.^`:a\ 4 ;Z> 4 : z S 6J8 =.D 4ON @CH 6 >A=CB&; 4 ;v>A=C:<HI=CDF=C; 8 ETSUB2:<;ZE<B 4 P-=W>G>A:T>r S 6 o<HI=CDF=C; 8 > 8 S 8A6I4 ;<;TS 6 BG=U[5D*S 6 >�E<HI:T>�E<BG@WP 6 >A@CDF=W; 8 ETSUB�:<;
E<B 4 PC=W>G>X:T>:�5
nL�� � p, q ��PCS]B0SUP 8 @WB 6 >X@bETSUB
φ(B)(X) = θ(B)(ε)

S � =uP
θ(z) = 1 + θ1z + · · · + θqz

q

φ(z) = 1 + φ1z + · · · + φpz
p

ε oTBA: 6J8 o<HkS];TP N = � SUB 6 S];TPC= σ2
ε� \ @ 8 : N =pP 4 ;T> 6 > 8 =Rj N @ 8 =CBGD 6 ;<=WB N \ SUo 4 B N HJ=u>*P 4 :TE<HJ=u> (p, q) E 4 >G> 6 o<HI=W>W[�E 4 :<B�P z S7P-:<; N \ =W; 8 BG=�=W:Ox�j¼=W> 8A6 DF=CBFHJ=u>ETSUBGSUDZl 8 BG=W> N : D 45N lCHI= �5
nL��ÍS7>A> 4 P 6 @U[sj 8 =W> 8 =WBqHJ=u>yD 4ON lWHJ=u> 4 o 8 =C;5:T>W[s= 8 ETSUBAD 6 P-=W:Ox?BG= 8 =C;5:T>W[¶jRP z<476 > 6 ByPC=CHI: 6^`: 6 SZHI=bDF= 6 HIHJ=W:<BnE 4 : �74U6 B�E<BA@ NO6 P 8A6Jr�4 : 6 ; rt4 BAD*S 8A6Jr K

��������� �@� ��� �'!)"%$���!)(+* ,�.
p

. �
q

� �'�*��
J�&~
� � � 
 � ���W���������
q �3547698

X = (Xt, t ∈ Z) :<;�ETB 4 P-=u>A>A:T>�L�� � q �¨K � \ S]E<BGlW>�HI= 8Az @ 4 BGlCDF= � K �)�¨K Û [OE 4 :<B 8A4 : 8 r > q [<S]H 4 B0>.H�\ S]: 8G4 P 4 BGBG@-�
HkS 8A6I4 ;
=CDFE 6 B 6 ^`:<= ρ(N)

X (r) =W> 8 S]E<ETB 4 x 6 DFS 8A6I� =WDZ=W; 8 :<;<=qh`S]:T>G> 6 =W;<;<=yP-=C; 8 BA@W= N = � SUB 6 S];YP-=
1

N

(

1 +

q
∑

u=1

ρX(u)2

)

=
1

N

(

1 +

r
∑

u=1

ρX(u)2

)


M;RE<B0S 8G6 ^`:<=7[ 4 ; r S 6J8nNO4 ;TPyH×\ S]E<E<B 4 x 6 D*S 8A6I4 ;
∀r > q,

√
N

ρ
(N)
X (r)

√

1 +
∑r

u=1 ρ
(N)
X (u)2

≈ N (0, 1).

Ú�;R=C; N @ N : 6J8 :<; 8 =u> 8 �tE<B0S 8G6 ^`:<=yD*S 6 >�E	=C:pB 6 h 4 :<BG=C:Ox � N = H0 � X =u> 8 :<;QL>� � q � �Y> 6 E 4 :<B �£E<BA=u>A^`:<= � 8A4 : 8 r > q= 8 r < N/4 [ 4 ;RS
∣

∣

∣ρ
(N)
X (r)

∣

∣

∣ < 1, 96

√

1 +
∑r

u=1 ρ
(N)
X (u)2

N
,

S]H 4 B0> 4 ;�SUPWP-=WE 8 = H0 K 3O6 H×\ 4 ;�>A=cH 6 D 6J8 =yj r < N/4 [5P]\ =W> 8 ^`:<=�H�\ =W> 8A6 D*S 8G6J4 ; N = ρ(N)
X (r)

N = �56 =W; 8�N =bD 476 ;Y>Ê=W;�D 4U6 ;T>E<BG@WP 6 >A=q^7:YS]; N r PCB 4��I8�� =WBG> N K
� �'�*��
J�&~
� � � 
 � ���W����� ���

p �3547698
X = (Xt, t ∈ Z) :<;?E<B 4 P-=u>A>A:T>��5
 � p �¨K � \ SUE<BGlW>�HJ= 8Az @ 4 BGlCDF= � K �#�¨K Û [¶E 4 :<B 8G4 : 8 r > q [sS]H 4 B0>nH×\ S]: 8A4 P 4 BA�

BG@CHkS 8A6I4 ;pEYS]B 8A6 =CHIHJ=(=WDFE 6 B 6 ^7:T= r(N)
X (r) =u> 8 S]E<ETB 4 x 6 DFS 8A6I� =WDZ=W; 8 :T;<=eh`S]:T>G> 6 =C;T;<=eP-=W; 8 BG@C= N = � S]B 6 SU;TP-= 1/N K¶Ú�;?=C;N @ N : 6J8 P 4 DFDF=qE<BG@WPC@ N =WDZDF=W; 8 :<; 8 =W> 8cN = H0 � X =u> 8 :<;��5
 � p � �T> 6 E 4 :TB �tE<BG=W>G^`:<= � 8G4 : 8 r > q = 8 r < N/4 [ 4 ;S

∣

∣

∣r
(N)
X (r)

∣

∣

∣ < 1, 96

√

1

N
,

S]H 4 B0> 4 ;RSUPWP-=CE 8 = H0 K
� �'�*��
J�&~
� � � 
 � ���W����� �������

p, q �
Ú�;eE 4 :TBAB0S 6J8 >W\ 6 ;T>AE 6 BA=WB N :*P-B 698 lCBG= N :FP 476 ;ZE 4 :<BMP 4 ;T> 8 BG: 6 BA=.:<; 8 =W> 8 >X:TB HJ=u>�ETS]B0S]DFl 8 BA=u> p = 8 q K 
Ê;ZETBGS 8A6 ^7:T=U[ 4 ;E<B 4 P-l N = NO6�� @CBG=CDFDF=C; 8 = 8 E<HJ:Y>�> 6 DFE<HJ=WDF=C; 8 =C; � =CB 8 : N =bHISvBA=WD*S]B0^7:T=�>A: 6J� SU; 8 = � > 6 X :T;�E<B 4 P-=u>A>A:T> ��
nL�� � p, q �� @WB 6 �YSU; 8

φ(B)(X) = θ(B)(ε)



S � =WP θ(z) = 8 φ(z) >ASU;T>�B0SUP 6 ;<=yP 4 DZDv:<;<=7[O= 8 ε o<BG: 6J8 o<HISU;TP N \ 6 ;<; 4�� S 8A6I4 ; N = � S]B 6 SU;TP-= σ2 [<S]H 4 B0> 6 HmEY=W: 8 >X=yDF= 8A8 BG=> 4 :T> rt4 BGDF=yL>� � ∞ �
Xt = εt +

∑

u≥1

ψuεt−u

4 :���
 � ∞ �
Xt +

∑

v≥1

ηvXt−v = εt

� 4 DFDF= 4 ;RSvHI=W> 6 ;<@Wh7S]H 6J8 @W>

E









Xt − εt −
q′

∑

u=1

ψuεt−u





2





≤ σ2





∑

u≥q′+1

|ψu|





2

E









Xt − εt +

p′

∑

v≥1

ηvXt−v





2





≤ γX(0)





∑

u≥p′+1

|ηu|





2

= 8 ^`:<= ∑u≥0 |ψu| P 4 DFDF= ∑u≥0 |ηu| > 4 ; 8 �T; 6 >W[ 4 ;�=W; N @ N : 6J8 ^`:a\ 6 H¶=W> 8 E 4 >G> 6 o<HI= N \ SUE<E<B 4 P z =CB N \ S]:T>G> 6 E<BGlW>.^`:a\ 4 ;HJ=b> 4 : z S 6J8 = X EYS]BÊ:T;*E<B 4 PC=W>G>X:T> N = 8!f E	=cL�� � q′ � 4 : �5
 � p′ �MS � =uP p′ ≥ p = 8 q′ ≥ q K 
M;�ETBGS 8A6 ^7:T=U[ 4 ;�P z<4U6 > 698 E 4 :<B� SUHJ=W:<B0> N = p′ = 8 q′ PC=CHIHJ=u>.^`:<=bH×\ 4 ; N @ 8 =CBGD 6 ;T=�ETSUB_HI=W>.DF@ 8Gz<4ON =W> � :<=u>ÊE<BG@WPC@ N =WDFDZ=W; 8 [5=C;
>X:<ETE 4 >ASU; 8 HJ=bE<B 4 P-=W>G>A:T>
��
�E<: 6 >.L>�(KT�_=CHkS rt4 :<BG; 698 :<;<=bE<BG=CD 6 lCBG=cD 4ON @CH 6 >GS 8G6J4 ; N = X P 4 DFDF=�E<B 4 P-=u>A>A:T>+�5
nL�� � p′, q′ �-[<S � =WPn=C;�h7@C;<@WBGSUHE<HJ:Y> 6 =C:<B0>
P 4 :TE<HJ=u> (p′, q′) E 4 >A> 6 oTHJ=u>CKcÚ�; � =CBGBGS¸EYS]B
HIS�>X: 6J8 = P 4 DFDZ=W; 8 SUDZ@WH 6I4 BG=CB
P-= 8X8 =¼E<BG=CD 6 lCBG=?=W> 8A6 D*S 8G6J4 ;O�DFS�� 4 B0S 8G6J4 ; N =u>�ETS]B0S]DFl 8 BA=u> N =cd 8 S 6 HJHI=¨g N :RE<B 4 PC=W>G>X:Y> �5
nL��eK
����������� � ��� ��!#"%$&�'!)(+* ,/.	� 6�$ 8'$ "�� ��8'.	� ,54��I0 ��8'. ���	� � .D� ,�.20 $ � $�8 ! $ *�9;.2,54�
58�4�! �


50)$ *�9

�n;<= rt4U6 >�^`:<=�H×\ 4 ;RS N @uP 6kN @ N =qP z =CB0P z =CB_E 4 :<B�HkSv>A@CB 6 = 8 =WDZE 4 BG=CHIHI= x :<;�D 45N lCHI=��5
nL�� � p, q �¨[OBG=W> 8 =yje=u> 8G6 DF=CBHJ=u>ZP 4 =-��P 6 =C; 8 >Z^`: 6 HJ=RPCSUBGS7P 8 @CB 6 >A=C; 8 K Ú�;�E<B 4 P-l N =�=W; N =W:Ox 8 =WDZEY>C[ :<;T=�E<BG=CD 6 lCBG=�=u> 8G6 D*S 8G6J4 ;�=WDZE 6 B 6 ^`:<=�@ 8 S]; 8=C;T>A: 6J8 =(S��*;<@W=yETS]B N =u> 8 =uP z ; 6 ^7:T=W> rt4 ; N @C=u>�>X:TB�HJ=qD*S�x 6 De:<D N = � BGS 6 >A=CDvo<HISU;TP-=7K
�5�W�W� � �O�W���Y~ � � | �£� � �£~��<� � �
�5�W�W� � �O�W���Y~�� � ��� � � � �W� � �<�m�u� � | �Y� � ���W��� �	  356

X =u> 8 :<;qETB 4 P-=u>A>A:T> �5
nL�� (p, q) PCS]:Y>ASUH�= 8m6 ; � =CB0> 6 o<HI=U[ � @CB 6 �	S]; 8
φ(B)(X) = θ(B)(ε), S]H 4 B0> 4 ;*S � :*^`:<=�>AS rt4 ;TP 8G6J4 ; N \ SU: 8A4 P 4�� SUB 6 S];TPC= � @CB 6 �T=�HkSbBA=WHIS 8A6I4 ; N =�BA@uP-:<BGBG=C;TPC=.>A: 6I� SU; 8 = �

∀t ≥ q + 1 γX(t) + φ1γX(t− 1) + ...+ φpγX(t− p) = 0,

= 8 ^`:<=qH×\ 4 ;�E	=C: 8 =W; N @ N : 6 BG=yHJ=(> f > 8 lCDF= N \ @u^`:TS 8G6J4 ;T> NO6J8 S]:T>G> 6aN = �M:<HJ=C� � S]H��U=WB






ρX(q) . . . ρX(q − p+ 1)KKK KKK
ρX(q + p− 1) . . . ρX(q)













φ1KKK
φp






= −







ρX(q + 1)KKK
ρX(q + p)







� =W>�=u> 8G6 D*S 8 =C:TBG> N = �M:THJ=C� � S]H��U=WB N = φ1, ..., φp > 4 ; 8nNO4 ;TPy;TS 8 :<BG=CHIHJ=WDF=C; 8nN @-�T; 6 >�EYS]B








ρ̂
(N)
X (q) . . . ρ̂

(N)
X (q − p+ 1)KKK KKK

ρ̂
(N)
X (q + p− 1) . . . ρ̂

(N)
X (q)

















φ̂
(N)
1KKK
φ̂

(N)
p









= −









ρ̂
(N)
X (q + 1)KKK
ρ̂
(N)
X (q + p)











�I�C�u� � �O�u�£�	~�� � �@� � � � �W� ��� ��� � ~&~ ��� ���&� � � � �?� � �@� �'� � �@�T~�
 � �&��� � �2�£��� ���<~ 
   Ú�;¸>C\ S]ETE<: 6 =�>X:<BeHISBG=CD*S]B0^`:<=b> 6 DZETHJ=(>A: 6I� SU; 8 = � Y = φ(B)(X) =W> 8 :<;RE<B 4 PC=W>G>X:T>�L�� � q �-[ N =qETSUBGSUDFl 8 BG=W> θ1, ..., θq K
�n;T= rt476 >cPCS]HkP-:THJ@ φ̂(N)(z) = 1 + φ̂

(N)
1 z + ...+ φ̂

(N)
p zp [ 4 ;
E 4 >X=

Y = φ̂(N)(B)(X),

= 8 H�\ 4 ; N @ 8 =CBGD 6 ;<=nHI=W>_=W> 8A6 D*S 8 =C:<B0> θ̂(N)
1 , . . . , θ̂

(N)
q

N = θ1, . . . , θq =W;�S]ETE<H 6 ^`:TS]; 8 j Y H×\ SUHJh 4 B 698Gz DF= N =W> 6 ;T; 4�� S 8A6I4 ;Y>CKÚ�;
=C; N @ N : 698 @Wh7SUHJ=WDZ=W; 8 H×\ =W> 8A6 DFS 8 =W:<B σ(N)2 N =qHkS � SUB 6 S];TPC= N :
oTBA: 6J8 o<HkS];TP σ2 K
�I�C�u� � �O� � � � �Z� � � � �	�£~&� ��� � 
 � � � |�� � �*�&� � ���a� � � � � � � � �<�@� �5� � �@�T~�
 �

� =u>q=W> 8A6 D*S 8 =C:<B0>(E<BG@WPC@ N =W; 8 >(> 4 ; 8 SU>G>A=��*hUB 4 >G> 6 =WBG>WK �³HI>v>X=WB � =C; 8 =W>G>A=C; 8A6 =CHIHJ=WDF=C; 8 j 6 ; 698G6 SUH 6 >A=CBeHI=W>(E<B 4 PC@ N @u> N =PCSUHIPC:<H¶;5:<DF@CB 6 ^`:<= �tETSUB N =W>GP-=C; 8 = N =bhUB0S N<6 =W; 8 = 8 S]E<ETB 4 x 6 DFS 8A6I4 ;T>_>X:YPCP-=u>A> 6I� =W> � N =u>.=W> 8A6 DFS 8 =W:<BG>.E<HI:T>.@CHkS]o 4 BG@W>.^`: 6> 4 ; 8�� :Y>�DFS 6 ; 8 =C;TSU; 8 K
�p�Y� �O�u�£�	~&�   354U6J8

X = (Xt, t ∈ Z) :T;
ETB 4 P-=u>A>A:T>���
cL�� � p, q � 8 =CHm^`:<=
φ(B)(X) = θ(B)(ε)

S � =uP ε o<BA: 698 o<HkS];TP�h`S]:T>G> 6 =W; N = � S]B 6 SU;TP-= σ2
ε K � 4]8G4 ;T> φ = (φ1, . . . , φp) = 8 (θ1, . . . , θq) K � S rt4 ;TP 8G6J4 ; N \ SU: 8A4 P 4 BABG@CHkS��8A6I4 ; N = X =W> 8 :T;<= rt4 ;YP 8A6I4 ; N = φ = 8 θ [`^`:a\ 4 ;*; 4]8 =WBGS ρ(θ,φ) K � =�DZÙWDF=U[`HIS rt4 ;TP 8G6J4 ; N \ S]: 8G4 P 4 BGBA@WHIS 8A6I4 ;FETSUB 8G6 =WHJHI= N =

X [`^7: 6 >A=cPCSUHIPC:<HJ=nj(ETS]B 8A6 B N =nHkS rt4 ;TP 8G6J4 ; N \ SU: 8A4 P 4 BGBA@WHIS 8A6I4 ;a[�=u> 8 �×=WHJHI=n:<;<= rt4 ;TP 8A6I4 ; N = φ = 8 θ [7^`:a\ 4 ;*; 4]8 =WBGS r(θ,φ) K� SZD*S 8 B 6 P-= N =qP 4 BABG@CHkS 8G6J4 ; N \ 4 B N BG= k >X=WBGSv; 4U8 @C= R(k)
(θ,φ) =

(

ρ(θ,φ)(|i− j|)
)k

i,j=1
[O= 8 HkSvD*S 8 B 6 PC= N =(P 4�� S]B 6 SU;TP-=�ETS]B

Γ
(k)
(θ,φ,σ2) = γX(0)R

(k)
(θ,φ) K3547698

(ε̃1, . . . , ε̃N ) HkSvoYSU>A= 4 B 8Gz<4 h 4 ;TSUHJ= N = V 2(X1, . . . , XN ) P 4 ;Y> 8 BA: 6J8 =yETSUB�H�\ S]HIh 4 B 6J8Az DZ= N =u> 6 ;T; 4�� S 8A6I4 ;Y> �
ε̃t = Xt − P⊥

V 2(X1,...,Xt−1)
(Xt)

�³Ha=Cx 6 > 8 = N =W>�P 4 =-��P 6 =C; 8 > ψi,j = 8 ηi,j
8 =CHk>n^`:<=yE 4 :<B 8A4 : 8 t = 1, . . . , N = 8 i = 1, . . . , t− 1 [ 4 ;pS 6J8

Xt = ε̃t +

t−1
∑

i=1

ψt,iε̃t−i

ε̃t = Xt +

t−1
∑

i=1

ηt,iXt−i

� jZ=W;TP 4 BA=7[<P-=W>�P 4 =-��P 6 =C; 8 >�;T= N @CE	=C; N =W; 8 ^`:<= N = θ = 8 φ = 8n4 ;
HJ=u>�; 4]8 =CB0SvETHJ: 8 �]8 ψ(θ,φ)
i,j = 8 η(θ,φ)

i,j K�
M;p= � = 8 [
P⊥

V 2(X1,...,Xt−1)(Xt) = −
t−1
∑

i=1

ηt,iXt−i,

P-=q^`: 6a6 DFE<H 6 ^`:<=(^`:<=yHI=W>nP 4 =C��P 6 =C; 8 > ηt,i > 4 ; 8nN @ 8 =CBGD 6 ;T@W>�ETSUB�HJ=u>�@W^`:TS 8A6I4 ;T> N = �M:<HI=-� � S]H��U=CB

R
(t−1)
(θ,φ)







−ηt,1KKK
−ηt,t−1






=







ρ(θ,φ)(1)KKK
ρ(θ,φ)(t)







� =u>yP 4 =-��P 6 =C; 8 > ηi,j > 4 ; 8qNO4 ;YP(o 6 =C; rt4 ;TP 8A6I4 ; N = θ = 8 ϕ :<; 6 ^`:<=CDF=W; 8 K	��:TS]; 8 S]:OxQP 4 =C�*P 6 =W; 8 > ψi,j [ 6 Hk>�E	=C: � =C; 8
Ù 8 BA=qPWS]HkP-:<HI@W>�jZETSUB 8G6 B N =u> ηi,j K�
M;p= � = 8 [<; 4U8A4 ;Y> S(N)

(θ,φ) = 8 T (N)
(θ,φ) HJ=u>�DFS 8 B 6 PC=W> 8 B 6 S];<h7:<HkS 6 BA=u>_>A:<E	@CB 6 =W:<BA=u>
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 � � � |�� 
U�	~2�&�t�u�£�	~2~ � �@� � =u> N =C:<xZDF@ 8Gz<4ON =W>W[ N =u> D 4U6 ; N BG=W>MPWS]BGBA@u> 4 B NO6 ;YS 6 BA=u>�= 8ÊN :D*S�x 6 De:<D N = � B0S 6 >X=WDeo<HkS];YP-=U[5> 4 ; 8 P 4 DFDF= 4 ; 8 H�\ S � : 8 BGlW>�ETB 4 P z =u>ÊH×\ :T;<= N =yH�\ S]: 8 BG=UK�
MHIHJ=u>�HJ=q> 4 ; 8 =C;
ETS]B 8A6 P-:TH 6 =CB=C;*PC=WP 6 ^`:a\ =CHIHI=W>�;<@uP-=W>G> 698 =C; 8 jbP z SU^`:<=�@ � S]HI:TS 8A6I4 ; N =�HIS rt4 ;YP 8A6I4 ;*jbD 6 ; 6 D 6 >X=WB HJ=�PCSUHIPC:<H N = N(N−1)/2 P 4 =-��P 6 =C; 8 >4 o 8 =C;5:T>�ETSUBcH×\ SUHJh 4 B 698Gz DF= N =W> 6 ;T; 4�� S 8A6I4 ;Y> �£PC=e; 4 Deo<BG=(E	=C: 8 ;<@uS];<D 4U6 ;T>cÙ 8 BG=eo 6 =W;QE<HI:T> r S 6 oTHJ= N S];T>�HI=vPCS7> N \ :<;E<B 4 P-=W>G>A:T> ��
nL��V� �U4U6 B�=-xO=CB0P 6 P-=u>	�-K7�_= 8A8 =nP 4 DFE<HJ=Cx 698 @�EY=W: 8ÊN = � =C; 6 B E<B 4 o<HI@CD*S 8A6 ^7:T=U[�; 4U8 S]DFDF=C; 8 E 4 :<B N =�h7BGSU; N >@WP z S]; 8A6 HJH 4 ;Y>CK � S�DF@ 8Az<4ON = N =u>�D 4U6 ; N BG=W> PCSUBABG@W>�P 4 ; NO6J8A6I4 ;T;<=CHk> >C\ S � lWBA=�S]H 4 B0>&E<HI:T>MS N S]E 8 @C=UKB
ÊHJHI=�=W> 8 SU>G>X= ��> 6 D 6 HkS 6 BA=S]:<x²E<BG@WPC@ N =W; 8 =W>W[aPCSUB(=CHIHJ=�P 4 ;T> 6 > 8 =�S]:T>G> 6 jRD 6 ; 6 D 6 >A=CB(HI=W>e=CBGBA=W:<BG> N =�E<BA@ NO6 P 8A6I4 ;m[aD*S 6 >q=C;¸>A:<E<E 4 >GS]; 8 ^`:a\ S � SU; 8H×\ 6 ;T> 8 S]; 8*6 ; 698G6 SUH�HJ=u> � SUHJ=W:<B0> 6 ;TP 4 ;<;5:<=u>vETB 6 >X=u>ZETS]BZHIS >A@CB 6 = x > 4 ; 8 ;5:<HIHJ=u>C[MP-��j]� N =C; P 4 ; NO698G6J4 ;<;TSU; 8 ETSUB {Xi =
0, ∀i ≤ 0} K � \ =WBABG=C:<B N =yE<BG@ N<6 P 8A6I4 ;RjFH�\ 6 ;Y> 8 S]; 8 t >GSUP z SU; 8_8G4 : 8 HI=yETSU>G>X@y;a\ =W> 8 S]: 8 BG=y^`:<=yH×\ 6 ;<; 4�� S 8A6I4 ; �

εt = Xt − P⊥
V 2(Xs,s<t)(Xt) = Xt +

+∞
∑

i=1

η
(θ,φ)
i Xt−i

� 4 ; NO698G6J4 ;<;<=WHJHI=CDF=C; 8 jFH×\ @ � @C;T=CDF=C; 8 {Xi = 0, ∀i ≤ 0} [ 4 ;RS
εt = Xt +

t−1
∑

i=1

η
(θ,φ)
i Xt−i.

Ú�;
E 4 >X= NO4 ;TP
e
(θ,φ)
t (x) = xt +

t−1
∑

i=1

η
(θ,φ)
i xt−i,



= 8n4 ;RP z<476 > 698 P 4 DFDF= � SUHJ=W:<B0> N = θ = 8 φ PC=CHIHJ=W>�^`: 6 D 6 ; 6 D 6 >A=C; 8 HkS rt4 ;TP 8G6J4 ;

(θ, φ) 7→
N
∑

t=1

e
(θ,φ)
t (x)2 � � K � �

� \ @ � S]HI:TS 8G6J4 ; N =(P-= 8A8 = rt4 ;TP 8G6J4 ;�;<=q;T@WP-=u>A> 6J8 =yE<HI:T>n^`:<=yHJ=(PWS]HkP-:<H N = N P 4 =C��P 6 =C; 8 >W[<^`: 6 >W\ 4 EYlWBA=bETS]B�BG@WPC:<BGBA=W;TP-= �
η
(θ,φ)
t = φt −

t
∑

u=1

θuη
(θ,φ)
t−u

S � =WP η(θ,φ)
0 = 1 �<P-= 8X8 = rt4 BADv:<HI=b=u> 8 HkSFP 4 ;T>X@u^`:<=C;TPC= N =yHISFBG=CHkS 8G6J4 ;�=-x 6 > 8 S]; 8 =C; 8 BG=yHJ=u> 8 B0S];T> rt4 BGDF@C=u>_=W; z

θ(z)η(θ,φ)(z) = φ(z)

���³ �� � È�Âs/ ) Î!Ì
Æ ÃÅ'*) ��Ô-È�� � �	�

�n;<= rt476 >mHJ= D 4ON lCHI= ��
cL�� � p, q �¶=u> 8G6 DF@U[ 6 H7P 4 ; �56 =C; 8 =C;T>A: 6J8 = N = 8 =W> 8 =WBm> 6 HIS�>A: 6J8 = N =W>sBG@W> 6IN :T> (ε̃(θ̂,φ̂)
t /

√

δ
(θ̂,φ̂)
t , t =

1, . . . , N) BA@WE 4 ; N = � =WP 8G6J� =CDF=C; 8 SU:Ox�PCSUBGS7P 8 @CB 6 > 8A6 ^`:<=W> N \ :<;Ro<BA: 698 o<HkS];YP � N @ �Xj � :pS]:
E<BG=CD 6 =CBnP z SUE 698 BA= �¨K
����� ���
'(+�� ) Î!Ì
Æ ÃÅ'*)���ÔCÈ�È./ ,_#&+¨/ ��#&È�Â )¼ÎX+-Æ
Ñ�'q#�ÃÅÄq/2+-'(Æ

�n;<= rt4U6 >cEYSU>G>X@u>nHI=W> 8 =W> 8 >W[ 6 H�E	=C: 8 BG=W> 8 =CB�E<HI:T> 6 =C:TBG>�D 45N lCHI=W> � S]H 6IN =u>CKaÚ�; N @ 8 =WBAD 6 ;<=vHI=vP zT4U6 x N =eH×\ :<; N \ =C; 8 BG==C:Ox
ETS]B N \ S]: 8 BG=W>�P-B 698 lCBG=W>W[O=C;RETSUB 8G6 PC:<H 6 =CB�HI=W>nPCB 6J8 lWBA=u> N \ 6 ; rt4 BAD*S 8G6J4 ;aK� \ =W> 8A6 DFS 8A6I4 ;�ETS]B.D*S�x 6 Dv:<D N = � BGS 6 >A=CDvo<HISU;TP-=�P 4 BGBG=W>AE 4 ; N jeHkSvD 6 ; 6 D 6 >GS 8G6J4 ; N \ :<;<=yP-=WB 8 S 6 ;<= N<6 > 8 SU;TP-=b=C; 8 BG=HIS?H 476Ê8Gz @ 4 B 6 ^`:<=�= 8 PC=CHIHJ=
^7:m\ 4 ;�EY=W: 8 D 4ON @WH 6 >A=CBuK �_= 8X8 = NO6 > 8 S];TPC=�=W> 8 S]E<E	=CHI@C= �£~
	×� ��� �O�u�£�	~É� ��� � ��� ��� 
�
 4 :=C;TP 4 BG= � ~¶� � � ��� � K��³Ha=W> 8nNO4 ;YPqSU>G>X= ��;TS 8 :<BG=CH N =(P z<4U6 > 6 B�P 4 DZDF=yD 4ON lCHI=(P-=WHJ: 6 ^7: 6 D 6 ; 6 D 6 >A=(P-= 8X8 = 6 ; rt4 BAD*S 8G6J4 ;aK
{�|`}�~2�£�W�£�	~�� 354U6 =C; 8 f = 8 g N =C:Ox N =C;T> 6J8 @W> N =(E<B 4 oYS]o 6 H 6J8 @(>A:<B Rm K	Ú�;QSUE<E	=CHIHJ= ��~�	�� ��� �O�W���Y~ � ��� � ��� � ��
�
N = f ETSUB�BGSUE<E 4 B 8 j g HkS � SUHJ=W:<Bn>X: 6J� S]; 8 = �

K(f, g) =

{

2
∫

Rm f(x1, ..., xm) ln
(

f(x1,...,xm)
g(x1,...,xm)

)

dx1...dxm > 6 f << g

+∞ > 6 ; 4 ;aK

� � � � � ��|`�W| �m ��² £¢ E Á K(f, g) ¦-§0©a¬<®�§ ¥ © ¥ ½�¦WÁF Á K(f, g) = 0 § ¥ ¦C©Ê§C¦CªO»J¦-¿*¦C«T©M§ ¥ f = g Á

354U6J8
x = (x1, ..., xN ) :<;<=ÊBA@uS]H 6 >GS 8G6J4 ; N \ :<;(ETB 4 P-=u>A>A:T> X �5
nL�� � p, q �ah7SU:T>A> 6 =C;a[ � @CB 6 �	S]; 8 φ(B)(X) = θ(B)(ε) [

= 8c4 ;
; 4]8 = φ̂ [ θ̂ = 8 σ̂2 HI=W>c=W> 8A6 D*S 8 =W:<B0> N :pD*S�x 6 Dv:<D N = � BGS 6 >A=CDvo<HISU;TP-= � 4 ;Q>X:TE<E 4 >X=(P 4 BGBA=uP 8 =CDF=C; 8 =W> 8A6 DF@W> p = 8
q �¨K 3547698 Y HI=qE<B 4 PC=W>G>X:Y> �5
nL�� � @CB 6 �YSU; 8 φ̂(B)(Y ) = θ̂(B)(ε′) [TS � =uP ε′ oTBA: 6J8 o<HkS];TP N = � SUB 6 S];TPC= σ̂2 K� S N =W;T> 6J8 @ N =ME<B 4 oTSUo 6 H 6J8 @ N : � =uP 8 =C:<B (X1, ..., XN) =W> 82NO4 ;<;<@W= ETS]B L(θ, φ, σ2

ε ; .)
8 S]; NO6 >m^7:T=MP-=CHIHI= N = (Y1, ..., YN )

=W> 8cNO4 ;<;T@C=yETS]B L(φ̂, θ̂, σ̂2; .) K � S N<6 > 8 SU;TP-= N =��y:<HIHIoTSUP �*=W; 8 BA=yHI=qD 45N lCHI=q=-x<SUP 8 = 8 HJ=qD 4ON lCHI=q=W> 8A6 DF@ � SU: 8cNO4 ;TP
K(L(θ, φ, σ2; .), L(φ̂, θ̂, σ̂2; .))

= 2E[ln(L(θ, φ, σ2;X))] − 2E[ln(L(φ̂, θ̂, σ̂2;X))]



L 6 ; 6 D 6 >A=CBnP-= 8X8 = NO6 > 8 SU;TP-=yBG= �56 =C; 8 jFD 6 ; 6 D 6 >A=CB
−2E

[

ln
(

L(φ̂, θ̂, σ̂2;X)
)

]

= −2 ln
(

L(φ̂, θ̂, σ̂2;x)
)

+ E

[

1
σ̂2

∑N
t=1

ẽ
(θ̂,φ̂)
t (X)2

δ
(θ̂,φ̂)
t

]

−N

Ú�B 4 ;RSZH�\ =W> 8A6 D*S 8G6J4 ;
E

[

1

σ̂2

N
∑

t=1

ẽ
(θ̂,φ̂)
t (X)2

δ
(θ̂,φ̂)
t

]

∼N→+∞ 2(p+ q + 1)

� ��S�� �7=yS NO4 ;TPbE<B 4 E 4 >A@ N =(P zT4U6 > 6 B�P 4 DFDF=qD 4ON lCHI=qP-=CHI: 6 ^`: 6 D 6 ; 6 D 6 >A=
AIC(p, q, θ, φ, σ2) = −2 lnL(θ, φ, σ2;x) + 2(p+ q + 1)

�_=FP-B 698 lCBG=vS 8 =C; N S];TPC=vj
P 4 ; N : 6 BA=Zj�:<;<=F>A:<BA=u> 8G6 D*S 8A6I4 ; N =u> � SUHJ=W:<BG> N = p = 8 q K � ��S�� �7=(=C;¼S NO4 ;TP(ETB 4 E 4 >X@v:<;<=D 4ONO6 �	PCS 8G6J4 ;a[OHI=(P-B 698 lCBG=boYS f @W> 6 =C; N = 3 P z�� S]B 8 � �
SBC ≡ BIC(p, q, θ, φ, σ2) = −2 lnL(θ, φ, σ2;x) + 2(p+ q + 1) lnN

� =u>�=W> 8A6 D*S 8 =W:<B0> N = p = 8 q 4 o 8 =W;5:T>�ETS]B�D 6 ; 6 D 6 >GS 8A6I4 ; N =(PC=yPCB 6J8 lWBA= 4 ; 8 HI=qDF@CB 698 = N \ Ù 8 BG=(P 4 ; � =CBGhU=C; 8 >CK
� �5� � � �s� � ���

� −2 lnL(θ̂, φ̂, σ̂2;x) =u> 8 SUE<E<B 4 x 6 D*S 8G6J� =CDF=C; 8 @Ch`S]Haj N ln(σ̂2)) +N ln(2π) +N K	�_=(^`: 6 E	=CBGDZ= 8�N = NO4 ;<;<=WBN =W> � =CB0> 6I4 ;T>.E<HI:T>�> 6 DFE<HI=W> N =W>�PCB 6J8 lWBA=u>:�/�A� = 8 = �A��K
� � SU;T>�:<;pD 4ON lCHI=U[Y> 6 H×\ =W> 8A6 DFS 8A6I4 ; N =ePC=CB 8 S 6 ;T> N =W>cP 4 =-��P 6 =C; 8 >n;a\ =u> 8 EYSU>n> 6 h7; 6 �YPCS 8A6I� =CDF=W; 8nNO6�� @CBG=C; 8 = N = 0 [4 ;�HI=W>_�<xO=yS]BGo 6J8 B0S 6 BA=WDZ=W; 8 ;5:<Hk>CK��³H r S]: 8�N S];T>�P-=yPCS7>.BA=WDZETHIS7P-=CB N SU;T>.H�\ @ � S]HI:TS 8A6I4 ; N =W>�P-B 698 lCBG=W> �/�A�V= 8 = �A�
p+ q EYS]B�HI=q; 4 Dvo<BA= N =yETSUBGSUDFl 8 BG=W>.= � =uP 8A6I� =WDF=C; 8 =W> 8A6 DF@W>WK

� � \ :<; N =W>Fo<: 8 > N =RHkS²D 4ON @WH 6 >AS 8A6I4 ;�=W> 8�N =REY=WBADF= 8A8 BG=RHIS¼E<BG@ �56 > 6I4 ;aK � \ =WBABG=C:<B*^`: 6 =u> 8 S]H 4 B0>FP 4 DZD 6 >X=R=u> 8> 4 DZDF= N = N =W:Ox 8!f E	=W> N \ =CBGBA=W:<B �� K � \ =CBGBG=C:<B N =�E<BG@ �56 > 6I4 ;(E<:TBA=7[�=CBGBA=W:<B&^`:<=.H×\ 4 ;ZP 4 DFDF= 8X8 BGS 698 > 6 HI=W>�EYS]B0S]DFl 8 BA=u> N :vD 45N lCHI=.@ 8 S 6 =W; 8 P 4 ;<;5:T>=-x<S7P 8 =WDF=C; 8 ��S 6 ;T> 6 ^`:<= 8A4 : 8 =u>.HJ=u> � SUHJ=W:<BG>_ETS7>A>A@C=u> N :�E<B 4 PC=W>G>X:Y>	�-[`=WBABG=C:TB_^`: 6 =W> 8 E<B 4 E 4 B 8G6J4 ;<;<=WHJHI=cjvHIS� S]B 6 SU;TP-= N :
o<BG: 6J8 o<HISU;TP N :RD 45N lCHI=UK� K � \ =CBGBG=C:<B N :<=*j�H�\ =W> 8A6 D*S 8A6I4 ; N =W>bETSUBGSUDFl 8 BG=W>W[¶^7: 6 =u> 8(N \ S]: 8 S]; 8 E<HI:T> r S 6 o<HI=Z^`:<=ZHJ=u>yETS]B0S]DFl 8 BG=W>c> 4 ; 8E	=C:R; 4 Dvo<BG=C:Ox �£= 8 HI=qE<B 4 PC=W>G>X:Y>.P 4 ;<;5:R>X:TB�:<;<=qH 4 ;<h7:<= N :<BG@C= �-K
�_= 8X8 = NO6 > 8G6 ;YP 8A6I4 ;�S N @ �Xjq@ 8 @ 4 oY>X=WB � @C=�S]:*E<BG=CD 6 =CBÊP z S]E 6J8 BG=UK]w 4 :<BÊS �U476 B�H×\ =WBABG=C:TB N =�E<BG@ �56 > 6I4 ; 8A4U8 SUHJ=�HkSqE<HI:T>r S 6 o<HJ=7[ 4 ; E	=C: 8ZNO4 ;TPFÙ 8 BG= 8 =W; 8 @ N = NO6 D 6 ;5:<=WB(HI=*; 4 Dvo<BA= N =*ETS]B0S]DFl 8 BA=u> N : D 45N lCHI=U[2PC=�^`: 6ÊNO6 D 6 ;5:<=WBGS 698H�\ =CBGBA=W:<B N \ =W> 8A6 D*S 8A6I4 ;m[TD*S 6 >nS]:ThUDF=C; 8 =WBGS 698 HkS � S]B 6 SU;TP-= N :po<BA: 698 oTHISU;TP � 6 ; � =CB0>A=CDF=C; 8 [YP z =CB0P z =CB�H×\ =CBGBA=W:<B N =E<BA@ �56 > 6J4 ;�E<:<BG=cHkSvE<HJ:Y>_E	= 8G698 =qP 4 ; N : 6J8 jeE<B 6J�56 H 6 h 6 =CB N =W>.D 4ON lCHI=W>�jvoY=uS]:TP 4 :<E N =bETS]B0S]DFl 8 BA=u>C[ NO4 ; 8 H�\ =CBGBG=C:<BN \ =u> 8G6 D*S 8A6I4 ;R>X=WBGS rt4 B 8 =7K� =W>&P-B 6J8 lCBG=W> N \ 6 ; rt4 BGDFS 8A6I4 ;Z^7: 6`�56 =C;<;T=C; 8MN \ Ù 8 BG= � :T>&E<B 4 E 4 >A=C; 8 =C; r S 698 :<;T=_@ � SUHJ:YS 8A6I4 ;Z> 6 De:TH 8 S];<@W=Ê= 8 E 4 ; N @-�BA@W= N =nHkS � S]B 6 SU;TP-= N :�o<BA: 698 oTHISU;TP�= 8�N :*; 4 Deo<BG= N =nEYS]B0S]DFl 8 BA=u>CKB�³Hk> 6 ; �5698 =C; 8 j(P z<476 > 6 BM:<;*D 4ON lCHI=nBG@WS]H 6 >ASU; 8:<;
P 4 DFE<B 4 D 6 >�=C; 8 BG=y=CBGBA=W:<B N =qE<BG@ �56 > 6I4 ;�ET:<BA=y= 8 =CBGBA=W:<B N \ =u> 8G6 D*S 8A6I4 ;aK	�_=WHISZE	=CBGDF= 8cN \ =W>AEY@WBA=WB�:<;<=q=CBGBG=C:<BN =yE<BA@ �56 > 6J4 ; 8G4]8 S]HI=bHkSZE<HI:T>�D 6 ;YP-=qE 4 >G> 6 o<HI=UK
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�n:
P z S]E 698 BA= � [7H×\ @ 8 : N = N =�HkSe>A@CB 6 = 8 =WDZE 4 BG=CHIHI= x = (xt, t ∈ T = {1869, . . . , 1972}) SU>G> 4 P 6 @C=�S]:�; 6J� =WS]: N :�HkSUP� :TB 4 ;
>A:<B�:<;<=(PC=C; 8 S 6 ;T= N \ SU;<;<@C=u>�S � S 6J8 P 4 ; N : 698 jZE<B 4 E 4 >A=CB�HI=yD 4ON lWHJ=qH 6 ;<@WS 6 BG=q>X: 6I� S]; 8 �

∀t ∈ T, Xt = a+ bt+ ct2 + εt

S � =uP ε oTBA: 6J8 o<HkS];TPUK2Ú�BW[sS]ETBAlu>c=u> 8G6 D*S 8G6J4 ;a[sHI=W> 8 =u> 8 >q>X:<ByHI=W>yBG@W> 6IN :T> (xt − â − b̂t, t ∈ T )
4 ; 8 P 4 ; N : 698 j�BA= �!= 8 =WBP-= 8X8 = N =CBG; 6 lCBG= z5f E 4]8Az lW>A=UKYÚ�;
=W> 8cNO4 ;TPySUDZ=W;<@qjZ=C; �56 >GS]h7=CB�:<;RD 45N lCHI=bETHJ:T>nhU@C;T@CB0S]H N =qHkS rt4 BADF=

∀t ∈ T, Xt = a+ bt+ ct2 + Yt

S � =uP Y E<B 4 P-=u>A>A:T>:��
cL��(K�
n=W> 8 =(S]H 4 B0>�jZ=W> 8A6 DZ=WBnjZHIS rt4U6 >�HI=W>�ETSUBGSUDFl 8 BG=W> N :RD 4ON lCHI=yH 6 ;<@uS 6 BA=y= 8 PC=C:Ox N = Y K
{
|7}�~&�t�W���Y~�� 354U6J8

x = (xt, t ∈ T ) :<;<=�>A@CB 6 = 8 =WDZE 4 BG=CHIHI=UKUÚ�;vSUE<EY=WHJHI= � �a� � � � �£��~2|��<� ��� � � � 
 �`� ��� � � � �����8A4 : 8 =qD 4ON @WH 6 >AS 8A6I4 ; N = x P 4 DZDF=qBG@WSUH 6 >AS 8A6I4 ; N \ :T;
ETB 4 P-=u>A>A:T> X � @CB 6 �YS]; 8
∀t ∈ T, Xt = f(t, β) + Yt

S � =uP f rt4 ;TP 8A6I4 ;QH 6 ;T@WS 6 BG= N :QETSUBGSUDFl 8 BG= β ∈ R
d = 8 Y E<B 4 PC=W>G>X:T>���
nL��eK 3O6 f =W> 8 :<;T= rt4 ;YP 8A6I4 ;QP 4 ;T> 8 SU; 8 = N = t [S]H 4 B0> 4 ; NO6J8 > 6 DFE<HJ=WDF=C; 8 ^`:<= X =u> 8 :<; � � � 
 � ���W����� � � ���&| 
 � ~¶� � | K� \ =W> 8A6 D*S 8G6J4 ;e> 6 De:TH 8 S];<@W= N =u> N<6 � @CBG=C; 8 >&ETSUBGSUDFl 8 BG=W> N = X =W> 8 P 4 DFE<HI=-xO=UKB
nSUE<E	=CH 4 ;T>2HJ=u>&BA@u>X:<H 8 S 8 > N =.H�\ =-xO=CB0P 6 P-=� K � <eK � � > 6 X = (Xt, t ∈ {1, . . . , N}) � @WB 6 �T= X = A.β + Y S � =WP A DFS 8 B 6 PC= N = N<6 DF=C;Y> 6I4 ;T> N ×m = 8yN =(B0S];<h

m [ Y = (Xt, t ∈ {1, . . . , N}) E<B 4 PC=W>G>X:T>5��
nL>� (p, q)
N =eD*S 8 B 6 P-= N =ZP 4�� S]B 6 S];TPC= σ2R

(N)
(θ,φ) [¶S � =WP θ, φ P 4 ;T;`:Y>C[<= 8

(β, σ2) ∈ Rm ×R∗
+ ETSUBGSUDFl 8 BG=W>W[5S]H 4 B0>MH×\ =u> 8G6 D*S 8 =C:<B N =u>.D 476 ; N BA=u>_PWS]BGBA@u> N = β � 6 K =7KOP-=CHI: 6 ^`: 6 D 6 ; 6 D 6 >X= σ2 �G[O^`: 6=W> 8 S]:Y>A> 6 H�\ =W> 8A6 D*S 8 =W:<B N :
D*S�x 6 De:<D N = � B0S 6 >A=CDeoTHISU;TP-=yjF>X:<ETE 4 >X=WBn^7:T= Y > 4U6J8 h7SU:T>A> 6 =C;a[5=W> 8

β̂ =

(

tA
(

R
(N)
(θ,φ)

)−1

A

)−1
tA
(

R
(N)
(θ,φ)

)−1

X. � � K � �
� 4 DFDF= p, q, θ, φ ;<=q> 4 ; 8 EYSU>�P 4 ;<;5:T>�D*S 6 > NO4U6I� =W; 8 Ù 8 BA=y=u> 8G6 DF@W>W[ 4 ;
E	=C: 8 E<B 4 P-l N =CB N =yD*S]; 6 lCBG=yBA@uP-:<BGBG=C; 8 =7[`EYS]BS]ETE<B 4 x 6 D*S 8A6I4 ;Y>_>A:TPCPC=W>G> 6I� =u> �� Ú�;¼>A:<E<E 4 >A= N \ SUo 4 B N ^`:<= p = q = 0 [ 6 K =UKm^`:<= Y =W> 8 :<; o<BG: 698 o<HkS];YP]K2Ú�; =C; N @ N : 698 H×\ =W> 8A6 DFS 8A6I4 ; β̂(0) =

(tAA)
−1 tAX

N = β jZETSUB 8G6 B N =bHkS rt4 BGDe:THJ= 4 B NO6 ;TS 6 BG=UK
� Ú�;�PCSUHIPC:<HI=bHkSF>X@WB 6 = 8 =CDFE 4 BG=CHIHJ= y(0) = x−A.β̂(0) [T^`:a\ 4 ;
D 45N @CH 6 >A=yETS]B�:<;
E<B 4 PC=W>G>X:Y> �5
nL�� � p(1), q(1) � N =ETS]B0S]DFl 8 BA=u> θ̂(1) = 8 φ̂(1) K� Ú�;�=W; N @ N : 6J8 S]H 4 B0>.:<;<=q; 4 : � =WHJHI=b=W> 8A6 DFS 8A6I4 ;

β̂(1) =

(

tA
(

R
(N)

(θ̂(1),φ̂(1))

)−1

A

)−1
tA
(

R
(N)

(θ̂(1),φ̂(1))

)−1

x

���



� Ú�; BG=WPWS]HkP-:<HI=�HkS$>X@WB 6 = 8 =CDFE 4 BA=WHJHI= N =u>?=WBABG=C:TBG> y(1) = x − A.β̂(1) ^`:a\ 4 ; D 4ON @WH 6 >X=�ETS]B?:<; E<B 4 P-=W>G>A:T>
�5
nL�� � p(2), q(2) � N =yETS]B0S]DFl 8 BG=W> θ̂(2) = 8 φ̂(2) K� Ú�;
BA@ 698 lCBG=�HI=yE<B 4 PC@ N @ �!:T>G^`:a\ jFPC=b^`:<=yHI=W> � S]HI=C:<B0>.E<B 6 >A=W>.ETSUB.HI=W>�EYS]B0S]DFl 8 BA=u>Ê;<=q>A=yD 4ONO6 �T=W; 8 >A=C;T> 6 o<HJ=WDF=C; 8E<HI:T>WK

��� �`� 
U� 
 �¸¢	  ¤ ® ¥ © X = (Xt, t ∈ Z) ªO«F¬	­A®u¯0¦¨§0§¨ª5§e·U¦e©�AG¬T¦ � C 
 1 ��·Uº0¯0¦-«Y©�­Aº�

∀t ∈ Z Xt = µX + εt + θεt−1

±�½�¦G¯ ε ? ­¨ª ¥ © ? »J±]«	¯�°7±]ª5§0§ ¥ ¦C«p·U¦�½ ±]­ ¥ ±�«¶¯G¦ σ2 ¦C© |θ| < 1 Á �Zº-©³¦C­¨¿ ¥ «¶¦-­�»X¹ ¦-§¨© ¥ ¿*±�©³¦CªO­�·�ª*¿*±�� ¥ ¿ZªO¿ ·7¦c½u­A± ¥ §-¦C¿ ? »J±]«	¯0¦·U¦ µX ¦C©�·7¦ θ ´M§C±U¯ H<±�«Y© (X1, . . . , XN) Á

 �³ 2 � '*) ��Ô-È�Â��a+-Æv/21�%(#&1�Â��

� @WB 6I� =WBn=W> 8 :<;<=ZS]: 8 BA= r S�� 4 ;a[TETHJ:T>�> 4 :<E<HI=U[ N \ 4 o 8 =W; 6 Bc:<;<=Z>X@WB 6 =(> 8 S 8G6J4 ;<;TS 6 BG=UK	�_=WHIS�P 4 ;Y> 6 > 8 =ej r S 6 BG=qETSU>G>A=CBnHkS>X@WB 6 = 6 ; 6J8A6 S]HI= N SU;T> N =W>.�YH 8 BA=u> N = 8!f EY= I −Bn K
�/��������� � (:, �&0 .	� ��� � � �
{�|`}�~2�£�W�£�	~¸� Ú�; NO6J8 ^7:T= X = (Xt, t ∈ Z) =u> 8 :<;(ETB 4 P-=u>A>A:T> � � ¡ ����� p, d, q �M> 6 (I−B)d(X) =W> 8 :T;eE<B 4 PC=W>G>X:Y>
��
nL�� � p, q �¨K
� � � � ��� � �u�£�	~ � 
I�2~ � � � ~&�&�<~ 
 � �Ê� � �a~�� � ����� �

356
x = (xt, t ∈ T ) =W> 8 :<;<=q>A@CB 6 = 8 =WDFE 4 BA=WHJHI=(^`: 6 EY=W: 8 >A=yDZ= 8X8 BA=(> 4 :T>.HkS rt4 BGDZ=

∀t ∈ T, xt = at+ b+ yt

S � =WP r = (rt)t :<;<=qBG@WSUH 6 >AS 8A6I4 ; N \ :T;
ETB 4 P-=u>A>A:T>�> 8 S 8G6J4 ;<;TS 6 BG=bPC=C; 8 BG@U[<SUH 4 BG>.HkSF>X@WB 6 = x′ = (1 −B)(x) >W\ @uP-B 698
x′t = a+ rt − rt−1 = a+ y′t

S � =WP y′ :<;<=yBG@WSUH 6 >AS 8A6I4 ; N \ :T;
ETB 4 P-=u>A>A:T>�> 8 S 8G6J4 ;<;TS 6 BG=bPC=C; 8 BG@UKOw SUB 8 S]; 8�N =(P-=qP 4 ;T> 8 S 8 > 6 DFE<HI=U[ 4 ;�E 4 :<B0>A: 698 H×\ @ 8 : N ==C;�D 4ON @WH 6 >ASU; 8 y′ ETS]BZ:<;�E<B 4 PC=W>G>X:T> Y ′ �5
nL�� � p, q � N @uP-=W; 8 BA@7[ � @CB 6 �	S]; 8 φ(B)(Y ′) = µ + θ(B)(ε) [ = 8Z4 ;�=C;N @ N : 698 HI=qD 45N lCHI= ��
:�!L�� � p, 1, q � N @WPC=C; 8 BG@ (I −B)φ(B)(X) = µ+ θ(B)(ε) K356 H�\ 4 ; N @CB 6J� = N =W:Ox rt4U6 >W[5SU: 8 BG=CDF=W; 8�NO6J8 > 6 H×\ 4 ; r S 6J8 ETSU>G>X=WB_HkSZ>X@WB 6 =cETSUB_HI=b�TH 8 BG= (I −B)2 [ 4 ;�E 4 :<BGB0S(@CH 6 D 6 ;<=WB:<;<= 8 =C; N S];TPC=eo 6 ; � D 6 S]HI=UK	wMHI:T>ch7@C;<@WBGSUHJ=WDF=C; 8 [YE 4 :<B�>A:<E<E<B 6 DZ=WBc:<;T= 8 =W; N SU;TP-=vE 4 H f ; � D 6 S]HI= N = N =Ch7BA@ d [ 6 H >A:O� 8N = N @CB 6I� =CB d rt476 >WK
� � � � ��� � �u�£�	~ � 
I�2~ 
U� � �Ê� � � �5��� ~¶� �	� �Ê| � �£�a�&�£�s� � ~2�	~ �C���O�W���Y~&~��<� ���

�n;<= N @CB 6J� S 8G6J4 ;RETS]B (1 − B) =W> 8 S]:Y>A> 6 : 8G6 HI=(E 4 :<Bn@ 8 : N<6 =WB N =u>�E<B 4 PC=W>G>X:Y>�; 4 ;Q> 8 S 8A6I4 ;<;TS 6 BG=W>�^`: 6 ;a\ S N DF= 8A8 =W; 8ETSU>�E 4 :<BnSU: 8 SU; 8cN = 8 =C; N S];TPC=(> 6 DFE<HI=UK

 xO=CDFE<HI= � PCS7> N \ :<;T=qDFSUBGP z =ySUHJ@uS 8G4U6 BA= X

Xt = εt +Xt−1

S � =WP ε o<BG: 6J8 o<HkS];TPUK �cH 4 BG>ÊHJ=nETB 4 P-=u>A>A:T> N @CB 6J� @ Y = (1−B)(X) =W> 8 @Ch`S]HY=C; r S 6J8 j ε [7= 8Ê6 HY=u> 8Êr SUP 6 HI= N =nH×\ 6IN =W; 8A6 �T=CBuK� \ S]: 8 BA=qEYS]B 8 [ 4 ; � @WB 6 �T= r SUP 6 HI=CDF=W; 8 ^`:<= E[Xt] = P 8 =7[<= 8 ^`:a\ 6 Hm;<=qE<BG@W>A=C; 8 = NO4 ;TPbETSU> N = 8 =C; N SU;TP-=yETSUB 8G6 PC:<H 6 lWBA=7K
�³H2E	=C: 8 Ù 8 BG=e: 8G6 HI=ZSU:T>G> 6�N = N @CB 6J� =CBbE 4 :<B 4 o 8 =W; 6 B�:<;T=vDF= 6 HIHJ=W:<BA=vE<BG@WP 6 > 6J4 ; N =W>bETSUBGSUDZl 8 BG=W> N :?D 4ON lCHI=UK 3 :<E<�E 4 > 4 ;T>�^`:<=yH�\ 4 ;pS 6J8 :<;<=(>A@CB 6 = 8 =CDFE 4 BA=WHJHI= x ^`:<=qH�\ 4 ;
D 4ON @CH 6 >A=qETSUB.:T;
ETB 4 P-=u>A>A:T>���
cL�� � @WB 6 �YSU; 8

φ(B)(X) = θ(B)(ε)

S � =WP φ(z) :T;²E 4 H f ; � DF=FE 4 >A>A@ N S]; 8 :T;<=FBGS7P 6 ;<=vETB 4 P z = N =FH�\ :<; 6J8 @7K � SU;T>qP-=*PWSU>W[	H×\ 6 ; 8 =WB � SUHJHI= N =FP 4 ;O�	S];TPC=vE 4 :<BH�\ =W> 8A6 D*S 8A6I4 ; N =W>bP 4 =C�*P 6 =W; 8 > N = θ = 8 φ >X=CB0S*h7BGSU; N K � S�B0S 6 > 4 ;p=C;?=W> 8 ^`:<=vHJ=vE<B 4 PC=W>G>X:T> X =W> 8b8 BGlW>�E<B 4 P z = N \ :<;



������� � K � ��� BGSUE z = N \ :<;<=qBG@WSUH 6 >AS 8A6I4 ; N =yHISZD*S]B0P z =qS]HI@WS 8A4U6 BG= X E 4 :<B t ∈ {1, ..., 100}

E<B 4 P-=W>G>A:T>�; 4 ;Q> 8 S 8A6I4 ;T;TS 6 BA=7[<= 8 >X:<B�H�\ 6 ; 8 =CB � S]HIHJ= N = 8 =WDZEY>n�T; 6 >A:<BcHI=W^`:<=WH 4 ;pHI=vP 4 ;T> 6kN lCBG=U[ 6 HmE	=C: 8 DFÙCDF=e=W;pÙ 8 BA=^`:TSU> 6¶6 ; NO6 >GP-=WBA;YS]o<HI=UKTÚ�B�HI=W>.BA@u>X:TH 8 S 8 > N =yP 4 ; � =WBAh7=C;TPC= N =u>�=W> 8A6 DFS 8A6I4 ;T>.;<=q> 4 ; 8�� S]HkS]o<HI=W>�^`:<=yE 4 :<B N =W>�ETB 4 P-=u>A>A:T>> 8 S 8G6J4 ;<;TS 6 BG=W>WK� S];T>nPC= 8A8 =e> 698 :TS 8G6J4 ;a[ 6 HaE	=C: 8 Ù 8 BG=qE<BG@ r @WBGSUo<HJ= N = N @CB 6J� =CB x ETSUB (I − B) [T= 8�N =qD 4ON @CH 6 >X=WBnHIS*>A@CB 6 =qBA@u>X:<H 8 SU; 8 =ETSUBe:<;�ETB 4 P-=u>A>A:T> �5
nL�� NO4 ; 8 HI=�E 4 H f ; � DF= θ SU>G> 4 P 6 @*;<=�E 4 >A>Al N =�ETSU> N =�B0SUP 6 ;T=�E<B 4 P z = N =�H×\ :<; 6J8 @U[&= 8 E 4 :<BHI=W^`:<=CHsH×\ S]E<E<B 4 x 6 D*S 8A6I4 ; N =W>nSU: 8 BG=W>�P 4 =C�*P 6 =W; 8 >�>A=CB0SvETHJ:T>.�Y;<=UK� =u>F> 6J8 :TS 8A6I4 ;T> 4
��6 H�=W> 8 : 8A6 HJ= N = N @WB 6I� =WBZ> 4 ; 8�NO4 ;YP�E<HI:T>F; 4 Deo<BG=C:Y>X=u>v^`:<=pP-=WHJHI=W> 4
��6 Hn>C\ S]h 698 > 6 DFE<HI=CDF=C; 8N \ =C;<HI= � =CB_:<;<= 8 =C; N S];TPC=cE 4 H f ; � D 6 SUHJ=7K7LQS 6 > N S];Y>ÊHI=�PWSU> 4
� :<;<= 8 =W; N S];YP-=n=u> 8 E<BA@u>X=W; 8 =�^`:a\ 6 H	>W\ SUh 6J8_N =b> 4 :T> 8 BGS 6 BG=U[; 4U8A4 ;Y>Ê^`:<=�> 6 HIS N @CB 6J� S 8A6I4 ;*E	=C: 8 EY=WBADF= 8X8 BG= N =bD 4ON @CH 6 >A=CB.P 4 BABG=WP 8 =CDF=W; 8 HkSe>A@CB 6 = 8 =WDZE 4 BG=CHIHI=U[`=C;�BG= � S];YP z =n=CHIHI=c;<=NO4 ;<;<=yETSU> N \ 6 ; rt4 BGD*S 8G6J4 ;
>A:<B�HkS 8 =C; N S];TPC=y=CHIHJ=C�×DFÙCDF=7K
� � �	� ��� 
I�2~ � �m� � � � � � ¡ ���

Ú�; NO6�� @CBG=C;TP 6 =�ETS]BvHJ=��TH 8 BG= (I − B) > 6 H×\ 4 ;�BG=CE	lCBG=�:<;<= 8 =W; N S];YP-=�h7@C;<@WBGSUHJ=�; 4 ;�P 4 ;T> 8 SU; 8 = �£=C;�EYS]B 8A6 P-:<H 6 =WBD 4 ; 4U8A4 ;<= �-[ 4 :�> 6 HJ=u>ÊETBA=WD 6 lCBG=W> � S]HI=C:<B0> N =�HIS rt4 ;TP 8A6I4 ; N \ S]: 8A4 P 4 BABG@CHkS 8G6J4 ;Z=u> 8G6 DF@W=�> 4 ; 8 >A=C;T> 6 oTHJ=WDZ=W; 8 ; 4 ;�;5:<HJHI=W>W[= 8 j N @uP-B 4U6 >A>GS];YP-=cHI=C; 8 =UK�_= 8A8 = N =W:Ox 6 lWDZ=(P 4 ; N<698G6J4 ;
>W\ SUE<E<: 6 =(>A:<B�HJ=yBG@W>A:<H 8 S 8 >A: 6I� SU; 8 �

� � � �_� �u�t�u�£�	~ �2 J¡ ¡� �¢�¤ ® ¥ © X ªO«F¬	­A®u¯0¦¨§0§¨ª5§�C�� � CÕ©³¦-» À ªT¦
φ(B)(X) = θ(B)(ε)

¤Y¥
α ¦-§¨©�»J±v¬	»9ª5§y°U­A±�«¶·U¦�·7¦¨§Z­A±U¯ ¥ «	¦-§ 
!¦C« ½ ±]»J¦-ªO­�± ? §C®�»9ªT¦ �p·U¦ θ(z) ´�±]½ ¦0¯FªO«¶¦F¿ZªO» © ¥ ¬¶» ¥ ¯ ¥ ©�º n ´n±�»J®]­0§ ¥ »Ê¦	� ¥ §¨©�¦ZªO«¶¦¯0®�«T§0©³±�«Y©�¦ C ©�¦C» »J¦ À ªT¦

∀t ∈ N |ρX(t)| ≤ Ctn−1αt

Ú�;qE	=C: 8 N @CB 6I� =CB2E<HI:T> 6 =C:TBG> rt4U6 >CK]Ú�;e>W\ SUBABGÙ 8 = N lW>&^`:<=ÊH×\ :T;<= 4 :(H�\ S]: 8 BG= N =u> rt4 ;TP 8G6J4 ;T> N \ S]: 8A4 P 4 BABG@CHkS 8G6J4 ;b=u> 8G6 DF@W=W>N @uP-B 4 �k8 >A:O��>ASUDZDF=W; 8��5698 = � =CB0> 0 [ = 8 ^7:m\ 6 HO;a\ =-x 6 > 8 =.ETS7> N =.B0SUP 6 ;<= 8 B 4 E(ETB 4 P z = N = 1
N S];Y>2HI=.E 4 H f ; � DZ= θ N :vD 4ON lCHI=



����� � � K � � �c: 8A4 P 4 BGBA@WH 4 hUB0S]DFDF=cSU>G> 4 P 6 @

��
nL��É^7:m\ 4 ;�E	=C: 8 SUH 4 BG>.@WHISUo 4 BA=WBWK
��� �`� 
U� 
 � �a  ¤ ® ¥ © X ªO«?¬	­A®u¯0¦¨§0§¨ª5§ C�� � � C�
 0, 1, 1 � ´�©³¦C» À ªT¦ X0 = 0 Á �M±�»J¯CªO»J¦C­ ρX(s, s + h) ´M¬¶ª ¥ §�¿*®�«T©×­A¦C­
lims→+∞ ρX(s, s+ h) = 1 Á
�/������� � � (:, �&0 .	���:��� � � �

3 :<E<E 4 > 4 ;T>�^`:<= x > 4U6J8 :<;<=(>A@CB 6 = 8 =CDFE 4 BA=WHJHI=(^`: 6 >A=yDZ= 8X8 =e> 4 :T>�HkS rt4 BADF= xt = fσ(t) + rt S � =uP fσ E	@CB 6J4ONO6 ^`:<=N =qEY@WB 6I4ON = n K��nH 4 B0> y = (I −Bn)(x)
� @WB 6 �T=
yt = xt − xt−n

= fσ(t) − fσ(t− n) + rt − rt−n

= rt − rt−n = r′′t

�n=qBG=W> 8 =yE<HI:T>nS]H 4 B0>�^`:a\ jZ@ 8 S]oTH 6 B�E 4 :<B y :<;RD 4ON lCHI= ��
cL��(K
{�|`}�~2�£�W�£�	~�� �n;RE<B 4 P-=u>A>A:T> X 8 =CHa^`:<= (I −Bn)(X) > 4U6J8 :T; �5
:�!L���=u> 8 SUE<EY=WHJ@y:<;RE<B 4 P-=u>A>A:T> � � � ¡ � � K


M;$E<B0S 8G6 ^`:<=7[ 4 ; �TH 8 BA=²:<;<=¼>X@WB 6 = x ETS]B (I − Bn) > 6 H×\ 4 ;$P 4 ;<;TS �I8 S¸E<B 6J4 B 6 H�\ =-x 6 > 8 =C;TPC= N \ :<;<=²EY@WB 6I4ONO6 P 698 @N =�E	@CB 6J4ON = n [ 4 :�> 6 HI=W> � S]HI=C:<B0> N = γ̂x SU:Ox 6 ;T> 8 SU; 8 > n [ 2n [ 3n [JKIKIK2> 4 ; 8 >X=W;T> 6 o<HI=CDF=W; 8 ; 4 ;¸;5:<Hk>W[ 4 : r S 6 oTHJ=WDZ=W; 8N @WPCB 476 >G>ASU; 8 =W>WK
�cS 8 :<BG=CHIHJ=WDZ=W; 8 [ 6 H�=W> 8 E 4 >G> 6 o<HI= N = N @WB 6I� =WBeE<HI:T> 6 =W:<BG> rt4U6 >WK � S rt4 BGDF=�h7@C;<@WBGSUHJ= N \ :<;�E<B 4 PC=W>G>X:T>bd 6 ; 8 @WhUBG@¨g�=W> 8NO4 ;TPyHkSF>X: 6J� S]; 8 = �

θ(B) ◦ (I −Bn1)d1 ◦ · · · ◦ (I −Bnk )dk(X) = φ(B)(ε)

� �5� � � �s� � ���
� 356 H×\ 4 ;�> 4 : z S 6J8 =yS �U4U6 BÊHI= N @ 8 S 6 H N =W> � S]B 6 S 8A6I4 ;T>_>AS 6 > 4 ;<; 6 lWBA=u>C[ 4 : 6 > 4 HI=CB.:<;<= 8 =W; N S];YP-=bhU@C;T@CB0S]HI=U[U:T;<= N @WP 4 DZ�E 4 > 698G6J4 ;
PCHIS7>A> 6 ^7:T=U[O: 8G6 H 6 >GS]; 8 HI=W>�D 4ON lCHI=W>�H 6 ;<@WS 6 BG=W> 4 :RHI=W>�D 4�f =W;<;<=u>_D 4 o 6 HI=W>W[<E	=C: 8 Ù 8 BG=yE<HJ:Y>nS N SUE 8 @W=UK
� � =W>��YH 8 BA=u> N : 8!f E	= (I − Bn) ;<=e> 4 ; 8 EYSU> 6 ; � =WBG> 6 oTHJ=u>CK 3O6 y = (I − Bn)(x) [sS]H 4 B0> 6 H2;m\ =u> 8 ETSU>cE 4 >A> 6 oTHJ= N =BG@WPCB 6 BA= x P 4 DFDZ= ψ(y) S � =WP ψ �TH 8 BG=yH 6 ;<@WS 6 BG=UK<L?S 6 > 4 ; NO6 >XE 4 >A= N \ :T;<= rt4 BGDe:<HI= N =yBA@uP-:<BGBG=C;TPC= �

yt = (I −Bn)(x)t ⇐⇒ xt = yt + xt−n

�³Hm>A:O� 8nNO4 ;YP N = NO6 >AE 4 >A=CB N = n � SUHJ=W:<B0>�P 4 ;Y>X@uP-: 8G6J� =W>.E 4 :<B�BG=WP 4 ;T> 8 BG: 6 BG=bHISF>A@CB 6 = 6 ; 698G6 SUHJ=7K



� �³HT;<= r SU: 8 EYSU>ÊSUo<:T>A=CB N =W> N @CB 6J� S 8G6J4 ;T>W[7^`: 6 P 4 ; N : 6 >A=C; 8 =W;T>A: 698 =cj N =u>M=WBABG=C:<B0> N =cE<BA@ �56 > 6J4 ; 6 DFE 4 B 8 S]; 8 =W>WK 
M;ETS]B 8A6 P-:<H 6 =CBu[ 4 ;R;<= N @WB 6I� =yETS7>�:<;RE<B 4 P-=W>G>A:T>�E 4 :<Bc> 6 DFE<HI=CDF=W; 8 HJ=qBG=WPC=C; 8 BG=CB � 4 ;RHJ: 6��]8 =qE<HI: 8��U8 >ASFD 4�f =C;<;<==CDFE 6 B 6 ^`:<= �-K � =�DFÙWDZ=7[ 6 H¶;<= r S]: 8 ETSU> 4 :<oTH 6 =CB�^`:<= N SU;T> I −Bn [ 6 H f S I −B �£P 4 DFE 4 >A@�S � =uP I +B+ · · ·+
Bn−1 �¨K � 6 ;T> 6 [U> 6 :<;FE<B 4 P-=W>G>A:T>&ETS]B0S �k8 S �U4U6 B�:<; 8 =W; N S];YP-=�S��*;<=�= 8 :<;<=n>GS 6 > 4 ;<;TS]H 6J8 @ N =�EY@WB 6I4ON = n []:<;<=n>A=C:THJ=N @CB 6J� S 8A6I4 ;�EYS]B I −Bn >A:O�*BGSZj*>X:TE<E<B 6 DF=CB�HkS*>AS 6 > 4 ;T;TS]H 698 @U[5= 8 jF>A=yBGSUDZ=W;<=CB�jF:<;T= 8 =C; N S];TPC=(P 4 ;Y> 8 S]; 8 =7K

� � =W>�ETB 4 P-=u>A>A:T>:�5
nL��([ ��
:�!L>��= 8�3 �5
:�!L�� � @CB 6 �T=W; 8.8G4 :T>n:<;<=q@W^`:TS 8A6I4 ; N : 8!f EY= φ∗(B)(X) = θ(B)(ε) [S � =WP φ∗(B) = 8 θ(B) �TH 8 BG=W>mH 6 ;<@WS 6 BG=W>��-D*S 6 >aHI= �TH 8 BG= φ∗(B) ;a\ =W> 826 ; � =CB0> 6 o<HI=M^`:<= N SU;T>aHI=_>A=C:TH7PCS7> N =u>aE<B 4 P-=u>A>A:T>
��
nL��eK � S N<6 > 8A6 ;TP 8G6J4 ;*=C; 8 BG=�P-=u> D 45N lCHI=W> =u> 8ÊNO4 ;TP 6 ; NO6 >XE	=C;T>GS]oTHJ=7K � 4U8A4 ;T> S]:T>G> 6 ^`:a\ :T;ZETB 4 P-=u>A>A:T> �5
:�!L��;a\ =u> 8 ETSU>�> 8 S 8G6J4 ;<;TS 6 BG=U[T= 8 ^`:<=vHIS rt4 ;TP 8G6J4 ; N \ S]: 8G4 P 4 BGBG@CHkS 8A6I4 ; N \ :<;QETB 4 P-=u>A>A:T>cE 4 >A>A@ N SU; 8 :<;<=ZP 4 DFE 4 >GS]; 8 =>AS 6 > 4 ;<; 6 lWBA=�;<= 8 =W; N
� =CB0> 0 =C;
H�\ 6 ;O�T; 6 � 8A4 : 8 =W>cP z<4 >A=W>.=CBGB 4 ;<@W=W>.E 4 :<B�:<;RE<B 4 P-=W>G>A:T>���
nL��eK

������� � K � ��� BGSUE z = N \ :<;<=qBG@WSUH 6 >AS 8A6I4 ; x = (xt, t ∈ {1, ..., 100}) N = Xt = εt − 0, 98Xt−1

� � �`� � � � �
� � �7� 
7��
 ���m  ¤ ® ¥ © X = (Xt, t ∈ N) ªO«b¬	­A®u¯0¦¨§0§¨ª5§c·�ªZ§C¦G¯0®]«	·e®]­A·�­G¦n½�º-­ ¥ ¾.±�«Y©2»J¦c¿*®W·
�-»J¦ ¤ C�� � � C 
 E ´ E ´ E � 
���´ E ´�� � 4§¨ª ¥ ½ ±]«T©�


∀t ≥ 6, (I −B)(I −B4)(I + φB)(X)t = (I + θB)(ε)t

±�½�¦0¯ |φ|, |θ| < 1 ´_¦-© ε ? ­¨ª ¥ © ? »J±]«	¯uÁE Á �vºC©�¦C­¨¿ ¥ «	¦C­bªO«¶¦eº À ªT±�© ¥ ®�«¼·7¦(­GºG¯CªO­¨­A¦C«	¯0¦q½�ºC­ ¥ ¾_º0¦�¬T±�­e»J±nµ-®]«	¯C© ¥ ®]«²¿*®BAU¦C«T«¶¦v·]ªe¬¶­A®u¯G¦-§0§¨ª5§ X ÁF Á 
.«²·Uº0·]ª ¥ ­A¦v»J¦(© AG¬T¦v·7¦q§CºC­ ¥ ¦¨§ À ªT¦(»X¹ ®]«*¬T¦-ªO©.¿*®W·7º-» ¥ §C¦C­v±�½�¦0¯v¯0¦�¬	­A®u¯0¦¨§0§¨ª5§CÁJ Á � � ¿*¦¨§ À ªT¦¨§¨© ¥ ®�«<§(¦C«Q§¨ªu¬U¬T® §C±�«Y©�¯0¦C©�©³¦Mµ-® ¥ § À ªT¦ X ¦-§0©�·U¦e¿F®u· �C»J¦ ¤ C�� � � C 
 E ´�� ´ E � 
���´ F ´�� � 4 

(I −B4)2(I + φB)(X)t = (I + θB)(ε)t


 �! m m ��#�1 �*+-Âm+-'eÆ
�/������� �@� � 8��	,�!#9 �'! (+*70)!)* �D$ ! 8'.��I9;$ � � �	* �	8'$ 0

3547698
x = (xt, t ∈ T ) :T;<=v>A@CB 6 = 8 =CDFE 4 BG=CHIHJ=Z^7:m\ 4 ;pD 4ON @WH 6 >A=(ETS]B�:<;QE<B 4 P-=u>A>A:T> X = (Xt, t ∈ S) S � =WP T ⊂ S [= 8nN =qH 4U6 ETSUBGSUDFl 8 BG@C=bETSUB β ∈ Rk K 3547698 s ∈ S \ T :<; 6 ; NO6 PC= N = 8 =WDZEY>�E 4 :<B�HJ=u^`:<=CH 4 ;�;<=qE 4 >G>Xl N =bETSU> N =yBG=CHI= � @UK



����� � � K � � �c: 8A4 P 4 BABG@CH 4 h7BGSUDFDZ= N = x

wMBA@ NO6 BA= Xs [TPU\ =u> 8nN @ 8 =CBGD 6 ;T=CBn:<;T= � SUB 6 S]oTHJ=yS]HI@WS 8A4U6 BG= rt4 ;TP 8G6J4 ; N = (Xt, t ∈ T ) HkSFE<HI:T>�E<B 4 P z =�E 4 >G> 6 o<HI= N = Xs K 3O6H�\ 4 ;QDF=u>X:<BG=eHkS N<6 > 8 SU;TP-=v=C; 8 BG= N =W:Ox � S]B 6 SUo<HJ=u>�ETSUB�HkS�; 4 BADF= zT6 HIoY=WB 8G6 =W;<;<=7[¶SUH 4 BG>cHJ=vDF= 6 HJHI=C:<BbE<BG@ NO6 P 8 =C:<ByS]:Q>A=C;Y>N =W>�D 476 ; N BA=u>.PWS]BGBA@u>.=W> 8
P⊥

L2(Xt,t∈T )(Xs) = E [Xs|Xt, t ∈ T ]

�_= 8X8 = rt4 ;YP 8A6I4 ;V;m\ =u> 8 ETS7>*=C;Vh7@C;<@WBGSUHnPCSUHIPC:<HISUo<HI= ��>ASU: r(N S];Y>*HJ=²PCSU>Fh`S]:T>G> 6 =W; �¨[M= 8 H×\ 4 ;ØETBA@ r lCBG=Q>X=pH 6 D 6J8 =WB�S]:Oxrt4 ;TP 8A6I4 ;T>bS��*;<=u> N = (Xt, t ∈ T ) KsÚ�;QEYS]BGHJ=eSUH 4 BG> N =eDF= 6 HIHJ=W:<BcETBA@ NO6 P 8 =W:<BbS]�*;<=vSU:Q>X=W;T> N =W>�D 476 ; N BA=u>cPWS]BGBA@u>CK'�³H>C\ S]h 698nN =
X̌T (s) = P⊥

V 2(1,Xt,t∈T )(Xs) = a0(s, β) +
∑

t∈T

at(s, β)Xt


nS]E<E	=CH 4 ;Y>_^`:<= N S];T>_HI=bPWSU> N \ :<;�E<B 4 PC=W>G>X:Y>Mh7SU:T>G> 6 =C; 4 ;�S(H×\ @Wh7SUH 6J8 @�=C; 8 BG= P⊥
V 2(1,Xt,t∈T )(Xs) = 8 P⊥

L2(Xt,t∈T )(Xs) K� =W>�P 4 =-��P 6 =C; 8 > ai > 4 ; 8 PCSUBGS7P 8 @WB 6 >A@W>_ETS]B�HI=(> f > 8 lWDZ= N \ @W^`:TS 8A6I4 ;T>
a0(s, β) +

∑

t∈T

at(s, β)E[Xt] = E[Xs]

∑

t∈T

at(s, β) P 4�� (Xt, Xu) = P 4�� (Xs, Xu) ∀u ∈ T

� =FE<B 4 o<HIlCDF=Z@ �56IN =C; 8 =W> 8 ^`:<=FHkS � SUB 6 S]o<HI=FS]HI@WS 8G4U6 BA= P⊥
V 2(1,Xt,t∈T )(Xs)

N @CE	=C; N N :¼ETS]B0S]DFl 8 BG= β =C;¼hU@W;<@CB0S]H 6 ;<�
P 4 ;T;`:m[]^7:m\ 4 ;v=u> 8MNO4 ;TP_SUDF=C;<@�jbBA=WDFE<HIS7P-=WB2ETSUBM> 4 ;e=u> 8G6 D*S 8 =C:<B β̂ = β̂ (Xt, t ∈ T ) K7Ú�; 4 o 8A6 =C; 8 S 6 ;T> 6 HJ=�E<BG@ N<6 P 8 =C:TB

X̂T (s) = a0(s, β̂) +
∑

t∈T

at(s, β̂)Xt

� \ =CBGBA=W:<B�^7:YS N B0S 8G6 ^`:<=qP 4 DFD 6 >A= � SU: 8 S]H 4 B0>
‖XT (s) − X̂T (s)‖2 ≤ ‖Xs − X̌T (s)‖2 + ‖X̌T (s) − X̂T (s)‖2� =FE<BG=CD 6 =WB 8 =CBGDF= ‖Xs − X̌T (s)‖2 P 4 BGBA=u>XE 4 ; N j�H×\ =CBGBA=W:<B N =FE<BA@ NO6 P 8A6I4 ;¼E<:<BG=U[¶HI=*>X=uP 4 ; N ‖X̌T (s) − X̂T (s)‖2 jH�\ =CBGBA=W:<B N \ =u> 8G6 D*S 8A6I4 ;aK �³H�=W> 8FN<6 ��P 6 HI= N =
PWS]HkP-:<HI=CBZ=-x<SUP 8 =WDZ=W; 8 H×\ =WBABG=C:<B 8A4U8 SUHJ=7[&; 6 DFÙWDZ=
H×\ =WBABG=C:<B N \ =W> 8A6 D*S 8A6I4 ;m[>ASU: r&N SU;T>.HJ=qPWSU> N =W>.D 4ON lCHI=W>.H 6 ;T@WS 6 BG=W>WK � \ =WBABG=C:TB N =yE<BG@ N<6 P 8A6I4 ;�ET:<BA=y=u> 8 =C;
BA= � S];TP z =bE<HI:T>�> 6 DFE<HI=yj N @ 8 =CBGD 6 ;T=CBuK��\ =u> 8 S]:T>G> 6 =C;Qh7@C;<@WBGSUHmHI= 8 =CBGDZ= NO4 D 6 ;TS]; 8 � =C;?= � = 8 [¶HI=W> NO6 � @CBG=C; 8 >cBG@W>A:<H 8 S 8 > N =ZP 4 ; � =CBGhU=W;TP-=qD 4 ; 8 BA=W; 8 HJ=vE<HJ:Y>> 4 : � =W; 8 ^`:<= ‖β− β̂‖2 =u> 8ÊN =�H×\ 4 B N BA= N = 1/

√
#T [ NO4 ; 8M6 HT>A: 6J8 []ETSUBÊP 4 ; 8A6 ;`: 698 @U[U^`:a\ 6 HT=C;F=W> 8ÊN =�DFÙCDF=nE 4 :<B H×\ =CBGBA=W:<BN \ =u> 8G6 D*S 8A6I4 ;aK	� 4 DFDZ=y; 4 :T>�HI= � =CBGB 4 ;T>W[ 6 Hs;a\ =C;R=u> 8 ETS7> N =qDFÙCDF=qE 4 :<B�H×\ =WBABG=C:TB N =qE<BA@ NO6 P 8A6I4 ;
E<:<BG=U[Y^7:T= N S];T>�HkSE<BGS 8A6 ^`:<= 4 ;
=W> 8 S]DF=C;<@qjFP 4 ; rt4 ; N BA=qS � =WP�H�\ =CBGBA=W:<B 8A4U8 S]HI=(P 4 DFD 6 >A=UK



� ��� � � K Û � � B0S]E z = N = y = (1 −B)(x)

�/������� ��� � 8��	,�!#9 �'! (+* 6 (+4/8 4�* 658'(:9;.	����4�� ���	� �

3547698
x = (x1, . . . , xN ) :<;<=n>A@CB 6 = 8 =WDFE 4 BA=WHJHI=�^7:m\ 4 ;vE	=C;T>A=�Ù 8 BA=.:<;<=�BG@WSUH 6 >GS 8A6I4 ; N \ :T;ZETB 4 P-=u>A>A:T> X ��
nL�� � p, q �� @WB 6 �YSU; 8 HkSFBA=WE<BA@u>X=W; 8 S 8G6J4 ;�PCSU:T>GS]HI=b= 8�6 ; � =WBG> 6 o<HJ= φ(B)(X) = θ(B)(ε) S � =WP ε o<BG: 6J8 o<HkS];TP N = � S]B 6 S];TPC= σ2 K

� �5� � � �s� �	  Ú�;¸>A:<E<E 4 >A=CB0S N S];T> 8A4 : 8 =*HkSp>X: 6J8 =�HJ=u>qE<B 4 PC=W>G>X:Y> ��
nL�� P-=C; 8 BA@u>CK 
M;�P 4 ;T>A@W^`:<=W;TP-=7[ 4 ; E 4 :<BGBGSBG=CDFE<HkSUP-=WB�HJ=u>�=W>AETSUPC=W> V 2(1, X1, . . .) ETSUB V 2(X1, . . .) K
Ú�;
E 4 >X=qP 4 DFDZ=qjFH×\ 4 B N<6 ;TS 6 BG=

ε̃t = Xt − P⊥
V2(X1,...,Xt)

(Xt)

= Xt +

t−1
∑

u=1

ηt,uXt−u

Xt = ε̃t +

t−1
∑

u=1

ψt,uε̃t−u

θ(z)

φ(z)
= 1 +

∑

u≥1

ψuz
u


 8�4 ;�; 4]8 = p̂ [ q̂ [ φ̂ [ θ̂ [ σ̂2 [ ψ̂u [ ψ̂t,u = 8 η̂t,u HI=W>_=W> 8A6 D*S 8 =W:<B0> N =u> NO6�� @CBG=C; 8 >_ETS]B0S]DFl 8 BG=W> N :�E<B 4 PC=W>G>X:T>WK5Ú�;�> 4 : z S 6J8 =P 4 ;T> 8 BG: 6 BG=Z:<;²ETBA@ NO6 P 8 =W:<B N = XN+h [aS � =WP h ≥ 1 [a^`:a\ 4 ;¼; 4U8 =CB0S X̌N(h) �tE<HI: 8 �]8 ^`:<= X̌{1,...,N}(N + h) P 4 DFDF=



������� � K � � �n: 8G4 P 4 BGBA@WH 4 hUB0S]DFDF= N = y

E<BA@uP-@ N =CDFDF=C; 8 �-K	� 4 DFDF=yHJ=qETB 4 P-=u>A>A:T>.=W> 8 P-=W; 8 BG@U[ 4 ;RS
X̌N (h) = P⊥

V 2(1,X1,...,XN )(XN+h)

= P⊥
V 2(X1,...,XN )(XN+h)

= P⊥
V 2(ε̃1,...,ε̃N )(XN+h)

= P⊥
V 2(ε̃1,...,ε̃N )

(

ε̃N+h +

N+h−1
∑

u=1

ψN+h,uε̃N+h−u

)

=

N+h−1
∑

u=h

ψN+h,uε̃N+h−u

=
N+h−1
∑

u=h

ψN+h,u

(

XN+h−u +
N+h−u−1
∑

v=1

ηN+h−u,vXN+h−u−v

)

=

N−1
∑

t=0

XN−t

(

ψN+h,t +

t−1
∑

s=0

ψN+h,s+hηN−s,t−s

)

Ú�;
=W; N @ N : 6J8 HI=qE<BA@ NO6 P 8 =W:<B�H 6 ;<@uS 6 BA=
X̂N (h) =

N−1
∑

t=0

XN−t

(

ψ̂N+h,t +

t−1
∑

s=0

ψ̂N+h,s+hη̂N−s,t−s

)

� \ =CBGBA=W:<B N =qE<BG@ NO6 P 8G6J4 ; � S]: 8

‖XN+h − X̌N (h)‖2
2 = ‖ε̃N+h +

h−1
∑

u=1

ψN+h,uε̃N+h−u‖2
2

= σ2

(

δN+h +

h−1
∑

u=1

ψ2
N+h,uδN+h−u

)

≈ σ2

(

1 +

h−1
∑

u=1

ψ2
u

)



��H�\ S 6kN = N =yH×\ 6 ;<@Ch`S]H 698 @ N =�= 6 =C;�� f DF@-� �&P z =Co 6 P z = � [ 4 :�=W;
>A:<E<E 4 >GS]; 8 ^7:T=bHI=yE<B 4 PC=W>G>X:Y>.> 4U6J8 h7S]:Y>A> 6 =W;a[ 4 ;
EY=W: 8N @ N : 6 BA= N =(PC=yPWS]HkP-:<H N \ =WBABG=C:TB.:T; 6 ; 8 =WB � S]HIHI= N =bETBA@ �`6 > 6J4 ; ��S]E<E<B 4 x 6 D*S 8A6Jr �_E 4 :<B XN+h K
� �5� � � �s� � ���

� � \ =CBGBA=W:<B N =*E<BA@ NO6 P 8A6I4 ;¼=W> 8q8A4 : � 4 :TBG>y>A:<EY@WB 6 =C:TBA=*j σ2 �£P 4 ; 8 B0S 6 BA=WDF=C; 8 SU:Ox?=WBABG=C:<B0> N \ =W> 8A6 DFS 8A6I4 ;¸^`:<=FH�\ 4 ;EY=W: 8�r S 6 BA=nd 8 =W; N BG=¨g � =CB0> 0 > 6 HI=y; 4 Dvo<BA= N \ 4 oY>X=WB � S 8G6J4 ;T> 8 =W; N
� =CB0>.H�\ 6 ;O�T; 6 �¨K
� limh→+∞ ‖XN+h − X̌N(h)‖2 = γX(0) K

� � �7� 
7��
 � �m  ¤ ® ¥ © X ªO« � C�
 q �UÁ � ®�«T©×­A¦C­ À ªT¦ X̌N (h) = P⊥
V 2(X1,...,XN )(XN+h) = 0 § ¥ h > q Á

� � �7� 
7��
 ���s  ¤ ® ¥ © X ªO«F¬	­G®W¯0¦-§G§¨ª5§(±�ªO©³®�­Aº�°U­A¦-§G§ ¥ µe·m¹ ®�­A·]­A¦ p ´M½�º-­t¾.±�«T©
∀t ∈ Z, Xt + φ1Xt−1 + · · · + φpXt−p = εt

±�½�¦0¯ ε ? ­¨ª ¥ © ? »J±�«¶¯R·a¹ ¥ «T«¶®�½�±�© ¥ ®�«¶Á 	�«¸§¨ªu¬U¬T® §C¦
¯G®]«T«Yª5§ (X1, . . . , XN ) Á � ®]«T©×­A¦C­ À ªT¦ X̌N(1) = φ1Xt−1 − · · · −
φpXt−p Á
� � �7� 
7��
 � �a  ¤ ® ¥ © X ªO« C���
 1 � ´�½ ºC­ ¥ ¾_±]«T© Xt + φXt−1 = εt ±�½�¦0¯ ε ? ­¨ª ¥ © ? »J±�«¶¯R·a¹ ¥ «T«¶®�½�±�© ¥ ®�«$± §0§C®u¯ ¥ º�� X Á� ®�«Y©�­A¦C­ À ªT¦ X̌N (h) = (−φ)hXN

À ªT¦C» À ªT¦q§C® ¥ © h ≥ 0 Á �M±�»J¯CªO»J¦C­(»X¹ ¦C­¨­A¦-ªO­e·7¦�¬¶­Aº0· ¥ ¯C© ¥ ®]«	Á
� � �7� 
7��
 � �s  ¤ ® ¥ © X ªO«F¬	­G®W¯0¦-§G§¨ª5§ µ-± ¥@? »J¦C¿F¦C«T©.§¨©�±]© ¥ ®]«T«¶± ¥ ­A¦F·U¦e© AG¬<¦ � C�
 E � ´M½�º-­ ¥ ¾.±�«T© 


Xt = εt + 0, 6εt−1 ∀t ∈ Z

±�½�¦0¯ ε ? ­¨ª ¥ © ? »I±�«	¯(µ-± ¥@? »J¦?·7¦R½ ±]­ ¥ ±�«¶¯G¦ E Á 	.«$·7º£¾Ê« ¥ ©�´��¼»X¹ ± ¥ ·U¦?·7¦R»X¹ ±]» °7®]­ ¥ © HO¿F¦¼·U¦-§ ¥ «Y«	®]½ ±]© ¥ ®]«<§0´b»I¦¨§
½ ±]­ ¥ ± ? »J¦¨§±�»IºG±]©�® ¥ ­A¦-§ ε̃t ¦C©Ê»J¦-§e¯0®W¦ �Ø¯ ¥ ¦C«T©�§ (θn,t)0≤n<t ©�¦C» § À ªT¦
ε̃t = Xt − P⊥

V 2(X1,...,Xt−1)
(Xt)

Xt =

t−1
∑

n=0

θn,tε̃t−n

E Á �.ªT¦(½ ±]ªO© θ0,t
� �.ªT¦(½ ±]»J¦C«T© θn,t ¬T®�ªO­ n ≥ 2

� ��ªT¦-» »J¦Z¦-§0©_»J±�» ¥ ¿ ¥ ©³¦Z·U¦ θ1,t ´ À ªT±�«¶· t ©�¦C«	·�½ ¦C­0§q»X¹ ¥ «W¾Ê« ¥ �F Á �vºC©�¦C­¨¿ ¥ «	¦C­Z¦C«Fµ-®]«	¯C© ¥ ®]«�·U¦ ε̃ ¦C©c·U¦ θ1,t »I¦¨§�¬¶­Aº0· ¥ ¯C©�¦CªO­0§v» ¥ «	º0± ¥ ­A¦-§ X̌N (h) = P⊥
V 2(X1,...,XN )(XN+h) ´n± ¥ «T§ ¥À ªT¦(»J±*½�±�­ ¥ ±]«	¯0¦F·U¦-§v¦-­¨­A¦CªO­0§(·U¦�¬	­Aº0· ¥ ¯C© ¥ ®�«	Á 
.«²·7®�«T«¶¦-­qªO«¶¦v±0¬U¬¶­A®�� ¥ ¿*±�© ¥ ®�«�¬<®]ªO­ N °]­A±]«	·7Á

�/������� � � �>8��	,5!)9 �'! ( *-6 (+4�8 45* 6�8'(:9;.	����4���� ��� ����� �	� � �
� =u>�E<B 4 P-=W>G>A:T> 3 ��
/�!L�� @ 8 S]; 8�N @-�T; 6 >nH 6 ;<@WS 6 BG=CDF=C; 8 j*EYS]B 8A6 B N =W>cE<B 4 PC=W>G>X:T>���
nL��e[ 6 Hm=u> 8nr S7P 6 HJ= N = N @ N : 6 BA=N :�ETS]B0S]h7BGSUE z =nE<BG@WPC@ N =W; 8�N =u> rt4 BGDe:<HI=W> N =yPCS]HkP-:TH N =�E<BG@ N<6 P 8 =C:TBG>.= 8�N \ =CBGBA=W:<B0> N =bE<BG@ NO6 P 8G6J4 ;aK5w S]B.=-xO=CDFE<HI=U[O> 6 X=W> 8 :<; ��
:�!L>� � p, 1, q �¨[	S]: 8 BA=WDZ=W; 8�N<698 > 6 (I −B)(X) = Y S � =WP X �5
nL�� � p, q �¨[YSUH 4 BG>�^`:<=WHm^`:<=q> 47698 t > 0 [

Xt = X0 + Y1 + · · · + Yt.


M; >X:TE<E 4 >ASU; 8 X0
4 B 8Az<4 h 4 ;TS]H.j V 2(Yt, t ≥ 1) �£E<HI:T>FhU@W;<@CB0S]HI=CDF=C; 8 [ 4 ;�=u> 8Z8A4 : � 4 :<B0> 4 o<H 6 hU@ N =RBGS�� 4 : 8 =CBZ:<;<=z5f E 4U8Az lu>X= N : 8!f E	= V 2(Xs, s ≥ 0)⊥V 2(Yt, t ≥ 1) H 4 BG> N =*H×\ @ 8 : N = N \ :<; E<B 4 PC=W>G>X:Y> � 3 �)��
:�!L�� �¨[ 4 ; =C; N @ N : 6J8^`:<=yE 4 :<B 8G4 : 8 h > 0

P⊥
V 2(X0,...,XN )(XN+h) = P⊥

V 2(X0,Y1,...,YN ) (X0 + Y1 + · · · + YN+h)

= X0 + Y1 + · · · + YN + Y̌N (1) + · · · + Y̌N (h)

Ú�;
=W> 8 S 6 ;T> 6 B0S]DF=W;<@qS]:Ox�ETB 4 o<HJlWDF=W> N =yE<BG@ NO6 P 8G6J4 ;�E 4 :TBn:<; ��
nL��eKLQS 6 > 6 Hy=W> 8�6 ; 8 @WBA=u>ASU; 8
N =²; 4]8 =WB�^`:a\ 4 ; N<6 >AE 4 >X=²=C; r S 6J8 [ 8 S]; 8 E 4 :<B�HI=W>�E<B 4 P-=W>G>A:T> �5
nL�� ^7:m\ �5
:�!L���= 83 �5
:�!L��([ N = rt4 BGDe:<HI=W> N =qBA@uP-:<BGBA=W;TP-=b^`: 6 > 6 DFE<H 6 �Y=C; 8 ;<= 8A8 =WDZ=W; 8 P-=W>�PWS]HkP-:<Hk>WK



3 :<E<E 4 > 4 ;T>�^`:<= X > 47698 :<; � 3 � �5
 �����XL��([ � @WB 6 �YS]; 8
(I −B)d ◦ (1 −BT1)D1 ◦ · · · ◦ (I −BTn)Dn ◦ φ(B)(X) = θ(B)(ε)

S � =WP ε o<BG: 6J8 o<HkS];TP N = � S]B 6 S];TPC= σ2
ε K<Ú�;*; 4]8 =CB0SyE<HJ:Y>_> 6 DFE<HI=CDF=W; 8 φ∗(z) = (1− z)d(1− zT1)D1 ...(1− zTn)Dnφ(z) �N \ 4
� H×\ @uP-B 698 :<BG= φ∗(B)(X) = θ(B)(ε) K 3547698 p∗ HJ= N =Ch7BA@ N :�E 4 H f ; � DF= φ∗(z) [ q PC=CHI: 6qN = θ(z) KcÚ�;�>X:TE<E 4 >X=

N > max(p∗, q) [<= 8n4 ;p> 4 : z S 6J8 =yPCSUHIPC:<HI=CB�HI=qE<BA@ NO6 P 8 =W:<B X̌N(h) KÚ�;�E 4 >A=
Yt =

{

Xt > 6 t ≤ max(p∗, q)
φ∗(B)(X)t > 6 t > max(p∗, q)

� K ��:<=WHa^`:<=(> 47698 t > 0 [ Xt − P⊥
V 2(X1,...,Xt−1)

(Xt) = Yt − P⊥
V 2(Y1,...,Yt−1)

(Yt) = ε̃t K� K ��:<=WHa^`:<=(> 47698 t > max(p∗, q) [ Yt =
∑q

j=0 θt,j ε̃t−j K
Ú�;
=W; N @ N : 6J8 ^`:<=qE 4 :<B 8G4 : 8 N + h > max(p∗, q) [

XN+h = −φ∗1XN+h−1 − · · · − φ∗p∗XN+h−p∗ +

q
∑

j=0

θN+h,j ε̃N+h−j

X̌N (h) = −φ∗1X̌N (h− 1) − · · · − φ∗p∗X̌N (h− p∗) +

q
∑

j=h

θN+h,j ε̃N+h−j > 6 h ≤ q

= −φ∗1X̌N (h− 1) − · · · − φ∗p∗X̌N (h− p∗) > 6 h > q

� \ 4 � :<;pPCSUHIPC:<HsETSUB�BA@uP-:<BGBA=W;TP-= N :RDF= 6 HJHI=C:TB�E<BA@ NO6 P 8 =W:<B�H 6 ;<@uS 6 BA=7K
�m�	~�
U�W�£�	~ � � � � | �a�@�u�£�	~ � SF>A: 698 = (X̌N (h))h>q

� @CB 6 �Y=bHkSZBA=WHIS 8A6I4 ; N =yBA@uP-:<BGBG=C;TPC=
X̌N (h) + φ∗1X̌N (h− 1) + · · · + φ∗p∗X̌N(h− p∗) = 0

^7: 6 S N DF= 8 P 4 DFDF=yE 4 H f ; � DF=yPWS]B0SUP 8 @CB 6 > 8G6 ^`:<=
zp∗

+ φ∗1z
p∗−1 + · · · + φ∗p∗(= zp∗

φ∗(1/z))

� =W>ÊBGS7P 6 ;<=W> N =cP-=nE 4 H f ; � DF=n> 4 ; 8 1/α1 [JKIKIKJ[ 1/αn S � =uP (αi) HI=W>ÊBGS7P 6 ;<=W> N = φ∗(z) K 35476 =W; 8 d1, ..., dn HJ=u> De:TH 8G6 E<H 6 P 6J8 @W>BA=u>XE	=WP 8A6I� =W> N =bP-=W>_B0SUP 6 ;<=u>CK��nH 4 B0> 6 H	=-x 6 > 8 = P1, ..., Pn [`E 4 H f ; � DF=W> N = N =Ch7BA@u>MBG=W>AEY=uP 8A6Jr > d1 − 1, ..., dn − 1
8 =WHI>�^`:<=U[E 4 :<B 8A4 : 8 h > q [

X̌N (h) =
P1(h)

αh
1

+ · · · + Pn(h)

αh
n� =W> � S]HI=C:<B0> 6 ; 6J8A6 S]HI=W> X̌N (q), ..., X̌N (q− p+1) ^`: 6 E	=CBGDF= 8A8 =C; 8�N = N @ 8 =WBAD 6 ;<=CB P1, ..., Pn [`> 4 ; 8 SUE<E	=CHI@C=W> �'��� � � � ��&���Y�Y� ��� � � K

� � ��� � � � � � � | �a���W���Y~ � 4]8G4 ;T> ďN+h = XN+h − X̌N (h) K	Ú�;pSvHkS rt4 BGDe:<HI= N =qBG@WP-:TBABG=C;TPC=

ďN+h + φ∗1ďN+h−1 + · · · + φ∗p∗ ďN+h−p∗ =

q∧h−1
∑

j=0

θN+h,j ε̃N+h−j


 xO=CDFE<HI=W> �
ďN+1 = ε̃N+1

ďN+2 = ε̃N+2 + (φ∗1 + θN+2,1)ε̃N+1

w�SUB�BA@uP-:<BGBG=C;TPC=U[ 4 ;
D 4 ; 8 BG=qS 6 ;T> 6 ^`:a\ 6 Ha=-x 6 > 8 = N =W>nP 4 =C��P 6 =C; 8 > ζh,i
8 =CHk>n^`:<=

ďN+h =

h
∑

i=1

ζh,iε̃N+i



� \ =CBGBG=C:<B N =qE<BG@ �56 > 6I4 ;�=W> 8cNO4 ;YP�@Wh7SUHJ=yj
‖XN+h − X̌N (h)‖2

2 = E[ď2
N+h] = σ2

ε

h
∑

i=1

ζ2
h,iδN+i

� =qPWS]HkP-:<H N =W>�P 4 =C�*P 6 =W; 8 > ζh,i >W\ = � =uP 8 :T=qhUB0iUP-=yjZHIS rt4 BADv:<HJ= N =qBG@WPC:<BGBA=W;TP-=
ζh,i = −φ∗1ζh−1,i − · · · − φ∗p∗ζh−p∗,i + θN+h,h−i

S � =uP ζk,i = 0 > 6 k < i K
� � �7� 
7��
 ���a  ¤ ® ¥ © X »J¦�¬	­A®u¯0¦¨§0§¨ª5§5C�� � � C 
 F ´ E ´�� ��½ ºC­ ¥ ¾_±]«T©

∀t ≥ 0, (1 −B) ◦ (I − 0, 4B − 0, 05B2)(X)t = εt

±�½�¦0¯ ε ? ­¨ª ¥ © ? »I±�«	¯uÁ 	�«R§¨ªu¬U¬T® §C¦v¯0®]«T«Tª5§ (X1, . . . , XN) Á �Zº-©³¦-­¨¿ ¥ «	¦C­b»J±nµ-®]«	¯C© ¥ ®]«¼·U¦�¬	­AºC½ ¥ § ¥ ®]« X̌N+. ´Ê¦-©�¯G±]»J¯CªO»J¦-­»X¹ ¦C­¨­A¦CªO­e·U¦�¬	­Aº0· ¥ ¯C© ¥ ®�«	Á
� � �7� 
7��
 ���a  ¤ ® ¥ © X = (Xt, t ∈ Z) ªO«F¬¶­A®W¯0¦-§0§0ª5§�C�� � � C�
 E ´ E ´ E ��½�ºC­ ¥ ¾_±�«Y©

(I −B)(I − 0, 5B)(X)t = (I − 0, 8B)(ε)t

±�½�¦0¯ ε ? ­¨ª ¥ © ? »J±�«¶¯v·7¦(½�±�­ ¥ ±]«	¯0¦ σ2
ε = 0, 25 Á�	�«p§¨ªu¬U¬T® §C¦ À ªT¦ XN = 12 ¦-© À ªT¦ X̌N+1 = P⊥

V 2(X1,...,XN )(XN+1) =

10 Á�	.«�§¨ªu¬U¬T® §C¦y±�ª5§0§ ¥ N °U­A±]«	·UÁ �v®]«T«¶¦-­nªO« ¥ «T©³¦-­¨½�±�» »I¦q·U¦Ê¬	­Gº-½ ¥ § ¥ ®�« �������É·7¦ XN+2 ´&¦C«�§¨ªu¬7¬<®�§-±]«T© X1, . . . , XN¯0®�«Y«Tª5§CÁ
� � �7� 
7��
 � ¢�	m  ¤ ® ¥ © X ªO«�¬	­A®u¯0¦¨§0§¨ª5§ C�� � � C�
�� ´ F ´ E �UÁ��ZºC©�¦C­¨¿ ¥ «¶¦-­?»J±�µ-®]«	¯C© ¥ ®]« ·U¦�¬	­AºC½ ¥ § ¥ ®]« X̌N+. ¦C«�¬¶­Aº �¯ ¥ §-±]«T©q»J¦-§�½�±�»J¦CªO­0§q¬ ¥ ½ �]©�±]»J¦¨§0´e®�
�»X¹ ®�« §¨ªu¬U¬T® §C¦p¯0®�«Y«Tª5§ X1, . . . , XN Á��Z®�«T«¶¦-­�»X¹ ¦ �-¬¶­A¦¨§0§ ¥ ®�«Qµ-®]­¨¿F¦C» »J¦Q·7¦
»X¹ ¦C­¨­A¦-ªO­·U¦(¬¶­Aº-½ ¥ § ¥ ®�«T´M¬	ª ¥ §F§C®�« ±G¬7¬	­A® � ¥ ¿*±�© ¥ ®�«$¦	�-¬	» ¥ ¯ ¥ ©�¦R¦C«�§¨ªu¬U¬T® §C±]«T© N °]­G±�«	·7Á ��� ¿*¦-§ À ªT¦-§¨© ¥ ®]«<§�±�½�¦0¯�ªO«p¬	­A®u¯0¦¨§0§¨ª5§
C�� � � C�
 E ´ E ´�� ��®]ª ¤ C�� � � C (0, 1, 0)(0, 1, 0)4 Á
�/������� �
� �>8�� �/!#� !)(+*-$ 658 �	� 45*/. ��8'$ *���� ( 8�"%$��'! (+* 0 (�� $ 8�! � ��" ! � 4�.

3547698
X :<;�ETB 4 P-=u>A>A:T> 8 =CHq^`:<= Y = lnX > 47698 :<; � 3 � �5
 �����XL��(Kb� 4 ;<;TS 6 >G>ASU; 8 X1, ..., XN [ 4 ;�P z =CB0P z =?jN @ 8 =CBGD 6 ;T=CB�HI=qDZ= 6 HIHI=C:<B�E<BG@ N<6 P 8 =C:TBWKYÚ�; r S 6J8 H�\ z5f E 4U8Az lu>X=(^`:<= Y =W> 8 h7SU:T>A> 6 =C;aK��nH 4 B0>

X̌N(h) = E[XN+h|X1, ..., XN ]
= E[exp(YN+h)|Y1, ..., YN ]
= E

[

exp
(

Y̌N (h) + (YN+h − Y̌N (h))
)

|Y1, ..., YN

]

= exp(Y̌N (h))E[exp(YN+h − Y̌N (h))]
= exp(Y̌N (h)) exp

(

1
2E[(YN+h − Y̌N (h))2]

)

�n;pPWS]HkP-:<Ha> 6 D 6 HIS 6 BG= NO4 ;T;<=yE 4 :<BnH×\ =WBABG=C:<B N =yE<BG@ �56 > 6I4 ;
E
[

(XN+h − X̌N (h))2
]

= E[X2
N+h]

(

1 − exp(−E[(YN+h − Y̌N (h))2])
)
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3 :<ETE 4 > 4 ;T>n^`:a\ 4 ;QP z =WBGP z =(jFD 4ON @WH 6 >X=WB x = (x1, . . . , xN ) EYS]Bn:<; ��
 � � � N @uP-=W; 8 BA@ (1 + φB)(X − µ) = ε K 356
x =W> 8 = � =uP 8A6I� =WDF=C; 8 :<;T=vBG@WSUH 6 >AS 8A6I4 ; N \ :<;²E<B 4 PC=W>G>X:T>I��
 � � ��S � =uP |φ| < 1 [sSUH 4 BG>cHJ=u>c=u> 8G6 D*S 8 =C:<B0>�E<BA@uP-@ N =CDFDF=C; 8� :T>y> 4 ; 8 S7> f DFE 8A476 ^`:<=WDF=C; 8yN =W>yh7SU:T>G> 6 =C;<;T=W> N =vD 4�f =C;<;<= φ = 8qN = � SUB 6 S];TPC=eE<B 4 E 4 B 8A6I4 ;T;<=CHIHJ=Zj 1/N K 3 \ 6 HM>C\ S]h 698=C;¸BG@WSUH 6J8 @ N \ :<;¸ETB 4 P-=u>A>A:T> 6 ; 8 @Ch7BA@7[mP]\ =W> 8 �³j�� NO6 BA=*> 6 φ = −1 [mSUH 4 BG>qPC=*BA@u>X:TH 8 S 8 SU> f DFE 8A4U8A6 ^7:T=*;a\ =u> 8 E<HJ:Y> � BGS 6 K	�³HP 4 ; �`6 =C; 8nNO4 ;TP N = 8 =u> 8 =CBnS]:
E<BG@WSUHISUo<HJ=yP-= 8X8 = z`f E 4]8Gz lW>A=UK



Ú�;ZE 4 >A= ∇Xt = Xt−Xt−1 = µ∗ +φ∗Xt−1 +εt [7S � =uP φ∗ = −1−φ K
�2=W> 8 =WB � 0 � φ = −1 P 4 ; 8 BG= � 1 � φ > −1BA= �`6 =C; 8 j 8 =u> 8 =CB φ∗ = 0 P 4 ; 8 BG= φ∗ < 0 KÚ�;²>A:<E<E 4 >A=ZP 4 ;<;5:QHI=FE<B 4 PC=W>G>X:T>�=C; 8 BA=vHJ=u> 6 ;T> 8 SU; 8 > 1 = 8 N [	= 8b4 ;?=u> 8G6 DF=FHJ=u>yP 4 =-��P 6 =C; 8 > µ∗ = 8 φ∗ ETSUBb:T;<=BA@WhUBG=W>G> 6I4 ;�H 6 ;<@WS 6 BG= 4 B NO6 ;YS 6 BA=7K � \ =u> 8G6 D*S 8 =C:TB φ̂∗ S 6 ;T> 6m4 o 8 =C;5:
SZE 4 :<B � SUB 6 S];TPC=

σ̂2
φ∗ =

N
∑

t=2

(∇Xt − µ̂∗ − φ̂∗Xt−1)
2

(N − 3)
(

∑N−1
t=1 X2

t − 1
N−1

(∑N−1
t=1 Xt

)2
)

354 :T>�H×\ z`f E 4]8Gz lW>A= � 0 [ 4 ;RSZHJ=qBG@W>A:<H 8 S 8 S7> f DFE 8A4U8A6 ^`:<=q>X: 6I� S]; 8 �
lim

N→∞
P

( φ̂∗

σ̂φ∗

∈ [−tα, 0]
)

= 1 − α

S � =WP t1% = 3, 43 [ t5% = 2, 86 = 8 t10% = 2, 57 K
� �5� � � �s� � � �³H�=-x 6 > 8 =�:<;T= � =WBG> 6I4 ; 8 BGlW>Z> 6 D 6 HkS 6 BG= N =�PC= 8 =W> 8FN SU;T>(HI=�PWSU> N \ :<;<=�D 4ON @WH 6 >AS 8A6I4 ; �5
 � p �(S � =uP
p > 1 K


