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Abstract

We consider the estimation of the slope function in functional linear regression, where
scalar responses are modeled in dependence of random functions. Cardot and Johannes
[2010] have shown that a thresholded projection estimator can attain up to a constant
minimax-rates of convergence in a general framework which allows to cover the prediction
problem with respect to the mean squared prediction error as well as the estimation of the
slope function and its derivatives. This estimation procedure, however, requires an optimal
choice of a tuning parameter with regard to certain characteristics of the slope function
and the covariance operator associated with the functional regressor. As this information
is usually inaccessible in practice, we investigate a fully data-driven choice of the tuning
parameter which combines model selection and Lepski’s method. It is inspired by the recent
work of Goldenshluger and Lepski [2011]. The tuning parameter is selected as minimizer
of a stochastic penalized contrast function imitating Lepski’s method among a random
collection of admissible values. This choice of the tuning parameter depends only on the
data and we show that within the general framework the resulting data-driven thresholded
projection estimator can attain minimax-rates up to a constant over a variety of classes of
slope functions and covariance operators. The results are illustrated considering different
configurations which cover in particular the prediction problem as well as the estimation
of the slope and its derivatives.
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1 Introduction

In functional linear regression the dependence of a real-valued response Y on the variation of a
random function X is studied. Typically the functional regressor X is assumed to be square-
integrable or more generally to take its values in a separable Hilbert space H with inner product
(-, )m and norm ||-||g. Furthermore, we suppose that Y and X are centered, which simplifies

the notations and that the dependence between Y and X is linear in the sense that
Y=(,X)g+tos, oc>0, (1.1)

for some slope function 8 € H and error term ¢ with mean zero and variance one. Assuming
an independent and identically distributed (iid.) sample of (Y, X), the objective of this paper
is the construction of a fully data driven estimation procedure of the slope function 5 which
still can attain minimax-optimal rates of convergence.

Functional linear models have become very important in a diverse range of disciplines, includ-
ing medicine, linguistics, chemometrics as well as econometrics (see for instance Ramsay and
Silverman [2005] and Ferraty and Vieu [2006], for several case studies, or more specific, Forni
and Reichlin [1998] and Preda and Saporta [2005] for applications in economics). The main
class of estimation procedures of the slope function studied in the statistical literature are based
on principal components regression (see e.g. Bosq [2000], Frank and Friedman [1993|, Cardot
et al. [1999], Cardot et al. [2007] or Miiller and Stadtmiiller [2005] in the context of general-
ized linear models). The second important class of estimators relies on minimizing a penalized
least squares criterion which can be seen as generalization of the ridge regression (c.f. Marx
and Eilers [1999] and Cardot et al. [2003]). More recently an estimator based on dimension
reduction and threshold techniques has been proposed by Cardot and Johannes [2010] which
borrows ideas from the inverse problems community (Efromovich and Koltchinskii [2001] and
Hoffmann and Reifs [2008]). It is worth noting that all the proposed estimation procedures rely
on the choice of at least one tuning parameter, which in turn, crucially influences the attainable
accuracy of the constructed estimator.

It has been shown, for example in Cardot and Johannes [2010], that the attainable accuracy
of an estimator of the slope § is essentially determined by a priori conditions imposed on both
the slope function and the covariance operator I' associated to the random function X (defined
below). These conditions are usually captured by suitably chosen classes F C H and G of slope
functions and covariance operators respectively. Typically, the class F characterizes the level
of smoothness of the slope function, while the class G specifies the decay of the sequence of
eigenvalues of I'. For example, Hall and Horowitz [2007] and Crambes et al. [2009] consider
differentiable slope functions and a polynomial decay of the eigenvalues of I". Furthermore,
given a weighted norm ||-||, and the completion F, of H with respect to |-|| , we shall measure
the performance of an estimator B\ of B by its maximal F-risk over a class F C F, of slope
functions and a class G of covariance operators, that is

R,[B; F,G] := supsupE|| 3 — B2
BeFTEG



This general framework with appropriate choice of the weighted norm |||, allows us to cover
the prediction problem with respect to the mean squared prediction error (see e.g. Cardot et al.
[2003] or Crambes et al. [2009]) and the estimation not only of the slope function (see e.g. Hall
and Horowitz [2007]) but also of its derivatives. For a detailed discussion, we refer to Cardot
and Johannes [2010]. Having these applications in mind the additional condition F C F,
only means that the estimation of a derivative of the slope function necessitates its existence.
Assuming an iid. sample of (Y, X) of size n obeying model (1.1) Cardot and Johannes [2010]

have derived a lower bound of the maximal weighted risk, that is
Ri[n; F,G < C infBRw[B;]:’ g]

for some finite positive constant C' where the infimum is taken over all possible estimators B
Moreover, they have shown that a thresholded projection estimator Bm; in dependence of an

optimally chosen tuning parameter m,, € N can attain this lower bound up to a constant C' > 0,
RylBms; F.G) < C Ri[n; .G,

for a variety of classes F and G. In other words, R} [n; F,G] is the minimax rate of convergence
and Emz is minimax-optimal. The optimal choice m}, of the tuning parameter, however, follows
from a classical squared-bias-variance compromise and requires an a-priori knowledge about the
classes F and G, which is usually inaccessible in practice.

In this paper we propose a fully data driven method to select a tuning parameter m in such a
way that the resulting data-driven estimator B\m can still attain the minimax-rate R} [n; F,G]
up to a constant over a variety of classes F and G. It is interesting to note that, considering
a linear regression model with infinitely many regressors, Goldenshluger and Tsybakov [2001,
2003| propose an optimal data-driven prediction procedure allowing sharp oracle inequalities.
However, a straightforward application of their results is not obvious to us since they assume
a priori standardised regressors, which in turn, in functional linear regression necessitates the
covariance operator I' to be fully known in advance. In contrast, given a jointly normally
distributed regressor and error term, Verzelen [2010] establishes sharp oracle inequalities for
the prediction problem in case the covariance operator is not known in advance. Although, it
is worth noting that considering the mean prediction error as risk eliminates the ill-posedness
of the underlying problem, which in turn leads to faster minimax rates of convergences of the
prediction error than, for examples, of the mean integrated squared error. On the other hand
covering both of these two risks within the general framework discussed above Comte and
Johannes [2010] consider functional linear regression with circular functional regressor which
results in a partial knowledge of the associated covariance operator, i.e. its eigenfunctions
are known in advance but the eigenvalues have to be estimated. In this situation Comte and
Johannes [2010] have applied successfully a model selection approach which is inspired by the
work of Barron et al. [1999] now extensively discussed in Massart [2007]. In the circular case, it
is possible to develop the unknown slope function in the eigenbasis of the covariance operator,

which in turn, allows to derive an orthogonal series estimator in dependence of a dimension



parameter. This dimension parameter has been chosen fully data driven by a model selection
approach and it is shown that the resulting data-driven orthogonal series estimator can attain
minimax-optimal rates of convergence up to a constant. Although, the proof crucially relies on
the possibility to write the orthogonal series estimator as a minimizer of a contrast.

In this paper we do not impose an a priori knowledge of the eigenbasis and, hence the orthogonal
series estimator is no more accessible to us. Instead, we consider the thresholded projection
estimator Bm as presented in Cardot and Johannes [2010] which we did not succeed to write
as a minimizer of a contrast. Therefore, our selection method combines model selection and
Lepski’s method (c.f. Lepski [1990] and its recent review in Mathé [2006]) which is inspired by
a bandwidth selection method in kernel density estimation proposed recently by Goldenshluger
and Lepski [2011]. Selecting the dimension parameter m as minimizer of a stochastic penalized
contrast function imitating Lepski’s method among a random collection of admissible values
we show that the fully data-driven estimator Bm can attain the minimax-rate up to a constant
C > 0, that is

Ry[Bs; F,G) < C - Ryn; F, G (1.2)

for a variety of classes F and G. We shall emphasize that the proposed estimator can attain
minimax-optimal rates without specifying in advance neither that the slope function belongs
to a class of differentiable or analytic functions nor that the decay of the eigenvalues is poly-
nomial or exponential. The only price for this flexibility is in term of the constant C which is
asymptotically not equal to one, i.e. the oracle inequality (1.2) is not sharp.

The paper is organized as follows: in Section 2 we briefly introduce the thresholded projection
estimator B\m as proposed in Cardot and Johannes [2010]. We present the data driven method
to select the tuning parameter and prove a first upper risk-bound for the fully data-driven esti-
mator Bm which emphasizes the key arguments. In section 3 we review the available minimax
theory as presented in Cardot and Johannes [2010]. Within this general framework we derive
upper risk-bounds for the fully-data driven estimator imposing additional assumptions on the
distribution of the functional regressor X and the error term €. Namely, we suppose first that X
and ¢ are Gaussian random variables and second that they satisfy certain moment conditions.
In both cases the proof of the upper risk-bound employs the key arguments given in Section
2, while more technical aspects are deferred to the appendix. The results in this paper are
illustrated considering different configurations of classes F and G. We recall the minimax-rates
in this situations and show that up to a constant these rates are attained by the fully-data

driven estimator.

2 Methodology.

Consider the functional linear model (1.1) where the random function X and the error term e
are independent. Let the centered random function X, i.e., E(X, h)g = 0 for all h € H, have a
finite second moment, i.e., E[|[ X ||% < co. Multiplying both sides in (1.1) by (X, k) and taking
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the expectation leads to the normal equation
(9, hym := E[Y(X, u] = E[(8, X)u(X, hym] = ('8, h)m, for all h € H, (2.1)

where g belongs to H and I' denotes the covariance operator associated to the random function
X. Throughout the paper we shall assume that there exists a solution 8 € H of equation (2.1)
and that the covariance operator I is strictly positive definite which ensures the identifiability
of the slope function § (c.f. Cardot et al. [2003]). However, due to the finite second moment
of X the associated covariance operator I' has a finite trace, i.e. it is nuclear. Thereby, solving
equation (2.1) to reconstruct the slope function f is an ill-posed inverse problem with the
additional difficulty that I' is unknown and has to be estimated (for a detailed discussion of

ill-posed inverse problems in general we refer to Engl et al. [2000]).

2.1 Thresholded projection estimator

In this paper, we follow Cardot and Johannes [2010] and consider a linear Galerkin approach
to derive an estimator of the slope function 5. Here and subsequently, let {¢;,j € N} be a pre-
specified orthornormal basis in H which in general does not correspond to the eigenbasis of the
operator I defined in (2.1). With respect to this basis, we consider for all h € H the development
h =322, [h];¥; where the sequence ([h];);>1 with generic elements [h]; := (h, ;) is square-
summable, i.e., [|h]|% = Zj>1[h]§ < 00. We will refer to any sequence (an)nen as a whole
by omitting its index as for example in «the sequence a». Furthermore, given m € N denote
[h)m == ([R]1,--.,[h]m)" (where 2! denotes the transpose of z) and let H,, be the subspace of
H spanned by the first m basis functions {41, ..., 1, }. Obviously, if h € H,, then the norm of

h equals the euclidean norm of its coefficient vector [h]y, i.e., |hllm = ([h)L,[R]lm) "2 = ||[2]nl

with a slight abuse of notations. An element 5™ € H,, is called a Galerkin solution of equation
(2.1), if

lg = T8l < |lg —TBllm, VB € Hy. (2.2)

Since the covariance operator T' is strictly positive definite, it follows that the (m x m)-

t

dimensional covariance matrix [I'],, 1= E([X]n[X];,

) associated with the m-dimensional ran-
dom vector [X|,, is strictly positive definite too. Consequently, the Galerkin solution 8™ € H,,
is uniquely determined by [3™]m = [['],,'[g]m and [3™]; = 0 for all j > m. However, the
Galerkin solution does generally not correspond to the orthogonal projection of the slope func-
tion onto the subspace H,,. Moreover, let (bias,,)m>1 denote a sequence of approximation errors
given by biasy, = supjs,||8* — B|lw, m > 1. It is important to note that in general without fur-
ther assumptions the sequence bias does not converge to zero. Here and subsequently, however,
we restrict ourselves to classes F and G of slope functions and covariance operators respectively
which ensure this convergence. Obviously, this is a minimal regularity condition for us since

we aim to estimate the Galerkin solution. Assuming a sample {(Y;, X;)}" of (Y, X) of size n,



it is natural to consider the estimators

1 & 1>
g:= ﬁZYiXi’ and I':= gz<'7Xi>HXi
i=1 i=1
for g and T respectively. Moreover, let [, = + =3 [Xilm[XG]E, be the empirical (m x
m)-dimensional covariance matrix and note that [ m = 257 | Yi[XiJm- Replacing in (2.2)
the unknown quantities by their empirical counterparts let Bm € H,, be a Galerkin solution

satisfying
G~ TA™ e < 15— TBle, VB € Hp.

Observe that there exists always a solution Em, but it might not be unique. Obviously, if [f]m
is non singular then [5™] m= ] 2 [9lm- We shall emphasize the multiplication with the inverse
of the random matrix [f]m which may result in an unstable estimator even in case [I'],, is well
conditioned. Let 1 (IRl <n} denote the indicator function which takes the value one if [f]m
is non-singular with spectral norm ||[f]z||s 1= sup ZH:lH[f]EzH of its inverse bounded by n,
and the value zero otherwise. The estimator f3,, of 8 proposed by Cardot and Johannes [2010)]

consists in thresholding the estimated Galerkin solution, that is,

~

Bim = 5" Ly ey <y (23)

In the next paragraph we introduce a data-driven method to select the dimension parameter
m € N.

2.2 Data-driven selection of the dimension parameter

Our selection method combines model selection (c.f. Barron et al. [1999] and its discussion in
Massart [2007]) and Lepski’s method (c.f. Lepski [1990]) borrowing ideas from Goldenshluger
and Lepski [2011]. We select the dimension parameter as minimizer of a penalized contrast
function depending on the weighted norm ||-|| , which we formalize next. Let (w;);>1 be a strictly
positive sequence of weights. We define for h € H the weighted norm by ||k := Do Wi [h]j2
Furthermore, for m > 1, [Vy]mn and [Id],, denotes respectively the m-dimensional diagonal

matrix with diagonal entries (w;)i1<j<m and the identity matrix where for all h € H,, we have

|R|? = [h]tm[vw]m[ lm = ||[Vw]1/2[ ]mHQ. Given a sequence K := ([K]g)x>1 of matrices, denote
by
L 1/2 1/2
A(K) = s [IVLl TR VY, and

log(An(K) V (m+2))
log(m + 2)

S (K) = m Ap(K) (2.4)

Take as an example, A% = A, (K) with K = ([Id];)m>1 which satisfies A% = max;<p<m k.

For n > 1, set MY := max {1 <m < [n/4] s AY < n}. The dimension parameter is selected



among a collection of admissible values {1, ..., M } with random integer M given by

= . -1 n
where we set ]\/In := M if the min runs over an empty set and |a] denotes as usual the integer
1 <m<n which takes

its inspiration from Comte and Johannes [2010]. Let 0, := 6, (K) with K = ([T]m)m>1 and

part of a. Furthermore we define a stochastic sequence of penalties (pen,,,)

__ T T RS IS
pen,, .= 14 k 62, 6 ™' with 2, := Q(E ZYZQ + [g]tm[f‘]ml [9]m) (2.6)
i=1

where k is a positive constant to be chosen below. The random integer M and the stochastic

penalties (pen,,) are used to define the sequence (U,,,) of contrast by

1<m< M, 1<m< M,

= max {18 - Bull2 - pem ).
m<k<M

Setting arg min,,c s{an} = min{m : ap, < any, Vm' € A} for a sequence (ap)m>1 with

minimal value in A C N, we select the dimension parameter

M := arg min {‘/l\’m +p/e71m}. (2.7)

1<m<M

The estimator of 8 is now given by B\m and below we derive an upper bound for its risk. By
construction the choice of the dimension parameter and hence the estimator Bm do not rely on

the regularity assumptions on the slope and the operator which we formalize in Section 3.

2.3 Upper risk bound for the data-driven thresholded projection estimator

The next assertion states the key argument in the proof of the upper risk-bound.

LEMMA 2.1. Let (biasm)m>1 be the sequence of approzimation errors biasm, = sup,<||8" —
Bllw- Consider an arbitrary sequence of penalties (pen,,)m>1, an upper bound M € N, and
the sequence (Upm)m>1 of contrasts given by Uy, := MaXy,<k<M {HBk - §m||3 —penk}. If the
subsequence (penq,...,peny,) is non-decreasing, then we have for the selected model m =

arg ming <, <7 {Wm +pen,, } and for all 1 < m < M that

. N 1
Bl <7 78 bias? +42 G L 2.8
18m — Bl < 7pen,, +78 bias;,, + max 18k — B%|5 G Do N (2.8)

where (a)+ = max(a,0).
PrROOF OF LEMMA 2.1. From the definition of m we deduce for all 1 < m < M that
< 3{ W + pengs + ¥ + peny, +Bm — 812 }
< 6{ W + peny,} +3[1Bm — BIZ- (2.9)



Since (peny,...,pen,) is non-decreasing and 4bias?, > max,<p<n||B* — ™|, it is for all
1 < m < M easily verified that

. 1 ,
U, <6 sup <”5k e penk> + 12 bias?, .
m<k<M 6 +

The last estimate allows us for all 1 < m < M to write

R 1 , ~ 1
B BIE < g peng +2iasty 12 sup (1B~ 512 Goens )
+

m<k< 6
From the last inequality and (2.9), we obtain the assertion (2.8), which completes the proof. [J

In addition to the last assertion the proof of the upper risk bound requires two assumptions

which we state next. For n > 1 and a positive sequence a := (@, )m>1 denote

. n
where we set M, (a) := MY if the set is empty. Observe that M given in (2.5) satisfies M =
M, (a) with a = (H[ﬂgus)m%. Consider for m > 1, 6}, = 6, (K) with K = (||[T]5" [s)m>1

and

pen,, ==k o2 0b n~t with o2, = 2(EY2 + [g]fn[I’]él [9)m) (2.11)

m

which are obviously only theoretical counterparts of the random objects given in (2.6). In order
to control the third right hand side term in the upper bound (2.8), the remainder term, we
impose the following assumption, though we show in Section 3 under reasonable assumptions

on the distribution of € and X that it holds true for a wide range of classes F and G.

ASSUMPTION 2.1. There erist sequences (m3)p>1 and (M, )p>1, and a constant K such that

~ 1
sup sup E sup (Hﬁk L penk) <Kin™Y foralln > 1.
BEFTEG m3, <k<M;T 6 +

In the following we decompose the risk with respect to an event £, where pen is comparable
to its theoretical counterpart pen and M lies between m¢ and M, given by Assumption 2.1,

and its complement £°. To be precise, we define the event

&, = {penk < peny, < 72peny, Vms <k < M;{} N {mz < M < Mr‘f} (2.12)
and consider the elementary identity

EEE?EEE”BW - Bl2 = ;gggglﬁl(llﬁm - Bl21e,) + EEE?‘;EE(”BW — B2 1)  (213)

The conditions on the distribution of € and X presented in the next section are also sufficient

to show that the following assumption holds true.



ASSUMPTION 2.2. There exists a constant Ko > 0 such that
supsupIE(HBm—BHfJ lee ) < Ko n~t foralln > 1.
BeFTeG
The next assertion provides an upper bound for the maximal F,-risk over the classes F
and G of the thresholded projection estimator B\m with data-driven choice m given by (2.7).
PROPOSITION 2.2. If Assumption 2.1 and 2.2 hold true, then we have

Re [B\»,’fl;]:, G| < 504 sup sup{pen, o + bias?, } + (504 K1 + Ky)n™'  for alln > 1.
BeFTeg

PROOF OF PROPOSITION 2.2. We make use of the elementary identity (2.13) and taking into

account Assumption 2.2 we derive for all n > 1

RulBm; F.G) < < supsu SupE(Hﬁm —Bl% 1, ) + Kon™h (2.14)
We observe that the random subsequences (5%, ... ,3]2/\4\) and hence (peny,...,peny;) are by
construction monotonically non-decreasing. Indeed, for all 1 < m < k < M the identity
(C(B = Bm), (B = Bm))z = [G1[T]; ' [01k — (911 [T)' (Gl bolds true. Therefore, by using
that T is positive definite it follows that [§ 1 0]t [ﬁ]m < [ﬁ]i[f‘]]z [k, and hence 2, < G3.

Consequently, Lemma 2.1 is applicable for all 1 < m < M and we obtain

~ _ . ~ 1__
[P 812 < T +78biash 412w (1B 512 - g o)
m<k<M +

On the event &, defined in (2.12) we deduce from the last bound that for all n > 1

. ‘ . 1
187 = B2 Le, < 504pen,,o +78biass,e +42  sup (H/Bk - B*I2 - penk>
+

me, <k<M, 6

which by taking into account Assumption 2.1 implies that

sup supJE(Hﬁm — 6|12 1¢, ) < 504 sup sup{pen, . + bias?, o} + 504 Kin 1 foralln > 1.
BeEFTEG BEFTEG

We obtain the claim of the proposition by combination of the last bound and (2.14). O

REMARK 2.1. The upper risk-bound given in the last assertion is strongly reminiscent of a
variance /squared-biased decomposition of the F,-risk associated with the estimator ﬁm% em-
ploying the dimension parameter m;,. Indeed, in many cases the penalty term pen,, is in the
same order as the variance of the estimator By, (c.f. Tllustration 3.1 [P-P] and [E-P] below).
In this situation we obviously wish that the parameter m just realize the balance between
both the variance and the squared-biased term which in many cases can lead to an optimal
estimation procedure. However, the construction of the penalty term is more involved to ensure
that Assumption 2.1 and 2.2 can be satisfied (c.f. Illustration 3.1 [P-E]). O



3 Minimax-optimality

In this section we recall first a general framework proposed by Cardot and Johannes [2010] which
allows to derive minimax-optimal rates for the maximal F-risk, supge 7 supreg E|| B —B||?, over
the classes F and G. Placing us into this framework, we can derive the main results of this paper

which state that the proposed data-driven procedure indeed can attain these minimax-rates.

3.1 Notations and basic assumptions

The additional regularity conditions 8 € F and I' € G imposed on the slope function and
the covariance operator, respectively, are characterized by different weighted norms in H with
respect to the pre-specified orthonormal basis {1, 7 € N} in H, which we formalize now. Given
a strictly positive sequence of weights b = (b;);>1 and a radius r > 0, let F;, be the completion
of H with respect to the weighted norm ||-||,, then we consider in the following the ellipsoid
Fyi={h € Fy: |hl]; <r} as class of possible slope functions. Furthermore, as usual in the
context of ill-posed inverse problems, we link the mapping properties of the covariance operator
I' and the regularity condition 8 € F]. Therefore, consider the sequence ((I't)j,%;))j>1 which
sums up to E[ X||Z, i.e. ' is nuclear, and hence converges to zero. In what follows we impose
restrictions on the decay of this sequence. Denote by N the set of all strictly positive nuclear
operators defined on H. Given a strictly positive sequence of weights v and a constant d > 1

define the class ggl C N of covariance operators by

gl i={TeN: |fIP/d <ITSI?<&|f|2%, vfeH)

where arithmetic operations on sequences are defined element-wise, e.g. 72 = (7]2)];1. Let us
briefly discuss the last definition. If T € g;l, then we have d~1 < (T;,1;)/v; < d, for all
j = 1. Consequently, the sequence = is necessarily summable, because T' is nuclear. Moreover,
if A denotes the sequence of eigenvalues of T' then d~! < Aj/v; < d, for all j > 1. In other
words the sequence v characterizes the decay of the eigenvalues of T' € g;l. We do not specify
the sequences of weights w, b and ~, but impose from now on the following minimal regularity
conditions.
ASSUMPTION 3.1. Let (wj);>1, (bj) =1, and (y;)j=1 be strictly positive sequences of weights with
bi=1Lw =1,v =1, and Z]Oi1 v < oo such that the sequences b1, wbt, v, and y2w™!
are monotonically non-increasing and converging to zero.

The last assumption is fairly mild. For example, assuming that wb~! is non-increasing,
ensures that F] C F,. Furthermore, it is shown in Cardot and Johannes [2010] that the

1

minimax rate R} [n; F], g;l] is of order n~! for all sequences v and w such that v2w™! is non-

decreasing. We will illustrate all our results considering the following three configurations for

the sequences w, b and ~.

ILLUSTRATION 3.1. In all three cases, we take w; = 425§ > 1. Moreover, let

10



[P-P] b; =j% and v; = 5729, j > 1, with p > 0, a > 1/2, and p > s > —2a;

[E-P] b; = exp(j? — 1) and v; = 7729, j > 1, with p > 0, @ > 1/2, and s > —2a;

[P-E] b; = j% and v; = exp(—j?* + 1), j > 1, with p > 0, a > 0, and p > s;

then Assumption 3.1 is satisfied in all cases. O

REMARK 3.1. In the configurations [P-P] and [E-P], the case s = —a can be interpreted as
mean-prediction error (c.f. Cardot and Johannes [2010]). Moreover, if {1} is the trigonometric
basis and the value of s is an integer, then the weighted norm ||k||,, corresponds to the L?-norm
of the weak s-th derivative of h (c.f. Neubauer [1988]). In other words in this situation we
consider as risk the mean integrated squared error when estimating the s-th derivative of .
Moreover, in the configurations [P-P] and [P-E], the additional condition p > s means that
the slope function has at least p > s+ 1 weak derivatives, while for a value p > 1 in [E-P], the

slope function is assumed to be an analytic function (c.f. Kawata [1972]). O

3.2 Minimax optimal estimation reviewed

Let us first recall a lower bound of the maximal F,-risk over the classes F; and Qﬁf due to
Cardot and Johannes [2010]. Given an i.i.d. sample of (Y, X) of size n and sequences w, b and

~ satisfying Assumption 3.1 define

w = w w T

. m 1 mx .

m,, = arg min { max [ — , E —L and R := max z E — ]. (3.1)
m>1 b M mi, 5

If in addition & := inf,>1{(R})™} min(wm;«lb;llz , Zgnz”l wj(ny;)™H} > 0, then there exists a

constant C' := C(o,r,d,&) > 0 depending on o,7,d and £ only such that
inf; Ry[B; 77, G4 = CR;,  foralln > 1. (3.2)

On the other hand considering the dimension parameter m}, given in (3.1) Cardot and Johannes
[2010] have shown that the maximal risk R [Bm;;, b Q’;l] of the estimator B\m; defined in (2.3)
is bounded by R} up to constant for a wide range of sequences w, b, and ~, provided the
random function X and the error e satisfy certain additional moment conditions. In other
words R = Rj[n;F] ,Q’ff] is the minimax-rate in this situation and the estimator Em; is
minimax optimal. Although, the definition of the dimension parameter m; necessitates an
a-priori knowledge of the sequences b and ~. In the remaining part of this paper we show that
the data-driven choice of the dimension parameter constructed in Section 2 can automatically
attain the minimax-rate R} for a variety of sequences w, b, and . Before, let us briefly illustrate

the minimax result.

ILLUSTRATION (CONTINUED) 3.2. Considering the three configurations (see Illustration 3.1),

it has been shown in Cardot and Johannes [2010] that the estimator B\m; with m; as given
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below attains the rate R} up to a constant. We write for two strictly positive sequences (an)n>1

and (bp)n>1 that a, ~ by, if (ay/bp)n>1 is bounded away from 0 and infinity.

[P-P] It is easily seen that m ~ n'/(?P+26+1) if 254 2041 > 0, m¥ ~ n/BE=9)if 2542441 < 0
and m ~ (n/logn)/2P=9) if 2¢ 4 25 + 1 = 0, which in turn implies that R ~
max(n~(2P=28)/Qat2p+1) 'y =1) 'if 25 42641 # 0 (and R’ ~ log(n)/n if 254 2a + 1 = 0).
Observe that an increasing value of a leads to a slower minimax-rate R;,. Therefore, the

parameter a is called degree of ill-posedness (c.f. Natterer [1984]).

[E-P] If 2a+2s+1 > 0, then m}, ~ (log n—Z‘;—‘;l log(log n))Y/P) and R ~ n~1(log n)2a+1+2)/(2p)
Furthermore, if 2a +2s+ 1 < 0, then m* ~ (logn + (s/p)log(logn))'/*P) and R% ~ n~1,
while R} ~ log(logn)/n if 2a+2s+ 1 = 0.

[P-E] We have m} ~ (logn — W log(logn))'/(?¢). Thereby, R ~ (logn)~(P=%)/% The
parameter a reflects again the degree of ill-posedness since an increasing value of a leads

also here to a slower minimax-rate ;. U

3.3 Minimax-optimality of the data-driven estimation procedure

Consider the thresholded projection estimator B\m with data-driven choice m of the dimension
parameter. Supposing that the joint distribution of the random function X and the error term
€ satisfies certain additional conditions, we will prove below that the Assumptions 2.1 and
2.2 formulated in Section 2 hold true. These assumptions rely on the existence of sequences
(m$)n>1 and (M, ),>1 which amongst others we define now referring only to the classes F}
and g;l. Keep in mind the notations given in (2.4) and (2.10). For m > 1 and K = ([V+]m)m>1

define A}, := A, (K) and 4y, := §,,(K) where A}, = max wjvjfl. Moreover, for n > 1 we
~ \m

set M, := M, (a) with a = (16d3v,,!);n>1 and M, := M,,(a) with a = ([4dy] " )m>1. Taking

into account these notations we define for n > 1

w (()JY Wme (570

o . . m Om S mS  “ms,
My, ©= aIg min ¢ max { o=, —= and R, := max o

1<m< M, m T mg, T

satisfying m¢ < M,; < M,F. Furthermore, let 3 := E(g;l) denote a finite constant such that

1 mlog(A}, V (m+2))>

N> and > Y A} -
Z% an Z mexP( 16(1 + log(d)) log(m +2)

j=1 m>1

(3.3)
which by construction always exists and depends on the class gff only. Let us illustrate the last
definition by revisiting the three configurations for the sequences w, b, and ~ (Illustration 3.1).

ILLUSTRATION (CONTINUED) 3.3. In the following we state the order of M, and §,, which in

turn are used to derive the order of m;, and R;,.

[P-P] M, ~ (1+ggn)1+2a+(23)+7 o~ mMRet29)+ - and for all p > (s)4 it follows mS ~

m/[14+2p—2s+(2a+25)1 4514 R% ~ n—2(p—s)/[1+2p—25+(2a+25)+];
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[E-P] M, ~ (1+17(L)gn)1+2a+(28)+7 6o ~ mit2et28)+ Jand for all p > 0 it follows mS ~ (logn —

1+2(a'§;)+_25 log(log n))l/(?p) and R’Z ~ n_l(log n)[1+2(a+5)+]/(2p);

[P-E] M, ~ (logn— % log(logn))Y/(?a) | 57, ~ m!+25+20 exp(m?®), and for all p > (s)+
it follows m$ ~ (logn — % log(logn))/(?®) and RS ~ (logn)~(P=5)/e, O

We proceed by formalizing the additional conditions on the joint distribution of £ and X

which in turn are used to prove that the Assumptions 2.1 and 2.2 hold true.

Imposing a joint normal distribution. Let us first assume that X is a centered Gaussian
H-valued random variable, that is, for all £ > 1 and for all finite collections {h1, ..., hi} C H the
joint distribution of the real valued random variables (X, h1)m, ..., (X, hx)m is Gaussian with
zero mean vector and covariance matrix with generic elements E(h;, X)u(X, h)m, 1 < j,1 < k.
Moreover, suppose that the error term is standard normally distributed. The next assumption

summarizes this situation.
ASSUMPTION 3.2. The joint distribution of the random function X and the error € is normal.
The proof of the next assertion is more involved and hence deferred to Appendix C.

PROPOSITION 3.1. Assume an iid. n-sample of (Y, X) obeying (1.1) and Assumption 3.2.
Consider sequences w, b and vy satisfying Assumption 3.1 and in the definition (2.6) and (2.11)
of the penalty pen and pen respectively set k = 96. For the classes F] and fo, there exist finite
constants Cy := C1(d) and Cy := Cs(d) depending on d only such that the Assumptions 2.1 and
2.2 hold true, with Ky := Cy (6% + 1) 3 and Ky := Cy (02 + 1) X respectively.

By taking the value x = 96 the random penalty pen and the random upper bound M given
in (2.6) and (2.5) respectively depend indeed only on the data, and hence the choice m of the
dimension parameter in (2.7) is fully data-driven. Moreover due to the last assertion we can
apply Proposition 2.2 which in turn provides the key argument to prove the following upper

risk-bound for the data-driven thresholded projection estimator Bﬁl with m given by (2.7).

THEOREM 3.2. Let the assumptions of Proposition 3.1 be satisfied. There exists a finite constant
K := K(d) depending on d only such that

Rw[ﬁm,fzf,gi] SK(UZ—FT’){RZ%-ETL*} for alln > 1.

PROOF OF THEOREM 3.2. We shall provide in the appendix among others, the two technical
Lemmas B.1 and B.2 which are used in the following. Moreover, denote by K := K(d) a
constant depending on d only which changes from line to line. Making use of Proposition 3.1,
i.e., Assumptions 2.1 and 2.2 are satisfied, we can apply Proposition 2.2, and hence for all n > 1
R,[Bs, Fr, fo] < 504 sup sup {pen,,o +biaste} + K (6> +7)Sn L. (3.4)

BEF] Tegd " "
Furthermore, if 5 € 7} and I' € g;i then firstly from (B.4) in Lemma B.1 follows that bias?n% <

34 d8 T Wme b;n}> because v2w ™! and wb™! are non increasing due to Assumption 3.1. Secondly,
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by combination of (i) and (iv) in Lemma B.2, it is easily verified that pen,,. < K (¢2+7)d) on"L.

Consequently, supge Fy SUPregd {penm% + bias%l% } < K (6247) RS for all n > 1 by combination
of the last two estimates and the definition of R which in turn together with the upper bound

(3.4) implies the assertion of the theorem. O

Imposing moment conditions. We dismiss now the Assumption 3.2 and formalize in place
conditions on the moments of the random function X and the error term €. In particular we
use that for all h € H with (I'h, h) = 1, the random variable (h, X) is standardized, i.e. has

mean zero and variance one.

AssUMPTION 3.3. There exist a finite integer k > 16 and a finite constant n > 1 such that
Ele|** < n** and that for all h € H with (Th,h) = 1 the standardized random variable (h, X)
satisfies B|(h, X)|** < nt*.

It is worth noting that for any Gaussian random function X with finite second moment
Assumption 3.3 holds true, since for all h € H with (I'h, h) = 1 the random variable (h, X) is
standard normally distributed and hence E|(h, X}|?¥ = (2k—1)-...-5-3-1. The proof of the next
assertion is again rather involved and deferred to Appendix D. It follows, however, along the
general lines of the proof of Proposition 2.2 though it is not a straightforward extension. Take
as an example the concentration inequality for the random variable || [F]lm/z(@m - [f]m 8™ )|l
in Lemma C.3 in Appendix C which due to Assumption 3.2 is shown by employing elementary
inequalities for Gaussian random variables. In contrast, the proof of an analogous result under
Assumption 3.3 given in Lemma D.3 in Appendix D is based on an inequality due to Talagrand

[1996] (Proposition D.1 in the appendix states a version as presented in Klein and Rio [2005]).

PROPOSITION 3.3. Assume an iid. n-sample of (Y, X) obeying (1.1) and Assumption 3.3.
Consider sequences w, b and vy satisfying Assumption 3.1 and in the definition (2.6) and (2.11)
of the penalty pen and pen respectively, set k = 288. For the classes F; and g;l, there exist
finite constants C1 = C’l(a,n,fg,gff) depending on o, n and the classes F; and gfj only,
and Cy = Cs(d) depending on d only, such that Assumptions 2.1 and 2.2 hold true with
K1 :=C1n% (02 +7) % and Ky := Can% (6% + 1) 3 respectively.

We remark a change only in the constants when comparing the last proposition with Propo-
sition 3.1. Note further that we need a larger value for the constant x than in Proposition 3.1
although it is still a numerical constant and hence the choice m given by (2.7) is again fully
data-driven. Moreover, both values for the constant x, though convenient for deriving the the-
ory, may be far too large in practice and instead be determined by means of a simulation study
as in Comte et al. [2006], for example. The next assertion provides an upper risk-bound for the

data-driven thresholded projection estimator Bm when imposing moment conditions.

THEOREM 3.4. Let the assumptions of Proposition 3.3 be satisfied. There exist finite constants
K := K(d) depending on d only and K' := K'(o,n, bT,ngl) depending on o, n and the classes
Fy and Qfl/ only such that

Rw[ﬁ,ﬁ,f;;,g;l] <K (62 +7) {RS + K’ 1764271_1} for alln > 1.
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PROOF OF THEOREM 3.4. Taking into account Proposition 3.3 rather than Proposition 3.1 we

follow line by line the proof of Theorem 3.2 and hence we omit the details. O

Minimax-optimality. A comparison of the upper bounds in both Theorem 3.2 and Theorem
3.4 with the lower bound displayed in (3.2) shows that the data-driven estimator By attains
up to a constant the minimax-rate R = minj<m<oo {max (%72?:1 %)} only if R =
ming /- {max <°g—;’l, %)} has the same order as RY. Note that, by construction, &, >
Z}n:l % for all m > 1. The next assertion is an immediate consequence of Theorem 3.2 and
Theorem 3.4 and we omit its proof.

COROLLARY 3.5. Let the assumptions of either Theorem 3.2 or Theorem 3.4 be satisfied. If in

addition £ := sup, 51 {R;,/ Ry} < 0o holds true, then we have for alln > 1
Ru[Bms; i, G4 < C - inf 5 Ry[B; 7y, G
where the infimum is taken over all possible estimators E and C is a finite positive constant.

REMARK 3.2. In the last assertion £° = sup,>{R5/R;} < oo is for example satisfied if
the following two conditions hold simultaneously true: (i) m), < M, for all n > 1 and (ii)
A, = maxi<j<m wjvfl < Om™! >t wjvfl and log(A7, V (m + 2)) < Clog(m + 2) for all
m > 1. Observe that (ii) which implies d,, < C Z;nzl f;—j is satisfied in case A}, is in the order
of a power of m (e.g. Illustration 3.2 [P-P] and [E-P]). If this term has an exponential order
with respect to m (e.g. Illustration 3.2 [P-E]), then a deterioration of the term d,, compared
to the variance term Z;n:l :—j is possible. However, no loss in terms of the rate may occur,
i.e., ¢ < oo, when the squared-bias term wy, b;é dominates the variance term n‘lézl% (for a

detailed discussion in a deconvolution context we refer to Butucea and Tsybakov [2007a,b]).O

Let us illustrate the performance of the data-driven thresholded projection estimator 3771

considering the three configurations for the sequences w, b, and «y (see Illustration 3.1 above).

PROPOSITION 3.6. Assume an iid. n-sample of (Y, X) satisfying (1.1) and let either Assump-
tion 3.2 or Assumption 3.3 hold true where we set respectively k = 96 or k = 288 in (2.6).
The fully data-driven estimator B\fﬁ attains the minimaz-rates R}, (see Illustration 3.2), up to a

constant, in the three cases introduced in the Illustration 3.1, if we additionally assume a+s = 0

in the cases [P-P] and [E-P].

PRrROOF OF PROPOSITION 3.6. Under the stated conditions it is easily verified that the assump-
tions of either Theorem 3.2 or Theorem 3.4 are satisfied. Moreover, the rates R (Illustration
3.2) and R;, (Illustration 3.3) are of the same order if we additionally assume a + s > 0 in the
cases [P-P] and [E-P]. Therefore we can apply Corollary 3.5 which implies the assertion. [

Appendix

This section gathers preliminary technical results and the proofs of Proposition 3.1 and 3.3.
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A Notations

We begin by defining and recalling notations to be used in all proofs. Given m > 1, H,,
denotes the subspace of H spanned by the functions {¢1,..., %y, }. I, and H,J;l denote the
orthogonal projections on H,, and its orthogonal complement H-, respectively. If K is an
operator mapping H to itself and if we restrict II,,KIl,, to an operator from H,, to itself,
then it can be represented by a matrix [K], with generic entries (¢;, Ke)m =: [K];; for
1 < j,I < m. The spectral norm of [K],, is denoted by ||[K]m||s and the inverse matrix of [K],,
by [K];;,!. Furthermore, keeping in mind the notations given in (2.4) and (2.10) we use for all
m>1landn>1

85, = Bn(V]), AL, = B[], AT, = BB V074 2)

, O = mAL AL, = 8 ([T)),

m log(m + 2)
_ log(A), V (m +2))
o ~TL v Yo y mAY AY v
Am 12}2{771%% Am([ 7])7 Am . log(m 2) ’ 5m mAm 5771([ ’Y])?

. N ~ log(ﬁm V (m + 2))
Am = Ap([I]), Am:= log(m + 2)

= Mo (1T )m=1)s My = My(16d°y "), M7 = Ma([ddy] ™),
pen,, = ko2,mAL AL n™! and  pen,, = 14k52 mﬁmf&mfrfl. (A.1)

 Om = mAn A = (L)),

Recall that [Pl = 2 7% (Xi]m(XiJl, and [fln = £ 0 Vi(Xily where [Ty, = E[X](X],,
and [g]lm, = EY[X]n. Given a Galerkin solution ™ € H,,, m > 1, of equation (1.2), let
Zm =Y — (™, X)g = oe+(B—B™, X)m, and denote p2, := EZ2, = o?+(T'(3—B™), (B—B™))u,
oy :=EY? = 0% + (I8, B)m and 02, = 2(0} + [9]L,[T],,' [9]m) Where we used that € and X are

uncorrelated. Define the random matrix [Z],, and random vector [W],, respectively by

Elw = [l * M) — [, and Wl := [Gln — a8 n.

where E[Z],, = 0, because E[[],, = [[]m, and E[W], = [[(8 — f™)]m = 0. Define further
62 :=n"1Y" | Y2 the events

Qi = {”[ﬂilus < n}, Omn = {8lI[E]mlls < 1},
ni=A{1/2 <57 /0 <3/2}, Bni={[|[Elklls <1/8,V1 <k < My},
1

*([9]2[1“]&1[ Ik +0%), V1 <k < MY, (A.2)

Co = {WITTE Ve <

and their complements AS . BS, and Cg, respectively. Furthermore, we will denote

m,n’ m ,n?
by C universal numerical constants and by C(+) constants depending only on the arguments.

In both cases, the values of the constants may change from line to line.

B Preliminary results

This section gathers preliminary results where we only exploit that the sequences w, b and ~
satisfy Assumption 3.1. The proof of the next lemma can be found in Johannes and Schenk
[2010].
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LEMMA B.1. LetT' € gfj where the sequence vy satisfies Assumption 3.1, then we have

sup {1, } < 4 (B.1)
Slé%”[v'y]lﬂ[ It (V12 s < 4d, (B.2)
Sup [V w2 Clm [Vl 2l < d. (B.3)

Let in addition 8 € F| with sequence b satisfying Assumption 3.1. If B™ denotes a Galerkin
solution of g = '8 then for each strictly positive sequence w := (wj)j>1 such that w/b is non

increasing we obtain for allm € N

2
18— B™|% < 34d%r b ™ max (1 Tm ax wg)’ (B.4)

Wy, 1<G<M V;

I6™15 < 34d*r and  |TV2(8 — ™) f < 34d° r by, (B.5)
LEMMA B.2. Let D := (4d?) and let Assumption 3.1 be satisfied. If T € g,‘f then it holds

(i) &' < T < D, 41 < AT AL < D, (141ogd)~! < AT, /A%y < (1 +log D), and
d= (1 +logd)~' < 6L /67 < D(1+log D) for allm > 1

(i) 57\4; < n4D(1+1log D) and 5]FW < n4D?(142log D) for alln > 1
(ii1) n > 2max, .+ [[[CIGH if n > 2D and A% +M+(1+logn) > 8D2.
If in addition 8 € F] then we have for all m > 1

(iv) p2, < o2, < 2(0? + 35d°r)

PrOOF OF LEMMA B.2. Proof of (i). Due to (B.1) and ( .3) in Lemma B.1, we have for all
I'e gd and for all m > 1 that ||[T],,'||s < 4d®y,,! and ~,,," < d||[[],,}[|s. Thus, given D = (4d?)
for all m > 1 we have d~' < ||[[],, lsym < D. Moreover, the monotonicity of v implies
d™1 < vy maxicmenr||[T] 5! s < D. From these estimates we obtain (i).
Proof of (ii). Observe that A} + < A“&;'y&}. In case M,” = 1 the assertion is trivial,
“ > M," > 1, which implies
miny _; e+ {Pyj(jA‘]‘-’)’l} > (1+logn)(4Dn)~1, and hence ]\4+AW . <4Dn(1+logn)™1, AX/[,T <
(1+1log D)(1 +1logn), M;Agﬁ < 4D2n(1—|—logn) and A§4 < (1+2log D)(1 +logn). The

assertion (ii) follows now by combination of these estimates.

since AYy;' = 1 due to Assumption 3.1. Thus, consider M

Proof of (iii). By employing that D’y;;lF > max; || It |l the assertion (iii) follows in
case M,” =1 from ; = 1, while in case M,” > 1, we use M, A¥ +7M+ < 4Dn(1 +logn)~t.
Proof of (iv). Since ¢ and X are centered it follows from [3™], = [[],'[glm that p2, <

2(EY? + E|[(8™, X)ul?) = 2(c} + [9]L[]4' [9]m) = 02, Moreover, by employing successively

m
the inequality of Heinz [1951], i.e. |T'V/28)? < dHﬂHW7 and Assumption 3.1, i.e., v and b~ ! are
non-increasing, the identity 0% = o2 + (I'8, 8)m implies

02 <o —|—d||,6’||2 o? + dr. (B.6)
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Furthermore, from (B.3) and (B.5) in Lemma B.1 we obtain

(9] [T (9] < dlB™(5 < 34”7 (B.7)
The assertion (iv) follows now from (B.6) and (B.7), which completes the proof. O

LEMMA B.3. For alln,m > 1 we have

PROOF OF LEMMA B.3. Let 7, = [|[T],;'[|5" and recall that 1 < M < M¥ with

TM41 1+logn _
{(M—H) AL, S Tn }v M=1,
— . 1+logn TM+1 1+logn
(7 -arp=§ o, e > e} 0 (ot < ) vea<an
. 1+logn _
2dmeM mTAfn > n}’ M = My
Given 7, := [|[[] |5 we have D! < 7 /ym < d, m > 1 due to (i) in Lemma B.2 which we
use to prove the following two assertions
— T 1
{M<Mn}C{ min :m<}, (B.8)
1<m<My T, 4
—~ 7,
{M>M,f[}c{ max ’"24}. (B.9)
1<m<MY Tm

Obviously, the assertion of Lemma B.3 follows now by combination of (B.8) and (B.9).

Consider (B.8) which is trivial in case M, = 1. If M, > 1 we have min -7 > 4D(1—:Llog n)

1<mg M, Twm

and, hence min o > 4(1+7110g n). By exploiting the last estimate we obtain
1<m<M,, m
My -1
{M<M;;’}m{M<M,;}: U {M:M}
M=1

-1 ~ ~
M TM+1 1+logn Tm 1 +logn
C < =
U { M+1)A%,, n } {Ki?f& mAw < q
- { min " < 1/4}
1<m<M,;, Tm
while trivially {J/\l\ = M,‘f} N {J/\/[\ < Mn_} = (), which proves (B.8) because M, < MY.

Consider (B.9) which is trivial in case M,” = M¥. If M;} < M¥, then (MJrﬁ;A*: < (1+i<:1gn)7
M +1
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and hence

{1\7>1}0{J\7>Mn+}: U {M:M}

M=M,f+1
e 7 1+1 7 141
T, ogn T, ogn
C U min > & = min m_> &
2<m<M mAY, n 2<m< (M +1) MAY, n
M=M;+1
T+
Tyt

while trivially {]\7 =1}n {]\/4\ > M, } = () which shows (B.9) and completes the proof. O

LEMMA B4. Let A,, B, and C,, as in (A.2). For alln > 1 it holds true that
A, N B, NC, C{pen;, < pen;, < M2pen;,1 < k< MYN{M, MSM,‘L“}

PROOF OF LEMMA B.4. Let M¥ > k > 1. If ||[E]g]|s < 1/8, i.e. on the event B, it is easily
verified that ||([Id]x + [Z]g) ! — [Id]g|ls < 1/7 which we exploit to conclude

6/711vu]y 005 19l 2 lls < NIVl * Ml vl s < 8/701ve]y M5 Vel 2 s,
6/7IIIC);  ls < N0 M s < 8/7IT; s and
6/72' [l ]E x < :L"t[fEl:c < 8/7xt[F]£1x, for all z € R, (B.10)

and, consequently

(6/T) gk, 9k <

GLE Bl < /TG, G- (B.11)

Moreover, from ||[Z]x||s < 1/8 we obtain after some algebra,

If in addition [W]tE[F]I;l[W]E < %([g]tk[l’]lzl[g]& + 02), i.e., on the event Cy, then the last two
estimates imply respectively

(7/16) (914 [T (gl + 03) < (15/16)0% + (7/3) (3% T1; '[9k

(7/8)[G1%[T]; '[9k < (41/16)[g]L [T, (gl + (1/2)0%,

19



and hence in case 1/2 < 5% /o} < 3/2, i.e., on the event A,, we obtain

(7/16) (g1 [T];  glk + o3) < (15/8)5% + (7/3)[g1L[T]; " (G

(7/8) (&[T (Gl +3%) < (41/16)[gli [Ty gle + (29/16)0% .

Combining the last two estimates we have

1

& LIl (gl + 20%) < (29 LTl Gl + 265) < 3(2gli [Ty gk + 20%)-

Since on the event A, N B, NC,, the last estimate and (B.10) hold for all 1 < k¥ < MY it follows

~

A BrNCy C {(1/6)0,271 <52 <302 and (6/7)AL < A, < (8/7)AL, V1 <m < M;J}.

log(Ar,V(m+2)) it is easily seen that (6/7) < Km/Afn < (8/7) implies

From Am - log(m+2)

1/2 < (141og(7/6)) ! < A /AL < (1 +10g(8/7)) < 3/2.

Taking into account the last estimates and the definitions pen,,, = ko, mAF AF L'and pen,,

14/{8%1m£m//imn_1 we obtain
A, N B, NC, C {pen,, < pen,, < 72pen,,, V1 <m < M7}, (B.12)

On the other hand, by exploiting successively (B.10) and Lemma B.3 we have

6 [ 8 —
AN BpNCy C{ =< M <o vi<m< M ¢ {Mn_ <M<Mn+}. (B.13)
L 11 Nl | P
From (B.12) and (B.13) follows the assertion of the lemma, which completes the proof. O

LEMMA B.5. For all m,n > 1 with n > (8/7)||[T],!||s we have Ompn C Qunpn.-

PrRoOOF OF LEMMA B.5. Taking into account the identity [f]m = [F]lm/2{[ld]m+[5]m}[ ]},{2 we
observe that ||[Z],|ls < 1/8 implies 1T, i lls < (8/7)II0],  Is due to the usual Neumann series
argument. If n > (8/7)||[I'],,'||s, then the last assertion implies Op,pn C Qm.n, which proves the
lemma. O

C Proof of Proposition 3.1

We will suppose throughout this section that the conditions of Proposition 3.1 are satisfied and
thus Assumption 3.1 particularly holds true which allows us to employ the Lemmas B.1-B.5
stated in Section B. Moreover, we show first technical assertions (Lemma C.1- C.5) where we
exploit Assumption 3.2, i.e. X and ¢ are jointly normally distributed. They are used below to
prove that the Assumptions 2.1 and 2.2 are satisfied (Proposition C.6 and C.7 respectively),
which is the claim of Proposition 3.1.

We begin by recalling elementary properties due to the Assumption 3.2 which are frequently
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used in this section. Given f € H the random variable (f, X)g is normally distributed with
mean zero and variance (I'f, f)g. Consider the Galerkin solution ™ and h € H,, then the
random variables (§ — 5™, X)g and (h, X)g are independent. Thereby, Z,, =Y — (™, X)g =
oe + (B — ™, X)m and [X],, are independent, normally distributed with mean zero, and,
respectively, variance p2, and covariance matrix [['],,. Consequently, (p,;,} Zm, [X ]fﬂ[l“];@l/ %) is

a (m + 1)-dimensional vector of iid. standard normally distributed random variables. Let us
further state elementary inequalities for Gaussian random variables.
LEmMMA C.1. Let {U;,Vij,1 < i < n,1 < j < m} be independent and standard normally

distributed random variables. Then we have for alln >0 and { = 4m/n

2

_ g 1 n
Pln 1/22(Uf—1)>77> <exp(—>; (C.1)
( pat 81+nn-1/2

n 1/2
~1 nmT 41 no.oro2 .
P<n 2_1 UiVil| = 7]) < Wexp ( — 7 lnin {n ,1/4}), (C.2)
_9 Z -n —Cny
"\ j=1 li=1 Uilig| 2 ¢ s e (E) +exp (67)’ (C3)
and for all c =21 and aq,...,am, = 0 that

E(Z U? - 20n> < 16 exp (—10671) (C.4)

+

nl/2 i UiVij

i=1
m n
E Zaj ZUlej
j=1 i=1

PrROOF OF LEMMA C.1. Define W := >°7 | U? and Z; := (3, U2)"Y2 3" | U;Vij. Obvi-
ously, W has x?2 distribution with n degrees of freedom and Zi,..., Z,, given Uy, ..., U, are

2
—4em | < 16exp (%) + 32% exp (;—g) (C.5)

=1

m
E(
Jj=1

+

= n(n + 2)<Za§ + (Zaj)2> (C.6)
j=1 j=1

2\ 2

independent and standard normally distributed, which we use below without further reference.
From the estimate (C.1) given in Dahlhaus and Polonik [2006] (Proposition A.1) follows

2
>0’ | <P 'W 2 2)+E[P2n Y21 = n?|Uh, ..., Un)]

< n n 1 n’n
<exp| — — ——exp| — — |,
P76 o P 4

which implies (C.2). The estimate (C.3) follows analogously and we omit the details. By

Pln2

> UiV
i=1
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employing (C.1), 2¢ — 1 > ¢ and n~!(en +t) > 1 we obtain (C.4). Indeed,
E(ZUE—QCTL) :/ ( _1/22 )=n" 1/2(cn+t)>dt
i=1 +
> 1 nl(en+1t)? > 1
< - = dt < - — t) |dt
/0 eXp( 81+ n(cn+1) /0 exp | —gglen+1)

& t
:exp<—i?;>/0 exp<—16>dtzlﬁexp<—i2>

From the last estimate and (C.1) follows (C.5), because

2

n_1/2ZUiVij —4cm

=1

m
E(2
j=1

+

<E|[n'WE| (D |Z?—2cm ’Ul,...,Un +2emn (W - 2n),
A +

Slﬁexp(—cfg) [_1W]—|—32exp< 1nﬁ>

It remains to prove (C.6) which can be realized as follows (keep in mind that E[W?] = n(n+2))
2

=E|W2E|(DalZ;?)*

n 2
Z UiVij
i=1

> a, Ui,...,Up
j=1 j=1
[W2]<Za§ + (Za3)2>
j=1 j=1
O
LEMMA C.2. For all n,m > 1 we have
%o || [Wln|* < 6 (B[ X[1%)%. (C.7)
Furthermore, there exist a numerical constant C' > 0 such that for alln > 1
WL [T HW 1
n®  max P<[ 4 ]2m[ [ > ) <O (C.8)
1<m< | nl/4] P 16
8
mlls >1/8 C.9
nt_max Pl > 1/8) < (©9)
n'P({1/2 <5} /0% < 3/2}°) < C. (C.10)

PRrROOF OF LEMMA C.2. Let n,m > 1 be fixed, denote by (), e;)i1<j<m an eigenvalue decom-
position of [I'],,. Define U; := (oe; + (8 — 8™, Xi)u)/pm and Vjj := (/\;1/263-[)(1]@), 1<i<n,
1 < j <m, where Uy,...,U,, Vi1, .., Vam are independent and standard normally distributed
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random variables.
Proof of (C.7) and (C.8). Taking into account » 37", A; < E[| X% and the identities n*p;, 2 ||[W ]|t

= (7 M (CiL UiVig))? and (W5, [T (W] )/Pm = 72 3L (5, UiVig)? the asser-
tions (C. 7) and (C.8) follow, respectively, from (C.6) and (C.3) in Lemma C.1 (with a; = A;).

Proof of (C.9). Since n||[E]m|ls < mmaxicjicm | D 1y (VijVii — d;1)] we obtain due to (C.1)
and (C.2) in Lemma C.1 that for all n > 0

P(|Elwls >m < Y P *12 (VigVir = 650)] = n/m)

1<g,l<m

g QOaX{ 12‘/11‘/12| n/m ‘n 1/22 ’> n1/2n/m)}
2,2
<m2max{(1+ 1/2)exp<—4min{772/m271/4}>,2exp<—é%)}.

Moreover, for all n < m/2 the last bound simplifies to

2m 1 n172
2
POkl > m) < mPmax {1+ 257 2 exp (- 577 ).

and it is easily seen that the last bound implies (C.9).

Proof of (C.10). Since Yj/oy,...,Y, /oy are independent and standard normally distributed,
by exploiting that {1/2 < 5% /0% < 3/2}¢ C {In"' Y1, Y?/oi — 1| > 1/2}, (C.10) follows
from (C.1) in Lemma C.1, which completes the proof. O]

LEMMA C.3. We have for allc>1 and n,m > 1

E(mmagawmm

_4cm> 16€Xp( {26 )+32—exp(16)
+

PROOF OF LEMMA C 3. The assertion follows from (C.5) in Lemma C.1 and the identity
Al [ Wl Pop? = 57 (/2 320 U;Vij)? derived in the proof of Lemma C.2. O

LEMMA C.4. There exists a constant C(d) only depending on d such that for all n > 1

M+
- kAF
sup sup Z A};E([W]Z[F]kl[W]k — 40} n) < O(d)(o* +r)8nh
+

BEF] FGg.Y k=mg

Proor orF LEMMA C.4. The key argument of the proof is the estimate given in Lemma C.3
with ¢ = Ag. Taking into account this upper bound and that for all 5 € Fpand I' € g;l
the estimates A} < 4d3A}, (1 + logd)™'A] < AL, 511\14”* < nCd%(1 +logd) (recall that § =
mALAL) and p? < 02 < 2(0? + 35d57) (Lemma B.2 (i), (ii) and (iv) respectively) hold true,
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we obtain

M r
r t -1 o kA
Z ALE [W]E[F]k [W]k—‘laki
k=m¢, B n +
Mj{ 2AT Wt T -1 w
< UkAkE(n[ ]E[ l@ [ ]k—4k:A£>
k=1 n Pk +
< C(d)(o® + ) ZA exp kiAV + M, exp (—n/16)
= k 16(1 + log d) "

Finally, exploiting that the constant ¥ satisfies (3.3) and that M, exp (—n/ 16) < C for all

n > 1 we obtain the assertion of the lemma, which completes the proof. O

LEMMA C.5. There exist a numerical constant C' and a constant C(d) only depending on d

such that for allm > 1 we have

sup sup {nﬁ(M;D2 max P(UC )} < (C.11)
BEF] regd 1<m<M;F

sup sup {nMJr max P(€y, )} < C(d); (C.12)
BEF] regd 1<m< Mt

sup sup {n'P(ES)} < C. (C.13)
BEFy Tegd

PrROOF OF LEMMA C.5. Since M;} < [n!/*] and O%n = {I[Elm| > 1/8} the assertion (C.11)
follows from (C.8) in Lemma C.2. Consider (C.12). Let n, := n,(d) := exp(128d°%) > 8d3,
and consequently A (M +tlogn) > 128d° for all n > n,. We distinguish in the follow-
ing the cases n < no and n > n,. First, consider 1 < n < n,. Obviously, we have
M max, e P(Q, ) < MF <n™'n o/ < C(d)n! since M < nl/4 and n, depends on d
only. On the other hand, if n > n, then from Lemma B.2 (iii) follows n > 2max, ., p/+(|[I] 5 L,
and hence Uy, C Qpyp for all 1 < m < M5 by employing Lemma B.5. From (C.11) we con-
clude M, max, .+ P(Q5,,) < M;f max, .+ P(O5,,) < Cn~?. By combination of the
two cases we obtain (C.12). It remains to show (C.13). Consider the events A,, B, and C,
defined in (A.2), where A, NB,NC, C &, due to Lemma B.4. Moreover we have n” P(AS) < C,
n"P(BS) < C, and n"P(CS) < C, due to (C.10), (C.9) and (C.8) in Lemma C.2 respectively
(keep in mind that |n'/%] > M¥ and 2(c% + [g]4[T], " [9]s) = 02 > p?). Combining these
estimates we obtain (C.13), which completes the pljoof.i O

PROPOSITION C.6. Let k = 96 in the definition of the penalty pen given in (2.11). There exists

a constant C'(d) such that for alln > 1 we have

~ 1
sup sup E{ sup (1B = 8412 - g pens ) } < W)+ T,
+

BEFyTeGd | mg<k<M;f 6
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PROOF OF PROPOSITION C.6. We use the identity [, — 8*]x = [[]; ' [Wk 1a,., — 8]k Lag

and obtain
/25

1B — 8512 = V]2l VIel? 1., +18¥12 1o (C.14)
Exploiting further |([Id] + [E]x) " [s L5, < 2, the identity [Ty = [T],/*{[Id]x + [Z]x} ],/
and the definition of AL it follows that H[vw]l/z[ O Wkl 1., < 4AL(IT], 2 [Wkl2. On
the other hand, we have H[Vw]l/2[ ]k Wkl 1y, < Agn?(|[W]k]/*. From these estimates and
18]l < [I8%|p (wb™! is non-increasing due to Assumption 3.1) we deduce for all k >

1Bk — BMIZ < AARIIET, P W1kl + A 02| W]kl Lo, +I18%I7 10g

Taking into account this upper bound, the notations Al,; and Ag given in (A.1), and the
definition pen; = 960,%kA1,;A1,;n_1 we obtain for all 3 € F and I' € g;’ that

E 2 k2_1 <4 AFE 1/2 2_y 2k‘A£
sup  { [|Bk — B"I5 6P ) E Il W el” = 4o —
+

mg <k<M,T k=mg,

+Z ENWIl) " (P55, 1/2+erkub

k=mS, k=mS,

Consider the second and third right hand side term. By exploiting, respectively, (C.7) in
Lemma C.2 and (B.5) in Lemma B.1 together with p2, < 2(0? 4 35d%r) (Lemma B.2 (iv)) these
two terms are bounded by
6(c2 + 35d°r)E| X|[2n2M;7  max  (P(05,))"" +34d5r M} max  P(Q5,).
m <k<M,;; ’ ms <k<M,;; ’

Combining this upper bound, the property E||X||?> < d j>17 < dX and the estimates given
in Lemma C.5 we deduce for all 3 € F; and I' € g;l that

~ 1
sup sup IE{ sup <”5k — BkHi — penk> } < C’(d)(a2 +7)X n~
+

BeFyTegd  (mo<h<M, 6

M r 1/2 2 o kAL
4 sup sup E ApE{ ] W]ell” — 40 —=
+

BEFy FEQ',y k=mg,

The result of the proposition follows now by replacing the last right hand side term by its upper

bound given in Lemma C.4, which completes the proof. 0

PROPOSITION C.7. Let K = 96 in the definition of pen and pen given in (2.11) and (2.6)

respectively. There exists a constant C(d) such that for alln > 1 we have

sup sup E([|Bs — 8] 1ec) < C(d)(0* + )= n~h
BeFy Tegd
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PROOF OF PROPOSITION C.7. Taking into account the decomposition (C.14) and the estimate

H[Vw];/z[f];l[W]EHQ lo,,, < AYn?||[W]g]|* given in the proof of Proposition C.6 we conclude

18k = 812 < 2850 [[WIkll” + 2018°12 +2I8]1%,  for all k > 1.

By exploiting (B.5) in Lemma B.1 together with ||3|l, < ||8¥||s (wb™! is non-increasing due
to Assumption 3.1) we obtain for all 5 € 7 and I' € Q,“Yl and for all £ > 1 that

1B = BIE < 2880° Wkl + 2(34d°r + 7).
Since 1 < m < MY and max<p<pe Af < n it follows for all f € FJ and I' € nyl that

BB — BII 1ee) < 20°MY max  (E[|[W]kl|*)/*|P(ES)V? + 2(34d%r + r) MY P(EY).

1<k<My

From (C.7) in Lemma C.2 together with p2, < 2(0? + 35d°r) (Lemma B.2) and E|| X||?> < dX
we conclude for all 8 € F/ and I' € gﬁ‘f that

E(||B — B> lee) < 12(0% + 35d°r)dSn? M® | P(E9)|"/? 4 2(34d3r + r) MY P(ES).

The result of the proposition follows now from MY < Lnl/ 4| and by replacing the probability
P(&¢) by its upper bound Cn~7 given in Lemma C.5, which completes the proof. O

PROOF OF PROPOSITION 3.1. The assertion follows from Proposition C.6 and Proposition C.7

and we omit the details. O

D Proof of Proposition 3.3

We assume throughout this section that the conditions of Proposition 3.3 are satisfied which
allows us to employ the Lemma B.1-B.5 stated in Section B. We formulate first preliminary
results (Proposition D.1 and Lemma D.2- D.5) which rely on the moment conditions imposed
through Assumption 3.3. They are used below to prove that the Assumptions 2.1 and 2.2 are
satisfied (Proposition D.6 and D.7 respectively), which is the claim of Proposition 3.3. We
begin by gathering elementary bounds due to Assumption 3.3. Let k be given by Assumption
3.3 then for all m > 1 we have
BIZ,l% < g™, BV <oy, max BT X" <0,

E|(8 — 8™, X)u| ™ < ITV2(8™ — B)|#n™,  E|[X]% 0 [X]m|

2k 2k, 4k
<miyth.

Moreover, if V' is a non negative random variable with EV* < oo then the elementary inequality
EV 1{vsy < t~**1EV* holds true for all ¢ > 0. Taking into account this estimate we obtain

under Assumption 3.3, that for all m,n > 1

2 32, -5
Ee ]1{‘5‘>n1/6}<17 n -,

m 2 m _
E|(8 = 8™, X)u|” 15— pm, x)ul>r1/2(5m—p)wnirey < 1 ITY2(B™ = B)[Ifn >,
EIX o[l (XD g, iz iy S 07 mPn ™4 (D.1)
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and by employing Markov’s inequality
P(le| > n'/%) <n7'9Bp® P((B—B", X)ul > [TV/?(8™ = B)|[un'/®) < n~ 1y (D.2)

We exploit these bounds in the following proofs. Moreover, the key argument used in the proof
of Lemma D.3 is the following inequality due to Talagrand [1996] (see e.g. Klein and Rio
[2005]).

PROPOSITION D.1 (Talagrand’s Inequality). Let Ti,...,T, be independent T -valued random
variables and v = (1/n) Y7 [vs(T3) — Elvs(T;)]], for vs belonging to a countable class {vs :
s € S} of measurable functions. Then, for e > 0,

E(sup Wi —2(1 + 26)H2>
seS +

v nH2 h2 nH
< — — — -

with K1 = 1/6, Ko = 1/(21v/2), C(¢) = /1 +e —1 and C a universal constant and where

1 n
supsup |vs(t)| < h, E [Sup |V::| < H, sup-— ZVar(ys(Ti)) < v.
seS teT seS ses i1

LEMMA D.2. There exist a numerical constant C > 0 such that for alln > 1

n? sup P B[ [Wlm|* < O (B X |7)% (D.3)
W1, [l (W] 1
8 [ ml-1lm m ) <« 64,
" 1gn£28[7}f1/4J P( P2, = 16 ) o (D-4)
8 P(||[Elmlls > 1/8) < C(n); D.5
e (IE]ml /8) < C(n) (D.5)
n'P({1/2 <5} /0% < 3/2}°) < On®. (D.6)

PROOF OF LEMMA D.2. Let n,m > 1 be fixed, denote by (), €;)1<j<m an eigenvalue decom-
position of [I'],,. Define U; := (oe; + (8 — 8™, Xi)u)/pm and Vjj := (/\fl/zet[Xi]m), 1<i<n,

J J
1 < j < m. Keep in mind that E|U;|* < n** E|Vi;|** < o and E|U;V;;|** < n** for some
k > 16 due to Assumption 3.3 and UiVijy,...,U,V,; are independent and centered random

variables for all 1 < 7 < m.
Proof of (D.3) and (D.4). Consider the identities n*p,A||[W]n|* = (e A (i UiVij)?)?
and ([W1L, L] W m)/pa, = n™? > (X0 U;Vi;j)?. We apply successively Minkowski’s (re-
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spectively Jensen’s) inequality and Theorem 2.10 in Petrov [1995], which leads to
m n 2 m n A 1/272
S vy <n?[Sa (s uvl) ]
j=1 =1 j=1 i=1
m A 1/292 m 2
8 :
[ (sowar’) | <o [3n]
]:

10 El[Wln||* = n°E

7=1
m n k m n
bk o 2K B (D)2 (W 1m|r2’f=nkE\m12<ZUivij>2 <ntm S B S U
j=1 i=1 j=1 =1
< Clim™ 3 o UL < Clo™

The first estimate implies (D.3) since 7% A; < E[|X |%. By employing Markov’s inequality
the second estimate with & = 16 implies (D.4), that is

W1t [T]-H W],
max P<[ ]m[ }m[ Jn > 1) < Cn_16n64 max m'® < Cn_127764.

1<m<|nt/4| p% 16 1<m<|nl/4|

Proof of (D.5). Since V1;Vi; — 0j1, ..., VpjVp — 65 are independent and centered random vari-
ables with E|V;;Vy — jl]% < Cn* for all 1 < j,1 < m it follows from Theorem 2.10 in
Petrov [1995] that n*E|n~' 37 | (Vi;Vii — (5]1)‘% < C(k)n**. By employing the elementary

inequality ||[Z] |7 < diciiem ViV — &%, Jensen’s inequality and the last bound we obtain
m =2 PR [E]wlI2F < C(k)n**. Applying Markov’s inequality and the last bound with k = 16
we conclude
1
max <||[ Imlls > ) <Cn 1% max  m32 < on 8%
1<m<|nl/4] 8 1<m<|nl/4)
which proves the assertion (D.5).
Proof of (D.6). Since Y{?/o% —1,...,Y,2/oy — 1 are independent and and centered random

variables with E|Y?/o} — 1|2k < C(k)n** it follows from Theorem 2.10 in Petrov [1995]
that E‘nfl S Y2od — 1‘% < C(k)n~*p* . Employing Markov’s inequality and the last
bound with k£ = 16 we deduce P([n~' Y7 | Y2/o? — 1] > 1/2) < Cn~'%y%%. Thereby, the
assertion (C.10) follows from the last bound by exploiting that {1/2 < 5% /02 < 3/2}¢ C
{In=1 3", V;?/o? — 1| > 1/2}, which completes the proof. O

LEMMA D.3. Let ¢, := 0 4+ n2||TV/2(8™ — B)||u, m > 1. There exists a numerical constant C
such that for all Ln1/4j >m > 1 we have

32

(Il - 12702 ) < 0b{om(-22) o) + e}

PROOF. Let 1 < m < n be fixed and S™ := {z € R™ : 2!z < 1}. Define the subsets
w = {e € R el < 0!}, Xy = {o € H ¢ |(8— A7)l < [TV2(8 — 8™ an/*),
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KXoy = {z € H: [2]8, 1], [2]m < mn'/3} and X, := X1, N A, Givene € R, z € Hand s € S™

we set

vs(e,x) = (oe+ (B — B 2)m)s' U] [ 1 jees, mern)
Ry(e,z) = (0e+ (8 = ™ 2)m)s' [T ()1 = Lieee, wern)):

Let vf == (1/n) 32i_1{ws (i, Xi) —Bvs(ei, Xi)} and R = (1/n) 3200 { Ro(&i, Xi) —ERs(e4, Xi)},

then it is easily seen that [|[T ]_1/2[I/Vn}m||2 = SUpgegm |VF + RY|? and hence
mAL mAL
B (I 2l — 12670 ) < 28 sup 132 - 062,70 )
n + seSm n +

+ 2E sup |R:? =: 2{Ty + Tv}, (D.7)
sesm

where we bound the terms 77 and 75 on the right hand side separately.

Consider first 17 which we estimate by employing Talagrand’s inequality. Obviously, we have

sup sup |vs(e,z)|* = sup (oe+ (B — B 2)u)[2]5, 0], [#lm Lices, vern)
e€R,zeH seS™ ecR,zcH
< (o + [TY2(8™ = B)lla)*n*Pm < son®Pm =: h? (D.8)

By employing the independence of € and X it is easily seen that

nE sup |v;* < o®m +E[(8 — 8™, X)ul*[X]5 )5 [X]m,

seS™ o

sup — ZVar (vs(ei, X)) < 0 + sup E[(8 — 8™, X)u|*|s'[[]5 [ X]m|*.

seSm T seSm

By applylng the Cauchy-Schwarz inequality together with E||/[T] 1/2[ X]m|* < m?n* and E|(8—
g™ X) H‘ ]I‘l/z(ﬁm - )HHn we obtain

N m mAL
E sup [y < —(o + ITY2(8 = B™)lIfim*) < S = HY (D.9)

seS™

and taking in addition into account that E|s’ [F]ﬁl/ 2[X Jm|* < nt for all s € S™ we obtain

o b Var((en X0) < ot 4 TV — )t < & =t (D.10)
ses™ vy

Combining (D.8), (D.9), (D.10) due to Talagrand’s inequality (Lemma D.1 with ¢ = 1) follows

.o 5 mAL {c,zn ( mAgl) 2m ( n1/6)}
— < Ll — -/ -
E<sseus]3n val” = Bem n >+ <¢ n P 6 ) s P\ T00

Al" nl/6

™) +ex p(—m)} (D.11)

2
<o {exp (_
n
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where we used that m < [n'/4].
Consider T on the right hand side of (D.7). By employing [X]u[[],' [X]m Lixex, 3 < mn
and X, = Xy, N Xy, we have

1/3

nE sup |Ri|* < E(oe + (8 — 8™, X)) [X]n[Tm [X)m (1 = Lices, . xex,))
seES™

<E(oe + (8 — 8™, X)0)* [X|m[Tm [Xm L x g0}
+mntPE(oe + (B — 8™ X)u) 2 (1iege,y + Lixgan,))-

Taking into account that E(ce + (8 — 8™, X)u)* < (62 + |TY2(8 — B™)|12)?*n*, Ee? = 1 and
E[(8 — 8™, X)u|> = |TY2(8 — f™)||% from the independence between ¢ and X follows

seS™m

1/2
nE sup [Ri]*> < (0% + [TV2(8 = 5™)|[E)n <E![X]m[F];L1 (X ] l{xem,n}>
4t/ B 1 g,y HITY2(8 — B [EP(e & Ex)
+ 02 P(X ¢ Xin) +E|(B — 8™, X)&[* Lo, |-
We exploit now the estimates given in (D.1) and (D.2). Thereby, we obtain

nE sup |R:|? < C(o® + [[TY2(8 — 8™)|2)n*2mn~ /3 < CZn*?n

seS™

where we used that m < [n'/%]. Keeping in mind the decomposition (D.7) the last bound and
(D.11) imply together the claim of Lemma D.3 which completes the proof. O

LEMMA D.4. There exists a constant K := K (o, n,fg,g;l) depending on o, n and the classes
Fy and Q only such that for all n > 1 we have

M+
A5,
sup sup Z Al IE<H[ I 1/2[Wn]7H — 1202 m> <Knp#2(e?+r)Sn .
BF] regd /4

v m=ms,

PROOF. We begin our proof with the observation that there exists an integer n, := no(o, n, 7/, gff)
depending on o, 7 and the classes F; and ggl only such that for all n > n, and for all m > mg,
we have 2, < 2(0%+ [T2B]2 +[g)% [T} glun) = 2(0% + [g]ta )} [g)m) = 02, Indeed, we have
1/m¢ = o(1) as n — oo and |¢2, — 02| = o(1) as m — oo because ¢, = o + n?|TV2(8™ — ) ||u
and [[TV/2(8™ — B)||% < 34d” rymby,! due to (B.5) in Lemma B.1. We distinguish in the fol-
lowing the cases n < n, and n > n,. First, consider n < n,. Due to (D.3) in Lemma D.2 and
02, < 2(0? + 35d5r) (Lemma B.2 (iv)) we have for all m > 1

m T
(H[ o2 (W2 — 1202, " m

Hence, M < [n'/*| and mAL < o

m
m) Bl < Ot + ).
+

n

vt SnC(d) for all 1 <m < M, (Lemma B.2 (ii)) imply

M+
AF
sup sup  » . ALE (HH 21 ? — 1202, m m) <o) nd A nt (o + 7).
BFy Tegd n +

¥ m=m$,
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The last bound implies the assertion of the lemma for all 1 < n < n, because n, depends on

o, n and the classes F; and fo only. Consider now n > n, where we have ¢2, < o2, for all

),

m > ms. Thereby, we can apply Lemma D.3, which gives

M;F r
m

mA
sup sup >~ ALE (T2l - 126%™

ﬁfr FEQ.Y m=mg,

M 9
n AL AF 1/6 32
< C'sup sup Z Sm m{exp(—m ) —|—exp(—n—) —{—%}
BF} Fngfm ms, n 100

Taking into account the estimates Al < 4d3AZ, AL > (1 +log d)_lAz, quAgﬁ < 5]1;4+ <
nCd®(1+logd) and ¢} < 0} < 2(0?+435d°r) (Lemma B.2 (i), (ii) and (iv) respectively) follows

M;F r

A
sup sup 3 A <II[ I 2Walml|? — 12027 m) <C(d) (0 +r)n”!
BTy TE€GS —ms noJ4

Z, mA7, nt/6 n3?
X sup sup A exp ( - > + nexp + —
ﬁ]:g FEQ’E‘YZ m;n% m 6(1 + log d) ( 100 ) n

Finally, exploit that ¥ = E(gg) satisfies (3.3) and nexp (—nl/ 6/100) < C which in turn implies
the claim of the lemma for all n > n,, i.e.,

r
mAm> gC’(d)ng’Q(aQ—i-r)En*l.
+

+
> ALE (I 27l - 1267,
BF} Iegd

v m=mS,

Combining the cases n < n, and n > n, completes the proof. O

LEMMA D.5. There exist a numerical constant C' and a constant C(d) only depending on d

such that for allm > 1 we have

sup sup {716(]\4:)2 max P(Uf, )} < o,
BEF] regd 1<m< Mt

sup sup {nM+ max P( )} < C(d)n
BEF] Tegd 1<m< My

sup sup {n7P(EfL)} < ot
BEF] Tegd

PrOOF OF LEMMA D.5. By employing Lemma D.2 rather than Lemma C.2 the proof of the

lemma follows along the lines of the proof of Lemma C.5, and we omit the details. O

PROPOSITION D.6. Let k = 288 in the definition of the penalty pen given in (2.11). There
ezists a constant K := K(o,n, Fy, g;l) depending on o, n and the classes Fy and Q‘Wi only such
that for all m > 1 we have

—~ 1 _
sup sup B sup (15— 02— geme ) b Ky 4 ) 20
BEF; Tegd m <k<M;T +
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PROOF OF PROPOSITION D.6. We follow line by line the proof of Proposition C.6 . Keeping
in mind that pen;, = 28807kALALn~! we obtain

E G- M2 — 1 <4 > ALR( |2 2 1gp2 Ak
sup 18k — B2 6P ) E Tl W]kl -
+

mg <k< M, h=mo

3 SEIWR L) S IR

k=m¢, k=mS,

The second and third right hand side term we bound due to Lemma D.2 and D.5, i.e.,

~ 1
sup sup E{ sup <Hﬂk — ﬁkHi — penk> } < C(d)n64 (02 +7)2 nt
+

BeFyTegd | mg<k<M,T 6
M»,J{ r
1/2 kA
wasup s >0 ALB(JIE VLI - 120270 )
BeFy Fegv k=ms3, +
and hence by employing the bound given in Lemma D.4 we complete the proof. O

PROPOSITION D.7. Let k = 288 in the definition of pen and pen given in (2.11) and (2.6)

respectively. There exists a constant C(d) such that for alln > 1 we have

sup sup E(||B7 — B2 1eg) < C(d)n™ (0* +7) S0
BeFy Tegd

PROOF OF PROPOSITION D.7. Taking into account (D.3) in Lemma D.2 rather than (C.7) in

Lemma C.2 we follow line by line the proof of Proposition C.7 and conclude that

sup sup E([[B5 — BII2 1e<) < C(d)(0? +r)*En®? sup sup [P(E7)['*.
BEF] TeGY BEFy Tegd

The assertion follows now with help of Lemma D.5, which completes the proof. O

PROOF OF PROPOSITION 3.3. The assertion follows from Proposition D.6 and Proposition D.7

and we omit the details. O
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