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Abstract

We consider the model Z; = X; + ¢; for i.i.d. X;’s and ¢;’s and independent sequences
(X;)ien and (g;)ien. The density of € is assumed to be known whereas the one of X; denoted
by ¢ is unknown. Our aim is to study the estimation of linear functionals of g, (¢, g) for a
known function ¢. We propose a general estimator of (1, g) and study the rate of convergence
of its quadratic risk in function of the smoothness of g, f- and 1. Different dependency contexts
are also considered. An adaptive estimator is then proposed, following a method studied by
Laurent et al. [23] in another context. The quadratic risk of this estimator is studied. The
results are applied to adaptive pointwise deconvolution, in which context losses in the adaptive
rates are shown to be optimal in the minimax sense. They are also applied to pointwise Laplace
transform estimation in the standard context and in the context of the stochastic volatility
model. Estimation in the context of ARCH-type models lastly illustrates the method.
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1 Introduction

We consider the convolution model

The sequences (X;);en and (g;);en are independent. The X;’s are i.i.d with unknown density
g, the ¢;’s are i.i.d. with known density f., whose smoothness is described by the following



assumption.

Suppose there exist nonnegative numbers kg, kg, (3, «, and p such that f* satisfies
ro(® +1) P exp{—alz|’} < |f(2)] < ry(a® + 1) exp{—alz|}, (2)

with 8 > 1 when p = 0. Since f. is known, the constants «, p, ko, k and § defined in (2)
are known. When p = 0 in (2), the errors are called “ordinary smooth” errors. When o > 0
and p > 0, they are called “super smooth”. The standard examples for super smooth densities
are Gaussian or Cauchy distributions (super smooth of order 8 = 0,p =2 and = 0,p = 1
respectively). An example of ordinary smooth density is the Laplace distribution (p = 0 = «
and 3 = 2).

In this context, many papers studied the so-called “deconvolution problem”. In other words,
many strategies have been developed in order to estimate the distribution g of the unobserved
X,’s, when assuming that g belongs to some smoothness class defined by:

“+oo

S(b,a,r, L) = {f such that / |£* ()2 (2® + 1) exp{2alz|"}dx < 27TL} (3)

for b, a,r, L some unknown non-negative numbers, such that b > 1/2 when r = 0.

Kernel estimators were first widely studied (see Carroll and Hall [10], Stefanski and Car-
roll [29], Fan [17]), in the case of Sobolev balls (case » = 0 in (3)). Classically in this context,
the slowest rates of convergence for estimating g are obtained for super smooth error densities.
Then adaptive strategies have been examined, using wavelets (see Pensky and Vidakovic [27]),
or model selection methods (see Comte et al. [15]). These works, together with those of Bu-
tucea [5], Butucea and Tsybakov [7] and Lacour [22], studied cases r > 0,a > 0 in (3) involving
thus infinitely many times differentiable functions and lead to improved but non standard rates
whose optimality in the minimax sense was detailed in Fan [17], Butucea [5], Butucea and
Tsybakov [7].

In this paper, we are interested in the problem of estimating 0(g) = (¢, g9) = E(¢(X1)) in
model (1), where v is a known integrable function.

For the sake of clarity, we first define the three types of estimators and associated rates

discussed in this paper: minimax, adaptive minimax and adaptive. Let A = [b,b] X [a,a] X

[r,7] x [L, L] C [0,00) x [0,00) x (0,2] x (0,00) be a set of parameters A\ = (b, a,r, L).

Definition 1.1 A sequence ¢, which tends to 0 with n is a minimax rate of convergence over
the class of density functions S(\) if there exists an estimator 6} of 6 and a constant C' > 0
such that

sup ¢, 3Eq[|0% — 0(g)|?] < C, for n large enough,
gesS(\)

and if for some ¢ > 0 we have

inf sup ¢ 3E,[|0n — 0(9)*] > ¢, for n large enough,
On ges(n)

where the infimum is taken over all estimators 0, of 0.

Definition 1.2 An estimator 0,, is adaptive minimaz over the family of classes Uxea S(A) if
there exists some constant C' > 0 such that

sup sup @572)\Eg[|én —0(g)!] < C, forn large enough,
AEA geS(N)



where @, \ is the minimaz rate of convergence of the pointwise risk (i.e. for fixed values of b,
a, r and L).

It is not always possible to attain the minimax rate uniformly over a set of parameters A. Most
often there is a loss in the rate due to adaptation.

Definition 1.3 We say that an estimator é;; is adaptive if it attains a rate of convergence 1y \
uniformly in X over A, i.e. there exists a constant C > 0 such that

sup sup w;QAEgHé;‘; —0(g)|2] < C, forn large enough.
AeAgeS(N)

and if the loss of rate with respect to the minimaz rate is optimal, i.e. it satisfies the following
lower bounds

inf sup sup d};iEgHQn —0(9))?] > ¢,

On AeA geS(N)

for n large enough, where the infimum is taken over all possible estimators 0,,.

Comte et al. [15] developed model selection techniques to provide an adaptive estimator of g.
Using the same collection of spaces S,,, we can build an estimator of 6(g) = (¢, ¢) on a given
Sm, for which we can exhibit various rates of the mean square error. Then, in the spirit of
Laurent et al. [23], we build an adaptive procedure for automatic selection of the space S,
in a collection (Sy,)mem, . The difficulty here lies in finding an adequate penalization of an
empirical error of the estimator. We adapt Laurent et al. [23]’s methodology by defining the
selection spaces in the frequency domain. Moreover, our setting is not gaussian.

To compute the rates, we have to take into account the regularity parameters of the function
1, which is thus assumed to satisfy, Vax € R,

[ (@) < Cy(a® +1)77 exp(—24]z|"). (4)

We also extend the result to different dependency contexts, in view of particular hidden markov
models or ARCH-type models.

Adaptive estimation of linear functionals has been widely studied in the context of the white
noise model and regression (direct observation), see e.g. Lepski [24], Tsybakov [30], Cai and
Low [9, 8], Artiles and Levit [3] Laurentet al. [23] and in the context of density models with direct
observations Lepski and Levit [25], Butucea [4], Artiles [2]. For the model of Gaussian sequences
Golubev and Levit [20] and Golubev [19] considered adaptive estimation of linear functionals in
both direct and inverse setup. Note also that in some particular inverse problems the pointwise
adaptive estimation was solved by Klemeld and Tsybakov [21] for the Riesz transform, by
Cavalier [11] for tomography problem. To our knowledge, we present the first work on model
selection based adaptation for density estimation in the convolution model (1).

Our findings are interesting, in term of rates and loss due to adaptation. We provide a
new adaptation procedure and when applying our general results to pointwise estimation of g,
we recover as a particular case, the upper bound rates obtained by Fan [17], Butucea [5] and
Butucea and Tsybakov [7], directly in a general context. Moreover, we prove the optimality in
the minimax sense of the loss due to adaptation for Sobolev smooth densities and supersmooth
densities in presence of ordinary smooth noise and for supersmooth densities in presence of
supersmooth noise with » > p and 0 < p < 1 (in the case r < p no loss occurs, while the case
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r>pand 1 < p < 2 is still open). As a by-product we also prove in the last case that the rates
of our estimator (which requires knowledge of a, r) are optimal in the minimax sense, which
was not yet known in the literature.

We also apply the procedure to pointwise Laplace transform estimation, when X7 is a positive
random variable, even when the Laplace transform of the noise is infinite. Lastly, we illustrate
our method with an application to the discrete stochastic volatility model, where derivatives
of the Laplace transform of the volatility can be estimated with good rates. All the upper
bounds given in the applications correspond to particular values for the parameters B, A, R of
the function v in (4). Lastly, we show how the methods can be applied in the context of general
ARCH-type models.

The plan of the paper is the following. Section 2 defines the estimators and studies their
rates with squared loss function, and the adaptive procedure is detailed in Section 3. Both
independent and §-mixing contexts are studied. In Section 4, several applications of our general
results are detailed. Section 4.1 is devoted to the application of the results to adaptive pointwise
deconvolution, upper bounds are deduced from Section 3 and the associated lower bounds are
proven when a loss occurs. Section 4.2 presents application to Laplace transform estimation, in
the standard context and 4.3 to the context of the stochastic volatility model. Lastly, Section
4.4 explains how the procedure applies to ARCH-type processes. Some proofs are gathered in
Section 5.

2 Study of strategies for estimation

Recall that we want to estimate 6(g) = (¢, g9) = E(¢»(X1)) where X; follows model (1) and is

unobserved. Only the Z;’s, for ¢ = 1,...,n are available.
We assume in all the following that:
fe belongs to La(R) and is such that Yz € R, fI(x) # 0. (5)

Note that the square integrability of f. requires that 5 > 1/2 when p =0 in (2).
In the sequel, we denote by * the convolution product of functions (uxv(z) = [ wu(t)v(t—=z)dt)
and by u* the Fourier Transform of u: u*(x) = [ e"®u(t)dt.

2.1 Two strategies

Two ideas can be investigated.

The first one is to write (¢, g) = (1/2m)(¢*, g*). As the density fz of Z; satisfies fz = g* f-,
we have [} = ¢ fZ. In other words, under (5), (¥, g) = (1/27)(¥*, f;/fZ). Replacing f(t) by
its empirical version (1/n) > _j_, e®Z*, this leads to the estimator

) — L - eitka
o= — 1;1 / 0 dt. (6)

This estimator is built directly and seems attractive. Unfortunately, the term f* in the de-
nominator should make in many cases the integral divergent (think of a Gaussian noise ¢ for
instance). Thus, for the estimator to be well defined, it is wise to take as an estimator of 6(g),

o = — i / etV 0 gy (7)

B 2mn k=1 [t|<mm fg(w
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The second strategy is less direct but natural as well: we can use some estimator of g, g,
and set

It happens that if §,, is the projection estimator defined in Comte et al. [15], then 6, = 6,,. To
see this, we need to recall the definition of g,,.

Let ¢(z) = sin(mz)/(7x). For m € Nand j € Z, set ¢, j(x) = /me(maz — j). The functions
{m.;}jez constitute an orthonormal system in L?(R) (see e.g. Meyer [26], p.22). Let us define

S = span{y,, ., j € Z},m € N.

The space S, is exactly the subspace of La(R) of functions having a Fourier transform with
compact support contained in [—7m,7m]. Here Condition (5) allows to define the following
contrast function: for ¢t in 5, let

n

i) = 3 D0 = 2 (20], it o) = 5 )
i=1 :

9)

Then, for an arbitrary fixed integer m, an estimator of g belonging to S;, is defined by

G, = ' t). 1
Gm = arg min 7 () (10)
By using Parseval and inverse Fourier formulae we obtain that E [uf(Z;)] = (t,g), so that

E(7.(t)) = [[t—g||>—||g||? is minimal when ¢ = g. This explains why 7, (¢) is well-suited for the es-
timation of g. Note that the orthogonal projection of g on Sy, is gm = 3 ez am,j(9)Pm,; Where an, ;(g) =<
©m,j,g > and that

n

. . o 1 X
Im = Z Um,jPm,j With dm ;= n Z u:;m,j (Zi), and  E(am;) = am,;-
JEZ i=1
It is then easy to see that

2 iu gDm7 )
b = ) = Camilomsnt) = 4 [ Emt D Ly, g
k 1

JEZ JEZ

_ uZy, JGZ ¢ (ij> ( )
a 27mz/ fz(u)

= ému

because ;7 (V" ¢y, )or, j(w) = ¥ (u) Ly <rm. We have proved that:

Proposition 2.1 Let Om = 0(Gm) be defined by (8) with G defined by (9)-(10) and 0y, defined
by (7), then 6, = O,

We can note that in practice g, involves an infinite sum which should be truncated. The
study of the impact of this truncation is in Comte et al [15]. For this reason, (7) may be a
better way to write the estimator.



2.2 Risk bounds and rates for independent variables

The direct strategy has the advantage that m = 400 can be chosen. If this is possible, then the
estimate is unbiased and its rate can reach the parametric rate. Indeed the variance is

e

— / (3w —v) — f(u) f(—v)) et =0

dm2n

AT
e [ [ 1530

Another bound for the variance shall prove useful in the sequel:
'/ iuZy w* U’ 1 ( |¢*(u)|du>2
(u) = In |2 (u)]
Ny >\du>2 |
(u) | f2(w)]

Thus if all integrals are finite, the estimator has a quadratic risk E(f — 0)2 of order 1/n. As
J1f5(x)|dz < [|fZ(x)|dz < oo by (2), we have the following result:

Var(f) = Var(fa )—ﬁ\/ar < / ¢

() ()
77 ) [ ()

IN

Var(d) <

Finally,

Var(6) S

Proposition 2.2 Assume that f. and ¢ are such that [ |f*(x)|dz < +oo and

[ 10 @z @Pds < +oo or [16"(@)/£2 (@)ds < o ()
Then 6 given by (6) is well defined. It is an unbiased estimator of 0(g) = (1, g), and E[(§ —
0(g))%] < C/n.

Remark 2.1 Condition (11) is fulfilled if ¢* decreases faster than f} near infinity, which cor-
responds to the intuitive idea that 1 is a smoother function than f.. For example, this happens
if 9 is supersmooth when ¢ is ordinary smooth.

In the gen§ral case, aAbound for t}}e squared Abias can be found, using that E(f§ — ém)Q =
b2(0,) + Var(6,,) with b(6,,) = 0 — E(6,,,). As E(0,,) = (1/(27)) f|t|<7rm g*(t)Y*(t)dt, we obtain

b(ém>=;ﬂ</ gwwea [ g*<>w<>dt> o AL

Therefore, the squared-bias variance decomposition is here

E(@—ém>2362<9m>+4732nmm{/|u|<m et [ 1 (/... ’r%gz?wduﬂ'

Thus we can study the rates that can be deduced from the previous upper bounds, in function
of the smoothness parameters of the three involved functions: g, ¥, f-.




Proposition 2.3 Assume that C. = [|f*(x)|dz < +oo, and let 0, be defined by (8) or (7).
Then

2
- 1 s 1 N A A
EW—%)§<%A¥$?®¢@WQ +M%mm{%lmmmw<[muw>}'

Let us assume thus that ¢ satisfies (4), that g belongs to S(b,a,r, L) as defined by (3) and
that f* fulfills (2). Then

2
b2§m < ()" (x)dx
(0m) ‘/z>7rg()¢()

< ‘/ 1+ 22)"2 exp(alz|") (J¢* ()| (1 + &%)~ exp(—al2["))dx
\z\>7rm
</ wmﬂu+ﬁﬁmmmmwm/ [0 @)1+ 22)~ exp(~2alal")da
|z|>7m |z[>7m
< LC (1 +2%) 72" B exp(—2a|z|” — 2A|2|®)dx

|z|>7mm

< Oy~ 2Bmmax(nR)FHL oy (90 (rm)" — 2A(7m) ).
On the other hand, for the variance, we find:

if(p=R=0,8<B—1/2)

r(p=R>0,a=A,<B-1/2)
or (p=R,a<A)
(

r(p<R)
C'1n(m) 1f(p=R>0,a:A,ﬂ:B—1/2)
Var(0,,) < w (case (D)), {or (p=R=0,0=B-1/2)

C m25—23+1, (case (III)) {lf ((p =R> O a=A ﬁ > B — 1/2)

R=0,3>B—1/2)

Cp20=2B+1=p+(1=p)s 2a(rm)?=2A(m) it (5 > R) or (p= R > 0,a > A).
(case (IV))

The term 1 — p+ (1 — p)4, where zy = max{z, 0}, comes from comparisons of the two possible
variance orders as, e.g. for R = 0:

lu|<7m |Je

and

4w o
/|u|<7rm ‘f;(u)‘ du < Czm B+l peXp(a(ﬁm)P)'



Table 1: Upper bounds for the minimax rates of convergence

Parameters Rate
p<R n—1
p = R a< A ’I’L_l
B<B-1/2 n-1
(()[1? =H=0 B=B-1/2 max{r, R} =0 (Inln n)nfl
(p=R>0,a=A) - max{r,R} >0 | (nn)n'
max{r, R} >0 (Inn)(@B—2B+D)/{rvR}p—1
p>B-1/2 {max{r7 R}=0 n*(b+371/2)/(b+B)’ (b>1/2)
(p=R>0,a>A) o
max{r, R} >0 Uy,
p>R
max{r, R} =0 | In(n)-CO+H=D/r, (> 1/2)

More generally, several cases can arise, detailed here and summarized in Table 1. Note that in
case (p=R >0, a > A, min{r, R} > 0) or (p = R =0, maxr, R > 0 the rate is given by

. _9p— _ _ _ R
vp, = argmin {CB?TL 2b—2B+1 VR, 2a(mm)" —2A(mm)
m

+m2ﬂ723+17p+(17p)+ eQa(nm)LQA(wm)R 1} '
n

These rates are faster than (In(n))™ and slower than n=*2 for any A;, Ay > 0.

Remark 2.2 Here, the smoothness of 1) seems to have no influence on the optimal choice for m.
Nevertheless, the dependence on the unknown parameters related to g of the different optimal
choices of m enhances the interest of an automatic selection of m.

Note that 1(x) = x or ¥(z) = zP are not integrable on R so that the moments of X; can not
be estimated in that way. But if €; admits moments of the same order, since they are known,
they can be used together with empirical moments of the Z;’s to obtain estimated moments of
X;.

2.3 Extension to mixing contexts

In view of applications, it is natural to study the robustness of the results with respect to
dependency in the variables, and in particular to G-mixing properties.
To be more precise, two dependency contexts are considered. First, we can assume:



(D1) In Model (1), the sequences (X;) and (g;) are independent and the &;’s are i.i.d. The
sequence (X;) is strongly stationary and f-mixing, with -mixing coefficients denoted by

(Br) k-

otherwise we assume:

(D2) In Model (1), the ¢;’s are i.i.d and for any given i, X; and ¢; are independent (but the
sequences (X;) and (g;) are not independent). The sequence (Z;, X;)iez is strongly sta-
tionary and (-mixing, with -mixing coefficients denoted by (0 )g-

Context (D1) encompasses the case of particular Hidden Markov Models, when the noise
is additive and (X;) is a (-mixing Markov process. As many Markov chain models or other
standard models can be proved to have such mixing properties (see Doukhan [16] for a large set
of examples and study of their mixing properties), this means that our results can be applied
to many classical models. In that case, we can prove the following result:

Proposition 2.4 Consider the model (1) under (D1) with moreover » ;o By < +oo. Assume
that Ce = [|f*(x)|dz < +oo. Let Oy, be defined by (8) or (7). Then

2
—_ A )2 i * * Ce min o W)*P ( o Tﬂ*‘)Q
E(0 —6)° < <2W /ﬂzm g () (t)ldt> + 12 {/_m TEE /_m 7
(f|t|§7rm W*Kt)dt)Z Zkzo Bk

n

In particular, if Ky := [ |¢*(t)|dt < +oo, then

) 1t N e e w2 K
E<H_9m)2§<w/m 'gW) +47r2nmm{/—m If:P’(/_m !f;l) o W

where K = 2Ki >k B

2
+

(12)

Note that, in any case, we have in (12),

™m *(2 ™m *\ 2
/ﬂgwm'w ) tgmm{ [ e ) |

so that the last term is always less or equal than the variance term. It follows that the rates, in
the context of mixing X}’s described by assumption (D1), remain the same as in the indepen-
dent setting.

We explain in Section 4.4, how context (D2) is linked with ARCH models. Let us for now
only state the result:

Proposition 2.5 Consider the model (1) under (D2) with moreover » ;. By < +oo. Assume
that C. = [|f*(x)|dx < +o0o. Let Oy, be defined by (8) or (7). Then

2
_4, ) 1 . Co P ( " w*|>2
E(e em) S (27T /;|>ﬂm ‘g (t)w <t)‘dt> " 47T2n {/—TF’H’L |f5*‘2’ /—7rm ’fs*|
QZkZO Br B o |7/’*|>
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In particular, if f. satisfies (2) and if ¢ satisfies (4) and
9" (2)| = Cy(a? + 1) exp(—2Al2| "), (15)

with B > max(B,1) or (A >0,p > 0), then

A Lo N Kt ]
E(0 — ,,)2 < (W /Trm lg"Y |> T2, mm{/m FAER </7rm Ifa*\) S

where K is a constant.

Note that condition (2) contains two inequalities analogous to (15) added to (4): they ensure
that the orders are exact and not only upper bounds. They are required to compare the order
of the additional mixing term to them.

It appears from Inequality (14) that

* d * * d < * * d 2
( /| o / R0 < / P00

but the comparison with f| H<mm |9* / £2|2(t)dt requires a case study which explains the validity
conditions # > max(B,1) or (A > 0,p > 0) given for (16). It follows from (16) that the rates
given in Table 1 are preserved whenever the ¢;’s are supersmooth.

3 Adaptive estimation

3.1 The adaptation problem for linear functionals

The problem of adaptation with linear functionals can be understood by comparison with what
happens for global estimation of g for instance. In this context, we can see that ||g — gm|* =
g —gm||?+||gm —Gm||* with Pythagoras theorem. Then to mimic and perform the squared-bias /
variance compromise, both terms must be approximated. But as g,, is the orthogonal projection
of g on Sy, lg — gmll? = llgl* = l|gm||?>- Then the squared bias can be reduced to —||g.,||?, the
other term being a constant. A natural estimation of —||g || is Vn(Gm) = —||Gm||?. This explains
why model selection in that case is performed by setting m = arg min,, {7V, (g )+pen(m)} where
the penalty generally has roughly the order of the variance (E(||gm — gm||?))-

For linear functionals, let us describe the heuristics. As now only a standard square in in-
volved, (6(g) —0(gm))? = 0%(g) —20(9)0(gm) +6%(gm), no simplification occurs in the cross prod-
uct. Therefore, the best approximation of the bias is obtained by replacing it by (6(g;) —0(gm))?
for j > m, j great enough, and then by (6(g;) — 0(4m))* = (éj — 0,,)%. This approximation in
turn implies a bias which must be corrected. This explains why the theoretical criterion is

Crit(m) = sup(8(g;) - 0(9m))* + pen(m),

where pen(m) has the order of the variance, and its empirical version is

Crit(m) = s [(0(dm) - 0(3;))* — H(j,m)] + pen(m),
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where H(j,m) is an additional bias correction. We can then define

_ _ 1
. . < o 1
m = inf {m € M, Crit(m) < jlen/\f/l Crit(j) + n} (17)

as the model selection procedure. It remains to find pen(-) and H(j, m) that make the procedure
work and give good rates for 0.

3.2 Model selection

First, note that model selection has an interest only in the case [ |)*/f*| = +oo and [ [o*/f*|> =
+oo since otherwise the variance is of order 1/n and the rate is parametric. As ¢ and f. are
assumed to be known, these conditions can be explicitly checked.

Let C. = [|f#(z)|dz. Let @y, be some positive weights to be chosen, and let a > 0, we
define:

pen(m) = A(1+ =) (o, + 3,6%) (15)

where afn = U&m, Cm = Co,m, With a]%m and ¢;,, defined by

£ |2 . 2
02, = —— min 05/ V@ g, / @)l g
’ 2mn w(jAm)<|z|<mw(jVvm) fs (‘T) w(jAm)<|z|<m(jvm) |f5 (‘T)’
and Cjm = 1/ QIZ)* (CC) dr
2mn w(jAm)<|z|<m(jVvm) fs (CC)
Let also )
HGom) = 40+ D) (0505 + 36 ). (19)

We can prove the following Theorem:

Theorem 3.1 Consider model (1) for (X;)i<i<n andA(Ei)lgign independent sequences of i.i.d.
random variables and assume that f. satisfies (5). Let 0, be defined by (7) or (8) and (17)-(18)-
(19) when [ |*]f*| = +oo and [|*/f*|*> = +oo. Then there exists some positive constant

C(a) depending on a only, such that

E[(6, — 0)2] < C(a) inf ( / i \w*<x>g*<x>rdx) +pen(m) § +Ca) 3 a4,

eM n
mn meM

where w2, = 02,V ¢ + 2(02, V cm)?.

Theorem 3.1 states that ém leads to an automatic tradeoff between the squared bias term
(flx‘zﬂm *(x)g* (z)|dx)? and pen(m) if the residual >, e~"mw? is negligible, that is O(1/n).
In other words, x,, is not free but chosen so that > e *mw2 = O(1/n). In turn, as the
main term in pen(m) is clearly z,,02, and o2, is the variance of 6,,, ,, represents a loss in the
variance (not necessarily in the rate).
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Now, let us discuss the possible choices for the x,,’s in order to see what loss occurs, if any,
when using the adaptive procedure. The cases are discussed with respect to cases (II), (III)
and (IV) of the variance which contain only known parameters, under the assumption that f.
fulfills (2), ¢ fulfills (4) and g belongs to the set defined by (3).

e Case (II). We take z,, = 2In(m) and the rate become of order (Inln(n))?/n instead of
Inln(n)/n or of order In?(n)/n instead of In(n)/n.

e Case (III). We take z,, = (26—2B+3)In(n), and the rate becomes of order InIn(n) In®(n) /n
instead of In®(n)/n and of order (n/In(n))~[(b+B)=1/2/+0) instead of n~[(b+B5)—1/2/(b+6)

e Case (IV). We take z,,, = 4a(mm)”, and there is no loss in case with logarithmic rate and
a loss of logarithmic order in case where the rate is such that powers of logarithms are
negligible with respect to it.

Remark 3.1 Comte et al. [15] provide a model selection procedure for selecting an optimal m
with respect to the Lg risk for the estimator §,,; let g be the resulting estimator. Then (¢, g)
is an estimator of #(g) on a randomly selected space among the S,,’s. The inequality

E [((¥,3) — (¥, 9)%] < IXI*E(|g — g]1*)

explains why the rate of this estimator does not benefit of the improvement brought by the
known regularity of ¥ and is therefore not optimal.

Moreover, if we want to extend the adaptive result to the mixing case, we can use the
Bernstein inequality given in Doukhan [16] or in Butucea and Neumann [6], provided that the
mixing is geometrical. We can prove the following Corollary of Theorem 3.1:

Corollary 3.1 Consider model (1) under (D1) or under (D2) with f. satisfying (2) and ¢

satisfying (4) and (15) with 8 > max(B, 1) or A, p > 0, and assume in both case that B}, < e~

for any k € N. Then if f. satisfies (5), if [|¢*(t)|dt < +o0 and [ |¢*/fF] = +o0, [|*/fF]? =

400 then the result of Theorem 3.1 for Oy, defined in the same way, holds with cp,, ¢jm replaced

by 2¢p, In(n)/c, 2¢jmIn(n)/c and o2, aﬁm multiplied by 2.

Clearly, the constant ¢ appearing in the c;,’s, ¢, ;’s is unknown, but these terms have in general
2

negligible orders when compared to the ¢2,’s, O m 'S

4 Applications

4.1 Pointwise estimation

For pointwise estimation of g, we can take 9 (z) = Iy, (z) for any given zy, which implies
W (t) = 0 |3p*(t)| = 1. Therefore, the rates of convergence are the same as usual in pointwise
deconvolution, as recalled in Table 2.
When r > 0,p > 0 the value of 7 is not explicitly given. It is obtained as the solution of
the equation
20+ 20+0=P)+ exp{2a(mmn)? + 2a(wm)"} = O(n). (20)
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Consequently, the rate of g is not easy to give explicitly and depends on the ratio r/p. If r/p
or p/r belongs to |k/(k + 1); (k + 1)/(k + 2)] with k integer, the rate of convergence can be
expressed as a function of k. For explicit formulae for the rates, see Lacour [22].

These rates are known to be optimal in the minimax sense as indicated in Table 2. The
case 7 = 0 is done in Fan [17], the case r > 0,p = 0 in Butucea [5]. The rate in the case
r>0,p > 0,0 =0 is proven optimal in the minimax sense in Butucea and Tsybakov [7] for
r < p and by using their construction we get by following the same proof near optimality (within
a log factor) in the case r > p.

For adaptive pointwise estimation, using [1/*(z)| = 1 again, we have ¢,, < 02, and x2,c2, <
Cxpmo?, for all the choices of x,, that will be found. Clearly, if f. is ordinary smooth, the choice
T = (26+3) In(m) suits and if f; is supersmooth, we can choose z,, = 4a(mm)?. These choices
coincide with the general case detailed above for b = 0. Then we have Y.\ e *mw?2, < C/n.
This implies that

N 400 2 m m ? ¢
El(0 — )] < C inf ((/m |g*l> +?min{/_mlf5'2’ </_mf:|1) }) T

Table 2: Choice of 71 for pointwise deconvolution and corresponding rates under Assumptions (2) and (3). Adaptive

rates for comparison. B,, is abbreviated for m=20+1=" exp(—2a(mm)") and V;, for m?0+1=r+0=0)+ exp(2a(mm)P) /n.

Je
p=0 p>0
ordinary smooth supersmooth
win, = nt/(20+20) 7 = [In(n) /(20 + 1)]1/7
r=20 gp% = O(n7(2b71)/(2b+25)) 90727, = O((]n(n))f(m’*l)/P)
Sob.(b) minimaz rate minimaz rate
5 = O((n/ In(n))~ (0= D/(G0+20) ¥r = O((In(n))~0=1/)
adaptive rate adaptive minimaz rate (no loss)
min = [In(n) /26" 1 solution of (20)
) In(n)@B+1)/r =In(n) — (Inln(n))?
0 ¢n=0 n 02 = O(Byy,) : minimaz rate if r < p and b= 0
2; minimaz rate @2 = O(Vin) : minimaz rate if r > p, p <1 and b=0
2 =0 <1n In(n) ln(n)(2ﬁ+1)/T> P2 =0 (rh”l(’“z")goi)
" . n adaptive minimazx rate if r < p and b =0
adaptive rate adaptive rate if r > p, p<1 and b=10

The rates correspond to B=A = R =0 in (4) and are the following (see also Table 2):

e Case p=r =0, f- and g are ordinary smooth, z,, = (26+3) In(m) < (26+3) In(n), choose
m of order (n/In(n))'/(2+20) the rate of the adaptive estimator is (n/ In(n))~(2b=1)/(26+20)
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e Casep=0,7>0,a >0, f. is ordinary smooth and g is super-smooth, z,, = (26+3) In(m),
the optimal m is of order (In(n)/2a)"/" and the rate of the adaptive estimator is of order
In(In(n))[In(n)]2#+D/7 /n, so that the loss is of order In(In(n)).

e Case p>0,a>0andr =0,i.e. f;issuper-smooth and g is ordinary smooth. Then z,, is
of order m”, the optimal wm is (In(n)/(2c +1))'/? and the rate of the adaptive estimator
is of order [In(n)]~(20=1/7_i.e. there is no loss due to adaptation.

e Case p > 0,a>0and r > 0,a > 0, i.e. both f. and g are super-smooth. Here x,, is of
order m?®, there is no loss if 7 < p, a loss of order [In(n)]?/" for r > p for a rate faster than
any power of logarithm. If » = p the loss is logarithmic and the rate polynomial.

Now, we want to prove that the losses which occur are optimal in the minimax sense.

The previously defined estimator 0,5 with mm defined in Table 2 is adaptive minimax in the
cases: (r=0and p>0)and (r>0,p>0andr <p).
As we already noticed, estimators 0,5 which are free of parameters may attain a slower rate of
convergence 1, i.e. it may happen that ¢, = o(t,). Therefore, we check that the loss, when
it occurs, is unavoidable.

Theorem 4.1 The rates v, defined in Table 2 are adaptive rates and whenever a loss with
respect to the minimaz rate appears (compare in Table 2 p2 and 2 ) it is optimal in the sense
of Definition 1.3, under the additional hypothesis that the noise density is 3-times continuously
differentiable and

1
for polynomial noise | fL(u)| < C’W, as |u| — oo (21)
for exponential noise | f.(u)| < ClulP~t exp(—alul?), as |u| — oco. (22)

Moreover, when v >0, 7> p and 0 < p < 1 the rate ©2 is minimaz rate of estimation.

Remark 4.1 Note that the adaptive property of 0,7, in the case r > p is proved only for p < 1,
which is a technical restriction. Nevertheless, it is worth noticing that, still under the restriction
that p < 1, we obtain as a by-product in Theorem 4.1 the minimaxity of the rate for » > p.
This is a new result since the latest result on the subject was proving minimaxity in the case
7 < p only (see Butucea and Tsybakov [7]).

Proof of Theorem 4.1. We describe first the general procedure for proving the theorem and
postpone details of constructions and proofs to Section 5.5. As the adaptation loss is different
according to whether r =0 or r # 0, p = 0 or p # 0, explicit constructions are needed for each
of the following setups:

1. =0, p=0;
2.6=0,r>0, p=0;
3.0=0,7r>0,0<p<landr>np.

Classically, we take b = 0 without loss of generality. B B
Typically, we construct two probability densities go € S(A\) and g1, € S(A) where A, A € A.
Moreover

g1n(z) = go(z) + G(x — z9,m), for m = m,, — oo with n and /G(-,m) =0, Vm.
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Note that the likelihoods of the model become fOZ = gog * f- under gy and

fin(@) = [gun > fl(2) = f§ () + [G(,m) % fe) (@ — wo)

under g1 . Then

ienf sup sup w;%\EgHHn —0(g)I’]
n AeA geS(\)

inf mas {4 2Bqo 16 — 0(90) "), 13Eqn . [0 — 0(01)/7] }
> inf max { 2By T3], By, , 1T — G(O,m) ]}

v

where ¢, = ¥p /¥, 5 — oo when n — oo, with a proper choice of A, Xand T, = (6, —

0(90))/tnA-

(From now on we denote Py = Py,, By = Ey, and Py = Py, ,, E; = E,, . Following
Theorem 6 in Tsybakov [30] we can deduce that, if |G(0,m)/1p x| > ¢ > 0 and if for some fixed
O0<e<landT>0

dPg
P — > >1-— 2
1<dP1_7)_ € (23)

then

2.2 4 1— 2
i%lfmax{qiEo[Tg]7E1[|Tn — G0, m) [y} > Tq2e*c* (1 — €)

. 24
T T@Re?c? 4+ (1 — €)?¢? (24)

If we can choose 7 = 7, such that 7,,¢> — oo with n, then the bound from below in (24) tends
to c2(1 — €)? so it will be larger than ¢?(1 — €)* > 0 for n large enough.
Note also that this Lemma may provide the exact asymptotic constant in case ¢ — 1 and

Py (dPy/dP; > 7,) — 1 as n — oo.

In order to deal with (23), we proceed as follows:
dPg ) - go * fe
Pil—>7 = P — ;) >7
1<d]P)1 o 1<Egl,n*fs( l)_

- P (Z In <1 - MM(}@)) > 1n<T>>
=1

gin* fa
_ Pl <Z:—l:1 Zi,n — nEl(ZLn) > ln(T) — nEl(ZLn))
(nVar1(Z1,))/2 = (nVary(Z1,)Y2 )’

where Z;,, = In(1 — [G(- — zo) * fo](Yi)/g1,n * fo(Y5)) form a triangular array of independent
variables. Denote n

_ Zizl Zim — nEl(Zl,n)
(nVari(Z1,,))"/?

We shall prove, for each setup, Lyapounov’s central limit theorem for U,. Moreover, we give
an upper bound E;(Z; ) > —ceky, and a lower bound for Var;(Z; ) < ¢yky, where &y, is such

that )
Gin* fe—go* [,
XQ(QO*fEagl,N*fa) ;:/( n € a) <k,
gl,n*fa

U, :
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as n — o0o. Choose then 7, — 0 such that

In(7,) + cenkin

Uy, 1=
" (conkig)l/?

with n, giving that Py(U, > u,) > 1 — ¢, for some 0 < ¢ < 1 and large enough n and thus
concluding the proof of the Theorem. O

4.2 Pointwise Laplace Transform estimation

Let us denote for any positive real number A the Laplace Transform of a function g by

Lg()\)—/Re_)‘xg(:):)dx.

In other words, Lg(\) = E(e™*1) = (4, g) with 1y (2) = e, for any A > 0.

If X1 is a nonnegative random variable, then its density g is a RT-supported density which
admits a finite Laplace Transform. In that case, we can write Lg(\) = (g, %) with ¥y (z) =
e_AmI{x>0}, and

too 1 1
Ui = [ e = o W@ = g (25)

On the other hand, the noise ¢ is not necessarily positive random variable. If £; also admits
a Laplace Transform, then so does Z; and the Laplace Transform of X; can be estimated by
using the empirical version of the relation Lfz(A) = Lg(A)Lf-(\). Thus, by setting

Ly(\) = (i Ze‘”k) /L),
k=1

we get an unbiased estimate of Lg with quadratic risk of order 1/n.
Now, if ¢ does not admit a Laplace Transform (e.g. for f.(z) = 1/[r(1 + 2?)], E(e™*) =
+00), the method developed in this paper still allows a pointwise estimation of Lg. We can

define
— Y3 (t)
Lg,,( E / Mo T gt 26
g 27Tn [t|<mm fa t) ( )

with 9} given by (25). Then we know that Lgm(/\) is a consistent estimator of Lg(\), provided
that m is well chosen:

Proposition 4.1 Let X be a positive random variable, with a Laplace transform denoted by
Lg. For all A > 0, the estimate of Lg defined by (26) is such that

(flt\zmn !9*(15)|dt)2

4mim?2
/’f*‘ /ﬂm dt < ™ dt >2
S R ENEOP NS e VAT 220 |
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Moreover, the adaptive procedure works for automatic selection of m. The rates are easily
computed by changing (3 into 5 — 1 (for b > 1) and b into b + 1 in Table 2 or by setting B = 1
in Table 1. We have

Proposition 4.2 Let X be a nonnegative random variable with Laplace transform denoted by
Lg and estimated by Lg,, given by (26). Let m be defined by (17), pen(m) by (18) and H(j,m)
by (19), with [¢*(x)| = [} (x)| = 1/V A2+ 2. Then, for all A > 0,

2
S ft >7rm‘ *(t)’dt a
E [Lgm()\) N Lg()\) 2 = C(a) mler}\f/ln ( = 47Tfm2 ) + pen(m) + 617(1)

In the same way, we can estimate the symmetrized version of the Laplace Transform namely
SLg(\) = E(e=*X1]). In that case, ¥y (z) = e ¥ and *(x) = 2. The rates are obtained

T A24x2

by changing (3 into 5 — 2 (for b > 2) and b into b+ 2 in Tables 2 or by setting B = 2 in Table 1.

4.3 Stochastic volatility model

Let us consider the discrete time stochastic volatility model:

Ui:\/vinivizlw")nv (27)

where 7); is an i.i.d. centered noise process while V; is a volatility process of interest. More-
over, (V;) and (n;) are independent and (V;) is a stationary [-mixing process with [-mixing
coefficients denoted by (). When this model is obtained as the discretization of a set of con-
tinuous time stochastic differential equations, V; is in fact an integrated volatility process, it is
geometrically -mixing, and n; follows a (0, 1) distribution, see Comte and Genon-Catalot [14].

Now, Model (27) is considered in this form by van Es et al. [31] among others, under the
additional assumption 7; ~ N (0,1). Setting

Z; =In(U?), X;=1In(V;) and g; = In(n?)
allows to recover model (1). Then, we note that if n; ~ N(0,1), then

F(e) = ji;m ia), and [f(2)] ~pposoo V22, (28)

by using that I'(z) ~|.|—40c V272 . see Abramowitz and Stegun [1].

Applying the results of Section 4.1 in the mixing context (D1) (see Proposition 2.4 and
Corollary 3.1), we deduce that, if V' is geometrically S-mixing, we have a pointwise estimator

of g,
g o 1 / eit(a?—i—Zk)d
gm () = 5— g
2mn [t|<mm fs (t)

for which we can propose an automatic selection of m which reaches the adaptive or adaptive
minimax rate. The resulting rate is of order a negative power of In(n) if g is in a Sobolev
space but it is much faster if ¢ is supersmooth (a case which is easy to meet, see Comte and

z=1/2,—
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Genon-Catalot [14]). Therefore, we recover as a particular case, and substantially improve the
result of van Es et al. [31], who propose a non adaptive kernel estimator of g, assuming that g
is known to be twice continuously differentiable.

Now, extensions of the class of discrete time stochastic volatility models have been stud-
ied (see Genon-Catalot and Kessler [18], or Chaleyat-Maurel and Genon-Catalot [12]) and in
particular, it is natural to consider more general types of distributions for 7. For instance, we
suppose now that n? follows a Gamma distribution, i.e. that fo2(@) = (e 2P~ /T(p))Iz=0. In
that case, we find

. iz +p . V2me P e e
fe (.fL') = W? and |f5 (l’)| ~|z|—+o00 Wkﬂp 1/26 | |/27

(29)
that is e is super-smooth with § =p—1/2, a = 7/2 and p = 1. The Gaussian case corresponds
to p = 1/2. In this context, let 7 denotes the density of V;, and consider that we are interested
in estimating its Laplace transform. In fact, our general method provides an estimator of
h(A\) = —(L7)'(\) = E(Vie~*"1), the opposite of the derivative of the Laplace Transform of 7.
In other words, we can estimate h()\) = (¥, g) = E(Vie M) = ]I*Z(eXl_’\eX1 ). Actually we have,
for A > 0,

x

h(X) = (1hy, g), with ¢y (z) = ¥,

and
. V2
w;k\(x) — )\7171:)::[1(1 —|—ZIL’) |00 7}\77 /|‘,L,|€*7T|fr|/2’ (30)
(ie. B=1/2, A=m/2 and R =1). Let us define
; RN 12, V()
Rn(N) = — / eltZr AL gt 31
( ) 2mn ; [t|<mm fg (t) ( )

with fZ and ¢} given by (29) and (30). Then, taking into account the orders of fZ and 3, we
obtain, by applying Inequality (13) of Proposition 2.4 and if p # 3/2:

K/m(3—2p)\/0 N K7 Zkzo B

E[(hun(A) = h(X))*] < Kme ™™ 4 =—— .

where K, K’ and K” are positive constants, K” = 2([ [1)*|)?. If p = 3/2 the variance term has
order In(m)/n. Then, as (D1) is satisfied in our model, we get

Proposition 4.3 Consider model (27) with (D1), (29) and (30). Assume that (Xy) = (In(Vy))
is B-mizing with Y, B, < +00, then hy, defined by (31) satisfies, for X > 0,

~ K’ (S_QP)VOI +1 1_ K
E[(hm(N) —h()\))2} < Kme_”2m+ (m p;ﬁ?;f n(m) p—3/2) i %k ﬂk’

where K, K' and K” are positive constants.

In other words, applying the orders detailed in Table 1 to the model (27), we obtain a rate of
order [In(n)]®=2P)V1/p (ie. always less than In®(n)/n), whatever the smoothness of g.

No adaptation is required if p > 3/2. If p < 3/2, the risk of the adaptive estimator is
obtained by applying Corollary 3.1 and by choosing z,, = 41n(m):
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Proposition 4.4 Consider the stochastic volatility model (27) with (D1), (29) and (50). As-
sume that (X;) is geometrically B-mizing and consider h,, defined by (31), with 1 defined by
(17). For any A >0, and p < 3/2

meM

2
E[(hn(X) —h(V)?*] < K inf </|> Ig*(U)@bX(u)ldu)

(m372p1p<3/2 + In(m)T,—3/5) In(m)
n

] +K'M.

+
n

This corresponds to the case where a loss of order In(In(n)) occurs with respect to the non-
adaptive rate.

Remark 4.2 The Gaussian case, for p = 1/2 is not especially studied here because another
strategy is available then. Indeed for n ~ N (0,1),

E(eiV2U1) = E [E (eimm |V1)] ~E (e—Wl) .

Therefore the Laplace transform of 7, L7(\) can be directly estimated by an empirical mean of
the exp(iv2AUyg)’s, which is an unbiased estimator reaching the parametric rate 1/n. The rate
would be the same for estimating h, as by differentiating,

h(\) = E(Vie ™M) = (—i/V2NE(U VAU,

The method above reaches for p = 1/2, the rate In*(n) In(In(n))/n, where 1 < w < 2. Therefore,
it is not optimal for any p.

4.4 ARCH models

General ARCH models can be formulated as follows. Let (n;) be an i.i.d. noise sequence.
Y; = oy with oy = F(mi—1,m—2, .. ), (32)
for some measurable functions F', or
Y; = oym; with o3 = F(0i-1,1,—1) and og independent of (1;);>0. (33)

Many examples can be found in the literature, and conditions can be given under which the
process (Y;, 0;)icz is geometrically S-mixing, we refer to Comte et al. [13] for a review of the
examples and to the references therein. Clearly then, Z; = In(Y?), X; = In(¢?) and &; = In(n?)
follow Model (1) and satisfy conditions given by (D2).

Therefore, taking ¥(t) = Iy,.y(t) for any z, as in Section 4.1, allows to provide a pointwise
density estimator and to recover the results obtained by the kernel estimator of van Es et al. [31].
Our results are more general since van Es et al. [31] only consider Gaussian noise 7; (implying
super-smooth ¢;’s, see Section 4.3), and do not study adaptation (which is not useful in their
particular case).

Other functionals (1, g) may be estimated with our procedure.
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5 Proofs
5.1 Proof of Theorem 3.1.

We insert here general weights x; ., such that
. 1
H(]? m) = 4(1 + ;)(xj}mo-]z,m + x?,mcg,m)'

We define

L(m) = [0(gm) — 0(g)]* + 02, —i—]sEp Lm0 -

and

Mopt. = inf {m € M,/ Crit(m) < inf Crit(l) + 1} ,

leM n

Then we prove the following Theorem:

Theorem 5.1 There exists some positive constant C(a) depending on a only, such that

~

E[(0s —0)?] < C(a)(Crit(mop) + T (1mopt))

+C@) | D el + Y e Tmenw? +% ,

meM J=>Mopt

where w2, = 02,V ¢ + 2(02, V ¢m)? and w =o? V ¢jm + 2(0? V ejm)?.

Js mopt ] mopt

First, note that Theorem 5.1 implies the result. Indeed we observe that for j7 > m, ng < ajz
and ¢y, j < ¢j, so that choosing z,,; = x; implies that

—ZTjm —T
E e opfw m < g e ""w m.

JZ>Mopt meM

2 2
Moreover Crit(m) < <f‘x|27rm |v* (x)g* (m)\dm) +pen(m) and I'(m) < (flrr|27rm |¢*(aj)g*(§[j)|dl') +
2pen(m). This implies Theorem 3.1.

Now we establish the following Lemma.
Lemma 5.1 Forallm e {1,...,my}:= M, for all x >0,
— 1 .
P <Cm’t(m) > (1+a)Crit(m) +4(1 + ;)(m + x2)> < Z e Tim e~/ (5 Vejm),
jzm,jeM

Proof of Lemma 5.1. We use Bernstein inequality which, for i.i.d. Y;’s such that var(Y;) < v,
Y1 ]loo < 1/a, gives, for S, => 7, Vi

_ 2
- <Sn E(Sy) > [ 2uv n u) < exp(—u).
n n an
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We take, for 7 > m,

T o f2(t)

Then S, /n = éj — 6,, and E(S,,/n) = E(; — Om) = 0(g;) — 0(gm). Moreover, we obtain that
v?/n < aﬁm and 1/(an) = ¢jm. It follows that

1 g UF(t
Yy = Yi(4,m) / e 'e”ZkL()dt. (34)
Tm< |t STy

{165~ 6m) = (0069) ~ 00 = (030 Bu+ i)} < 267

Now, we use that (A + B)? < 2(A? + B?) and that (z +y)% < (14 1/a)z? + (1 + a)y? gives, by
setting u = y and v = = + y, that (v —u)? > (1/(1 + 1/a))v? — (1 +a)/(1 + 1/a)u®. We obtain
P{(0; — ) > (1 +2)(0; — 0n)* + 2(1 + 1/a) (207 u+ 3, u?)} < 2™,

Now we set u = xj,, + x/(aim V ¢jm) and we find

A~ A~

1 .
B{(0) — 0)> = H(im) > (1+a)(6; — 6,)> + 41+ =) (& + )} < 2e e/ @nVesm),
a
To conclude we write

P (C/ﬁt(m) < (1+a)Crit(m) +4(1 + i)(w + m2)>

IN

IP{EI]’ >m,je M, (0; —0,,)% — H(j,m) > (1+a)(0; — 0,,)% +4(1 + i)(x +332)}

92 E e—xj,me—fc/(Uimvcj,m)'
jzm,jeM

IN

This ends the proof of Lemma 5.1. O
Now we follow the steps of the proof of Laurent et al. [23].
e We first consider the case where 7 < mp,:. The proof is exactly the same and we obtain

P (1(ém —0(g))2 > (1 + a)Crit(mop) + 4 <1 + ;) (@422 + sup H(mopj)

2 ]’Smopt

+(9<gmom) — 9(9))2 + % N {m < mopt}> S Z eizjvmopt e*x/(‘ﬁj’moptvcjymopt)_ (35)

jzmopt

e Now we consider the case 1 > mgy;. We apply Bernstein Inequality to

Yy _ 1 iz, V(1)
Yie=Yelm) = o /mm e ™

in the same way as in Lemma 1. We obtain, for all m € M,

P ((G(Qm) —0(9))* > (1 +2a)(8(gm) — 0(9))* +4(1 + é)(x +2%) + pen(m)) < 2e~¥me /(O Vem),
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This implies that

P ((6(G) 00 = (1+2)(0(ga) ~ 6(6)) +4(1+ 1)+ 22 + pen(i)
< T getmewlchven)

meM
As Supj>m[(9 —0; )2 — H(j,m)] > (é —0 ) — H(m,m) = 0, we have C'/r\it(m) > pen(m).
Using the inequalities, pen(m) < Cmt( )< C zt(mopt) + 1/n, we obtain

P ((6(Gm) - 00 2 (1 2)0lga) ~ 6(6))* + 401+ 1o + ) + (o) + )

< Z 2e~wm e~/ (TmVem)
meM

If 77 > Mopt, then (O, —0(g))? < SUP >, (05 — 0(g))? and we apply Lemma 1 with m = mept.
This yields

P <(9(§m) —0(9))* > (1+ a)(jillp (6(g;) — 0(9))* +4(1 + é)(fﬂ + 27
+(1 4+ a)Crit(mep) + % N{m > mopt}>

D VR L -

meM jzmopt

Let

Crnope = 3(1 4+ a)Crit(mep) +2 sup H(mopt,j) + (1 +a) sup (6; — 0(g))? +

J<mopt J=>Mmopt

and X = (0, — 0(g9))%, Y = 2(émopt —0(g))?%. Tt follows from (35) and (36) that, for all x > 0,
1 2 —Xm  —T o2 Cm
]P’(X—Y>C’mopt+24(1+a)(x\/a:)> < ) 2ememt/(omVem)

meM
/(o2 .
+ E 2e Himopt ¢ I/(Jj’moptvcj’m"pt).

jzmopt

We write that E(X) = E(Xlxzy+cmopt) + E(XIX§Y+CmUPt) < E[(X -Y — Cmopt)-‘r] + E(Y +
Crope)- Then, setting C, =24(1+1/a) and Z = X - Y — Cyy,,

E[Z,] = /0 Bz > it = C, ( /0 "B(Z > Coudu + /1 Tz > Cau)du)
e </01 P(Z > Co(uV u2))du + 2/100 P(Z > Cav2)vdv>
A </01 P(Z > Co(uV u2))du + 2 /loo P(Z > Ca(wV 02))vdv>
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E[(X =Y = Cnpp)t] < Ca > 2e7(0%, Ve +2(00, V cm)?)
meM
—Ljm 2 2 2
+Ca Z 26 o opt (O-jvmopt v ijmopt + Q(O-j,mopt v Cj:mopt) )
jzmopt
— Ca Z 2e—l‘mwg’b + Z 2€_Ij,’mopt w]z,mopt
meM jzmopt

The end of the proof is the same as in Laurent et al. [23]. O

5.2 Proof of Proposition 2.4.

The decomposition of the risk is the same and the bound for the bias also. Only the variance
has to be re-examined. The basic idea is that, for k # ¢,

cov(eitz’“, eiszf) = f;‘(t)f;(—s)cov(eitx’“, eiSXZ)

by conditioning on (Xj, Xy). The additional trick is the standard covariance inequality for
B-mixing variables (see e.g. Doukhan [16]) which implies that

jcov (e, e X0)| < By

e

B 1 n itZy, w*(t)
Var(f,,) = W\/’ar (; /t|<7rmet fg(t)dt>

_ 1 v iz iszp\ V() Y (=s)
- 4ﬂ2n222//mgmslgm“’v(e ) )

k=1 ¢=1 € €

1 - // it Xy 15X\, * *
= cov(e™k, e (E —s)dsdt
47202 Z (t| <, 5| <mm ( ) ( )1/} ( )

k,0=1k40

1 - V(e 2k isZi mw*(—s)
+15 ; / /t e @ (e"7k, e57r) 0 () (37)

The last term is the standard variance term of the independent case. The first one is bounded
in modulus by

42 - [ 18 * *
o [ ol X 0 ()i

1<k<t<n |s| < mm

1 <& 2

< =) B / Yr(t)]dt ) .
e (Mgm| o)

This gives the result. O

23



5.3 Proof of Proposition 2.5.
Under (D2), we only obtain tha for k£ < ¢,
COV(€itZk, €isZg) — f;(—s)COV(eitzk, eing)

by conditioning on (Xy). The covariance inequality for -mixing variables (see e.g. Doukhan [16])
still applies (but to the variables (X, Zx) and (Xy, Zy) and implies that

lcov (e 7k, e X < By

Then (37) remains true but leads for the bound of the modulus of the last term, to:

itz st ()
422 Z //|t<m |cov (e, ek)

1<k<t<n |s| < 7m ( )

- Zﬁ (/thm Iw*(t)ldt> (AKW w*(t>’dt> :

fE()
This gives Inequality (14).
For the proof of (16), the result follows from the fact that the new mixing term is always
negligible with respect to the independent variance term if ¢ is super-smooth (case A4, p > 0). If
¢ is ordinary smooth, then we only have to study when m(~BTD++8-B+1 ig ogg than m26—28+1
which occurs if > max(B,1). O

Y*(—s)|dsdt

5.4 Proof of Corollary 3.1

The main difference with respect to the proof of Theorem 5.1 lies in the Bernstein inequality
which must be written in the mixing context. For geometrically mixing variables (and ¢ = ¢, =
2In(n)/c if By < e~*), we get from Theorem 4 p.36 in Doukhan [16], that

_ 52
P (Sn E(Sy) > [2u® N 21n(n)u> <oty %7
n n can n

with [|Y1||co < 1/a and

1 q
—Var Yi | < 2.
()
In all cases, |M| < n, so that summing up the residuals of order 1/n? will give negligible terms
of order 1/n. Next, the variables are still given by (34) and we can see from the bound that the
upper bound being multiplied by 21n(n)/c in the Bernstein Inequality, all ¢; »’s and ¢;,’s are the
same as previously multiplied by 21In(n)/c, this gives ¢;,, = 2cIn(n)c;, and é, = 2cIn(n)cy,.
Lastly, it follows from the above computation of Var(ém) that the new variance terms denoted

by & J] s 02, can be bounded under (D1) by
2
Fn <t 6 [ o)t )
k>1 w(mAJ)<|t|<m(mVy)
and analogously for 52,. Tt follows from our set of assumptions that & m < U%m +c/n < 20?-7,”

and 52, < 202,. The case (D2) is analogous under the more restrlctlve assumptions given. The
result of Corollary 3.1 follows. O
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5.5 Proof of Theorem 4.1

1) Caser =0, p=0and A = [b,b] x [L,L] C (1/2,00) x (0,00).

Let us choose gg in the class S(b, L/2) such that go > 0 and go(z) > c|z|2 as |z| — co. We
choose next the function G such that G(z,m) = m~2t1/2G(mx) and with G* at least 3-times
continuously differentiable having the property

I(1/2 < |u| < 3/4)
c(1 + u?b) -

I(1/4 < |ul <1)
(14 u?)

G*(u)

Here, m = (coIn(n)/n)~1/(2+20) Note that G*(0) = [ G = 0. Firstly, g1, is a positive function
with integral equal to 1 and belongs to S(b, L). Indeed, for each fixed z we have G(x,m) — 0
when n — oo and as G* is 3 times continuously differentiable that means |G (z,m)| < O(|z|73) =
o(go(x)) as || — oo, giving that g1, > 0 for n large enough. Moreover,

([ 191 0P

( / 6 () P22 d) 2 4 17 / (G (a2 [ 2edur)

1/4<]ul/m<1

7 c [l |U’2Q 1 -
< \/2rnL/2+ = w2 < (2nL)Y/?
< 7T/+C(/1/4(1+u2b)2du) < (2rL)"~,

for ¢ > 0 large enough. Secondly,

IN

G(O,m)‘ —1, —b+1/2 1 R e —b+1/2
— = (Ynyp m+//G*udu2/ du >c1-cp- > 0.
SR~ () o DR :
We shall prove that (23) holds with
T = ni 225:;5
and together with the fact that
(26+1)(b—b)
) @Di,b In(n)\ ~ u+28) 20126)
T¢, = T ¢2* =7~
n,b

__(2B4+1)(3=b) 26+1 b+
— (ln(n)) (26+23)(2b428) ), 26+28 b+

tends to infinity, with n, the proof of (24) and hence of the Theorem is finished.
We can prove that for each zg

up G = 20)) = £](a)
: 1)

therefore f7, (z) = f&(z)(1+ o(1)), where o(1) — 0, n — oo uniformly in z. As we chose g > 0
then fOZ > 0 and together with the previous statement it means that for any M > 0 we can find
a constant c > 0 such that flzn > 1/co on [—M, M]. Moreover, for some M > 0 large enough,
see Butucea and Tsybakov [7],

=o(1), as n — oo, (38)

C
(@) = go* fo(z) > ;3 as |z| > M.
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Therefore, for large enough M > 0, flzn(:z:) > 1/(c3|z|?), for some constant c3 > 0 and for
|x| > M. Finally, we deal with

242 2\ _ p,—2b+1 [G(m('—f’«"O))*fe]z(UC) -
U sty =mo P a

—2bt+1 c m(-—x * f-12(x)dx + ¢
< m (2/|x|§M[G( (- — 20)) * ]2 ()da + 3/

|z|>M

|2*[G (m(- — x0)) » fe]Q(ﬂf)d:E> :
say T1 and Tb, for some fixed, large M > 0. Then

< 2b1C2/ sy Wy w12
no< w22 G () £ ()P du

¢oIn(n) .

IN

m
1
cym 21 / o du < csm ™22 < ¢4 (39)
m/4 |u’

For T, we follow the similar proof in Butucea and Tsybakov [7] and use condition (21) to get

2

0 (1 u
< —2b+103/ O (L (U s
< m 2 ) |Ou mG (m) fe(u) )| du
< egm 2 Im™% = o(T1), n — . (40)

Therefore, from (39) and (40) we have XQ(fOZ,ffn) < Kp, With &k, = ¢ycoln(n)/n. We use
the fact that —u(l + u) < In(1 — u) < —u for all uw € [0,1/2] and that (38) implies that
lu| = |[G(m(- — z0)) * fa](x)|/flzn(x) < 1/2 for n large enough to get

G(,m)x fl(x —x
EiZi, = /ln <1 — [&( ?ffiig 0)> ffn(x)dx

> [1Gtm)* £ - apte— [

Z _X2(f0Z7f1Z,n) 2 —KRn,

[G(-,m) * fe]*(z — wo)

d
2. () !

for n large enough. Indeed, note that [ G(-,m) =0 and therefore

/[G(~, m) x fe](x — xp)dx = 0.

Moreover,
Vi(Zi) < E1(an)=/1112 (1_ [G("m)sz,nﬁi()x_m)) ffn(w)dic
Glom) * £ =) (| [Glm)* fP@—20)\" 7
< [ <1+ X ) Fnl@)d

2(¢7 7
< X (f(] ’fl,n) < Cykn,
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as by (38): sup, |fZ(z)/ flzn(x)| is bounded from above by some constant depending only on g
and f.. By similar calculations, we also check that

Vl(ZLn) > EEI(Z%,n) _ ;/lnz (1 . [G(-7m) *fa](fﬂ — xo)) flzm(x)da?

X (@)
LGem) SR e) L (g
L Jn(@) d@m\fmoo/ (GCym) [z = wo)do

2 C{UKVH

and that

n

Zin —E1(Z;p)
n- W(Zl,n)

nlky|Zy |t < n [[G(,m) * f)4(x — 2¢)dz(1 + o(1))
(c)? sy (c,)? In*(n)
ne [ 1G* (u, m) £ (u) Pdu( [ |G*(u, m) f£ (u) |du)?
(c})? In*(n)
nin) - m_2b_25+1
< = o),

=1

IN

as n — oo and since b > 1/2. Next we apply Lyapounov’s central limit theorem for triangular
arrays, see Petrov [28], to get P1 (U, > up) > 1 —¢, as

26+1
In(7) + Kk “3p725 T xC0
0> u, = == V1 —0,
= tn \/CoKn +/CvCxCo n(n) -

with n.

2) Case a, r > 0 and p = 0. Without loss of generality we consider b = 0.

In this case, take some a € [a,a] and go belonging to S(a,7, L/2) such that gy > 0 and
go(x) > c|z|~2 as |z| — oo. Let us consider a function G as for the case 1 such that G* is
3-times continuously differentiable having the property

I(m/2 < |u| < 3m/4)
c(1+u)

Inl
11(0) = o) + oo P22 G o — ),

where m is such that

I(m/4< u| <)

< Gu) c(1+u)

Next,

Inl —
cowm%ﬂz*1 exp (2a(mm)") < 2w L /2. (41)
n

Note that this gives a first order approximation of m = (logn/(2a))'/Z. Then, similarly to the
case 1, g1, is a proper density function as soon as n is large enough and for some M > 0 we
have flzn(x) = g1n * fo(x) > Clz|2 for all |x| > M.

By using (41), we get that g1, belongs to S(a,r, L) for any a > a.

Next,

Do) =N _ o) > 0
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and we get, by the same procedure as for the case 1,

Inln G(m(- — Ak
XQ(fOvalz,n) = Qo nnm26+1/[ <m( fg:();;f] (x)daz

ey [(Gm( — w0)) ¢ £ a)da(1+ o(1)
Inlnn
< CoCx " = Rn.

Let us choose cg small such that coc,, < (7 —r)(26+1)/(7r) and let £ and 7 be defined by
T—T —¢
cocy < €< 7(2ﬁ +1) and 7 =1In(n)"°.

On the one hand, this implies 7¢2 — oo with n. On the other hand, after checking again that
Lyapounov’s central limit theorem holds in this case we get

IP)1 <j£(1) ZT) Zpl(Unzun) Z 1*67
as Uy, = (—In(7) + nkp) (conkin) "2 = (=€ + cocy ) (cococy) "2 /InIn(n) — —cc.

3) Case r > 0,0 < p < 1 and r € [r,7] such that r > p. Without loss of generality we
consider b = 0.

As in the second case, take some a € [a, @] and gy belonging to S(a,7, L/2) such that gg > 0
and go(z) > c|z|72 as |z| — oo. Let also G be a function such that G* is 3-times continuously
differentiable with a bounded first derivative and having the property

I(m/2 <|u| <3m/4) < G*(u) <I(n/4<|u| <m).

Next, define gy, via its Fourier transform

e—a(mm)? /2 2alule '
91n(1) = go(u) + co mf =12 GE (Jul? — (wm)P) e,
’ n
where m is solution of the equation
2a(mm)" + 2a(rm)? = logn — (loglogn)?. (42)

We stress the fact that m is no longer a scaling parameter of the function G in this construction.
Again, as previously, we can check that g , is a proper probability density, as soon as n is
large enough, and that for some M > 0 we have flzn(a?) > C|x|~2 for all |x| > M.

Let us check that g; , belongs to S(a,r, L). It is enough to bound from above

1 e 2elmm)” 1 daful 2 _2alul”
— | A———m¥ 7L |G (Ju)f — (rm)P) 22
27
5 o 16—204(7rm)’J 4 , ,
< Emp / Aaful+2alul” g,
21 Jr/a<ulo—(xm)P<3n /4
) ) 167204(71'771)” , ,
< Geym 0 (Trm)l—[ella(wm) +2a(mm)™
2mn
< cgc2n—1m?p—£62g(7rm)1+2a(ﬂ'm)p

28



which tends to 0 when m is defined by (42).

Next,
1 e /2 2afule e (|10 )
|91n(20) = go(z0)| = o | [ com——=—m T ETHRGT (Juf” — (mm)”) du
T n
_alrm)P

S COmp—lﬂﬂ 20l g,

N 271—\/’5 7w /2<|u|P—(mm)P<T

- cocsml/zea(wm)/)

2my/n

and we can check similarly to Butucea and Tsybakov [7] that for m solution of (42) this sequence
is equivalent to v, 4, When n — oo.
Finally

_ 2
CUE 1) :cﬁ/ [(91,n f%:)(;’)fe] @) 4

< & { /lgE'SM[(gl,n o) % [ (x)dz + /WM 2[(g1 — 0) *f€12<x>dx} ,

say 11 + T5. Then

e—2a(mm)?

et 16 (ul — (rm)) £ () P

T < C% cy4

e—2a(mm)?

— P
m2P—1 / 62a|u| du
n w/4<|u|P—(mm)P <37 /4

p
T™m
= CQCG( .
0
n

< ces

Moreover, under the additionnal assumption (22) that |9f(u)/0u| < O(1)|ulP~! exp(—alu|?)
as |u| — oo,

ro< e [ |2 e szl
n ou
< 68€2a(ﬂm)pm2p—1/ |u\2(/’_1)62a‘“‘pdu
n 7 /A< ulP—(mm)P <3m/4
< CQan:p_zzo(Tl),

for p <1 and n large enough. Thus
mm)P
Xz(foza le,n) S Cgcx(n) =: Kn.
Let ¢o be small such that c%cx < 2a and let ¢ and 7 be defined by

cgcx <& <2cand T = e ln(n)/(Zg))P/E.
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We have

n(n)\ /-
ﬂﬁ%@,z/?ﬂ%@f > (ln(n))A exp ((—f + 2a) <12<a)>p + B(ln(n))c> — 00

for some real numbers A, BC, as C' < p/r and { < 2a. We check that Lyapounov’s theorem
holds and that

o =In(m) + iy € in(mn)/ Qe + dey(xmy

/Conky, C0\/CuCy (T )P/2

with n, as m defined by (42) is larger than (In(n)/(2a))"/.

The proof that ¢,, is the minimax rate of estimation in this case repeats the proof of 3 with
modified choice of g1, via its Fourier transform

6—&(7rm)p

’ n

where m is solution of the equation (42). This gives the rate

(p=1)/2€> ™"

xo) — go(xo)| = cocam™ ,
|91,n(70) — go(wo)| > cocs N
which is equivalent to Vj; for n large enough and

2042 2 2 2p—2 2
nx“(f5 s fin) < cyce + com™ ™" < ¢y

Thus, the rate @, is a minimax rate of convergence for r > p, p < 1. O
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