NONPARAMETRIC DENSITY AND SURVIVAL FUNCTION ESTIMATION
IN THE MULTIPLICATIVE CENSORING MODEL

E. BRUNEL, F. COMTE, AND V. GENON-CATALOT

ABSTRACT. In this paper, we consider the multiplicative censoring model, given by Y; = X;U;
where (X;) are 7.4.d. with unknown density f on R, (U;) are 4.i.d. with uniform distribution
U([0,1]) and (U;) and (X;) are independent sequences. Only the sample (Yi)1<i<n is observed.
Nonparametric estimators of both the density f and the corresponding survival function F are
proposed and studied. First, classical kernels are used and the estimators are studied from
several points of view: pointwise risk bounds for the quadratic risk are given, upper and lower
bounds for the rates in this setting are provided. Then, an adaptive non asymptotic bandwidth
selection procedure in a global setting is proved to realize the bias-variance compromise in an
automatic way. When the X;’s are nonnegative, using kernels fitted for RT-supported functions,
we propose new estimators of the survival function which are proved to be adaptive. Simulation
experiments allow us to check the good performances of the estimators and compare the two
strategies.

Keywords. Adaptive procedure. Bandwidth selection. Kernel estimators. Multiplicative cen-
soring model.
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1. INTRODUCTION

In this paper, we consider the model

(1) Y}J:XZU“’L:L,TL
under the assumptions: the U;, i = 1,...,n are independent and identically distributed (i.i.d.)
with uniform distribution on [0, 1]; the X;, i = 1,...,n are real valued, i.i.d., with unknown

density f and cumulative distribution function (c.d.f.) F’; the sequences (U;)1<i<n and (X;)i<i<n
are independent. We intend to propose estimation methods for f and F (or F = 1 — F) when
observing a sample (Y;)1<i<y only.

Model (1) has been widely investigated mostly when the random variables X; are nonnegative.
In this case, Model (1) is usually called the multiplicative censoring model and was introduced in
Vardi (1989), studied in more details in Vardi and Zhang (1992) and by Asgharian et al. (2012).
As explained in Vardi (1989), the multicative censoring model unifies several important statis-
tical problems (deconvolution of an exponential variable, estimation under decreasing density
constraint or some estimation problems in renewal processes). However in the above quoted pa-
pers, authors assume that observations are composed of two independent samples, one of direct
observations X with size m, in addition to the above Y n-sample. The statistical procedures
for estimating the c.d.f. F' rely on the fact that m tends to infinity and cannot be applied for
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m = 0. Let us mention that van Es et al. (2000) studied a survival analysis model involving
both multiplicative censoring and length bias, in a parametric context.

The problem may be related to the moment problem: in Model (1), all moments of X can
easily be estimated from the observations Y, so the question of distribution reconstruction from
its moments as pointed out by Mnatsakanov (2006) can be addressed.

Another strategy is to take the logarithm of the squared model, as proposed in stochastic
volatility models (see van Es et al. (2005), Comte and Genon-Catalot (2006)), and to apply
deconvolution methods. In these papers, the U;’s are supposed to be Gaussian. But then, the
estimated function is distorted and, in case of real random variables X, information about their
sign is lost, when proceeding so.

Series expansion methods have been proposed in Andersen and Hansen (2001): they consider
the problem as an inverse problem and apply Singular Value Decomposition in different bases
to provide estimators. They obtain rates comparable to ours though on different regularity
spaces, however their procedure is not adaptive and depends on the choice of a cutoff which
is only empirically studied. Later on, wavelet methods have been applied by Abbaszadeh et
al. (2012,2013) to estimate the density and its derivatives, considering a general LP-risk, and in
presence of additional bias. Their estimators are adaptive and reach the same rates as ours up to
logarithmic terms (when p = 2). They do not provide lower bound, and consider neither global
estimation of the density (wavelets are compactly supported) nor survival function estimation.
Note that Chesneau (2013) studies the multiplicative censoring model when the sequence (X;);en
is a-mixing and the U;’s can be a product of independent uniform random variables. The
dependence implies an important loss in the rate.

In this paper, we consider first the case where the X;’s are real-valued, and we investigate the
pointwise nonparametric estimation on R of both f and the survival function F(z) = 1 — F(x).
All nonparametric methods (likelihood, projection, kernel, ...) rely on relationships between
the density fy and survival function Fy = 1 — Fy of ¥; and those of X;, given by

too £(p
) wer fr=[ I
Y

Y x
dz 1,>0 +/ f‘(x|)dﬂ§ 1y<o,

(3) VyeR, Fy(y)+yfv(y) =F(y),

which imply the following key property. Let ¢ : R — R be bounded, derivable, with ¢ belonging
to L2(R), and assume that E|X| < 400, then

(4) E(t(Y) + Yt'(V)) = EL(X).

This relation allows us to propose adequate correction of the observation Y in order to get
information about X, and yields simple kernel estimators of f and F (see Formulae (7) and
(5)). We first study their pointwise L?-risks properties. Under regularity assumptions, we can
obtain rates of convergence for which lower bounds are provided. The study includes the classical
case of nonnegative X;’s, for which pointwise kernel estimation of the density and the survival
function is new.

Then we study the global risk for f on R or for F on RT when the variables are nonnegative.
An adaptive choice of the bandwidths is proposed following the Goldenshluger and Lepski (2011)
theory and proved to lead to automatic bias-variance tradeoff for the resulting adaptive density
or survival function estimators.

Next, still considering nonnegative X;’s, we use convolution power kernel estimators fitted
to nonparametric estimation of functions on R™, proposed in Comte and Genon-Catalot (2012)
for standard density estimation. We introduce estimators of f, F' (now on R™T), different from
those based on classical kernels. The interest is to avoid boundary effects at 0. These kernels
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require the choice of an integer parameter m, for which a data driven procedure is proposed.
The resulting estimator is proved to be adaptive.

The paper is organized as follows. Standard kernel estimators are described and studied in
Section 2, and convolution power kernel method is explained in Section 3. Section 4 presents
a simulation study that allows us to compare the two strategies. Lastly, proofs are gathered in
Section 5.

2. KERNEL ESTIMATION ON THE REAL LINE

2.1. Definition of kernel estimators. Let K : R — R be a kernel i.e. an integrable function
with [ K(u)du = 1, which is also assumed to be square integrable. We set for h > 0, K (u) =
(1/h)K(u/h). Along the results hereafter, we possibly need additional conditions on K:
(A1) K is bounded.
(A2) K is an even function with lim, 4 K(u) = 0, K is derivable and K’ is integrable.
(A3) [[K'(u)]?du < +oo.
(A4) [ |u|[K'(u)]?du < +o0.
(A5) [[uK'(u)]?du < +oo.
The estimator of F(z) is defined by:

Fr(z) = nlhzi; (/K(“;””) Iy >udu+ YK <Y;x)>

(5) = Kh*ﬁy(x)JrTllZn:YiKh (Y; — )
=1

where s * t(z) = [ s(z — u)t(u)du denotes the convolution product and

A 1 &
(6) Fy(x) = - ; Iy.>..

For K satisfying (A2), which implies (A1), we define the estimator of f(x) by:
" 1l (Y ,(Yi—=z Y; —x
e = G () e ()

() = S (VG (Y- a) K (% - )}
=1

With simple computations, we can prove:

Proposition 2.1. Under (A2),

(4) / Ja@)de =1, (i) lm_Fy(2) =1, (i) lim_Fy(2) =0, (i) (Fh)'(2) = —fila).
2.2. Pointwise risk. Consider the Holder ball:
S8, R) = {f : I — R, fBexists for £ = | 8], |fO(z) — fO)| < Rla — 2|, Vz,a’ € I}

where |3 is the largest integer strictly smaller than 3. Recall that K is a kernel of order ¢ if:
/|u|Z\K(u)|du < o0 and /qu(u)du =0forj=1,...,¢

The following proposition shows that the risk at z¢ has a different rate for ¢y # 0 and for zg = 0.
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Proposition 2.2. Assume that E(]X1]) < +o0.
Let g € R. Assume that f belongs to X1(8, R) for I a neighborhood of xq. If the kernel K is of
order £ + 1 with £ = | 3] and [ |u|’*K (u)|du < +o00, then under (A1),

®) B{(Fh(z0) — Plan)?) < CERAHD 4 =2 1 22,
o B[(F(0) ~ F(0))?) < 0300 4 &1,

with Cy = R [ [ulP K () du/(¢ + 1)), Cy = 2B(X,IKIP, Cs = 2| K| and Cy = 2|K|P +
[ |ulK?(u)du.
If K is of order £ with £ = |B| and [ |u|’|K(u)|du < +oo, then under (A2)-(A3), for all
h € (0,1), we have
; C
(10) E[(fu(x0) — f(0))*] < O30 + —5
with Cs = R [ |ul’|K (u)|du/¢! and Cs = 2 (E(| X1 )| K"|]* + [ K%,
Under (A2)-(A4), for o =0, we have

Co

(11) E[(fa(0) = £(0))°] < C3n*7 + =%,

where Cly = | Koo + [ |ul[K" (u)]?du.
Under (A2)-(A3) and (A2), if B(1/|X]) = [|frlec <00, [[flloc <00, and zo =0, we have
12) E[(fn(0) — £(0))?] < C5R?P + S}él’

where CY = || fllsol| K |I? + || fy oo [ w[K' (w)]?du.

For h of order n~1/(2843) the estimator of F(z() has rate O(n=2(6+1)/(2843)) "except in 0, where
choosing h = n'/PB+1] | gives the parametric rate. This is due to the fact that P(X > 0) =
P(Y > 0) and thus F(0) = Fy(0). For instance, n=1 Y"1 Iy;>¢ is an estimator of F(0) with
parametric rate.

For h of order n~1/(28+3) "the estimator of f(xg) has rate O(n=2%/(28+3)) when 2 # 0. The rate
is better at 29 = 0 and of order O(n=28/(28+2)) or O(n=28/CA+1)) provided that || fy ||eo < +00.

The next theorem states that the rates obtained for points xy # 0 are optimal-minimax.

Theorem 2.1. Assume that xg # 0, xg € I and let 3 > 0.
There exists a constant ¢ > 0 such that

(13) liminf n2%/28+3) inf  sup  E; [(fn(wo) — f(:vo))z} >c
norteo fn fEXI(B,R)

where inf P denotes the infimum over all estimators of f based on (Y;j)i<j<n-
Moreover, for B > 1, there exists a constant ¢ > 0 such that

(14) 1irrrlllr£rfoon25/(25+1) inf  sup Ey [(ﬁn(xo) —F’(xo))ﬂ >c
Fn Fexi(B8,R)

where inf 2 denotes the infimum over all estimators of F based on (Y;)1<j<n-
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2.3. Global risk and bandwidth selection. We denote by ||| = ([ ¢?(x)dz)'/? the L2-
norm and by ||¢[[1 = [ |[¢(z)|dx the L'-norm of a function i : R — R.
Let fr(z) = [ f(u)K((x — u)/h)/hdu = f * Kj(z) and Fy(z) = F * Kj,(z). We can prove:

Proposition 2.3. Assume that E(X?) < +o0.
If f belongs to L?(R) and (A2)-(A3) hold, then

(15) E(|fn — FI?) < If — fal® + Hf}f N E(Y%«H%

If X is nonnegative, F belongs to L?(Ry) and K has compact support [—1,1], then, for all h < 1,

- = _ _ 2 2 9
(16) B /R (Fu() = F(2))dr) < /R +<Fh<gc>_F@c))?dﬂQE<Y1H;]KH L 2EM +n1)HKH1_

By considering Nikols’ki classes of functions (see Tsybakov (2009)) instead of Holder classes, we
may evaluate the bias order and deduce rates of convergence. As the regularity is not known, we
rather propose a bandwidth selection strategy inspired from Goldenshluger and Lepski (2011),
which yields a nonasymptotic risk bound result. To that aim, let

fh,h’(x) = Kh’ * fh(l‘), and Fh,h’ = Kh/ *Fh(ﬂf).

Note that, as the kernel is even, fh’h/ = fh@h and ﬁh’h/ = }%h@h. Let H, be a finite set of
bandwidths. Then set

A = sw (Il = fuwl= V) B = swp (1B = Ful, - W@))
WeHn + WeEH, +

with
K| | EQR)IK)?

1 (]
an v =mprp (T B

E(Y2)|K|?
)+ W) = DI,

where k1 and ko are numerical constants.

For each estimator, the term A(h) (resp. B(h)) approximates the square bias term while V'(h)
(resp. W (h)) is proportional to the variance term. Therefore, the data-driven bandwidths are
defined by:

(18) h = arg min (A(h) 4+ V(h)), h* = arg min (B(h) + W (h)).

heHn heHn
The above definitions depend on the unknown moment E(Y;?), which should be replaced by
n~t>" | Y2, This substitution is possible both in theory and in practice. Note that ||K|; >
1 = [ K. The following holds:

Theorem 2.2. Assume that f belongs to L2(R), E(X?) < +oo and H,, is such that
(i) Card(H,) < n,
(it) Ya > 0, 3%(a) > 0 such that Y,y h™?exp(—a/h) < B(a) < oo,
(iii) Yh € Hy, 1/(nh3) < 1.
Then, under (A2)-(A3), there exists a numerical constant k1 in V (h) defined by (17)such that

/

(19) E(|f; = JI7) < e, inf (IKIRIS = falP + V) +

where ¢ is a numerical constant and c depends on K and fy.
If X is nonnegative, F belongs to L?(R1), H,, satisfies (i) and (ii) and K is chosen with compact
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support [—1,1], then there exists a numerical constant ko in W (h) defined by (17) such that,

/

@) B[ (o) = Flo)Pdo) < int (IK1E [ (Fulo) - Fla)de 4 W) ) + %,

n
where ¢1 is a numerical constant and ¢ depends on K and fy.

The proof delivers numerical values for the constants x1, k9 which are too large. Finding the
minimal values is theoretically difficult. This is why it is standard to calibrate their value by
preliminary simulations (see Section 4).

For instance H,, = {1/k,k =1,...,n} or H, = {27%, k =1,...,log(n)/log2} fulfill (i)-(ii).
For (i4i) the admissible values of k& must be restricted to n'/? or log(n)/(31log2). Actually, (iii)
can be replaced by 1/(nh3) < C for a constant C.

3. CONVOLUTION POWER KERNEL ESTIMATION ON Rt

Now, we assume that the X;’s are nonnegative. The properties of the kernel estimators of f
and the survival function F of the previous section are still valid for = > 0 by setting f(z) = 0
for x < 0. However, for estimating functions on R™, it is often better to use appropriate
kernels so as to avoid the boundaries effects near 0. The convolution power kernels (Comte and
Genon-Catalot (2012)) are well fitted to deal with this problem.

3.1. Definition of convolution power kernel estimators. For k a density on R* with
expectation 1, we denote by k,, the density of (Ey + -+ + E,,)/m with E; i.i.d. with density k,
i.e.

(21) Em(u) = mE*™ (mu), u>0

where k" = k * -+ x k, m times and x denotes the convolution product. For h integrable, we
denote by h*(t f e”uh )du,t € R its Fourier transform. The Fourier transform of k,, is
given by

k() = (k*(%))m, teR.

For aq,...,ar real numbers such that Z o =1, kD k@) densities on RT with expec-
tation 1, we define the convolution power kernel (CPK) by

L

(22) Kp=Y_ ok

j=1
The following assumptions are required on the densities k), for j =1,..., L.
(B1) For u > 0, k) (u) > 0, for u < 0, k) (u) = 0, erook(j du-lf U2 (u)du < 400,
limy 100 uk(j)(u) =0, and

+00 , +oo
/ ukW(u)du =1, Iy >4, such that / lu— 1)WY (u)du < 400
0 0

(B2) For m large enough, f0+°° k) (u)%‘ =14+0(1).
(B3) There exists mg > 1 such that the function ¢[(k))*(¢)]™° belongs to L'(R) N L3(R).
Note that assumptions (B2) is not stringent as k) (u)du tends to d; as m tends to infinity.



ESTIMATION IN THE MULTIPLICATIVE CENSORING MODEL 7

Now, we define for z > 0, the estimator of F(z) by:

= 1 [t uy 2 1 < Y;

23 Fp(z)=— Ky | =) F d — YiKp | — ).
(23) () z Jo (x) v () u+nx; <x>
Under (B3), K, is derivable, so we can define, for estimating f(z) at > 0,

. 1 < i\ | Y Y;

24 () = — Knl=)+=K,[=]]|.

(24) fnl2) nz[ () + 2 ()]

Proposition 3.1. Under (B1), we have lim,_,o+ F,(z) = 1,lim, o0 () = 0.
+oo
).

Under (B1)-(B3), we have fn(z)dz =1+ O(

0
3.2. Examples of kernels yielding explicit formulae. Examples of densities k£ leading to
explicit formulae for k,, are the following.
Example 1. Uniform kernels and splines. Let k(x) = (1/2)Tjg(7) the uniform density on
[0,2]. Then Formula (9) in Killmann and von Collani (2001) (see also Rényi (1970)) yields

[ma/2]
km(z) = m ; (—1) < ;n > (mz — 2i)m_11[072]($)

Here, k is not continuous on (0, +00) and successive convolutions increase the regularity. Thus,
the exponent m plays clearly the role of regularity parameter. Assumptions (B1) and (B3) hold.

Example 2. Gamma kernels. For k the Gamma density G(a,a), a > 0, (B1)-(B3) hold and:

(am)am am—1 e mauq

F(am) u>0-

For m > 1/a, 0+°° u  kp (u)du = (am)/(am — 1) = 1+ O(1/m).

km(u) =

Example 3. Inverse Gaussian kernels. The inverse Gaussian distribution /G(a, ) a > 0,6 > 0,
is defined as the distribution of the hitting time 7, = inf{t > 0, 0t + B; = a} where (B;) is

a standard Brownian motion. The density of an IG(a,#) is (a/V 27rt3)69“e_(1/2)(92t+“2/t). For
a = 0, the expectation is 1 and the variance is v = 1/a?. For k the inverse Gaussian density
IG(a,a), (B1)-(B3) hold and k&, is the density of the law IG(ay/m, ay/m):

a/m  .20-1(14, too
km(u):\/ﬁe (=3 +) 1, 0, /0 u ke (w)du = 1+ 1/(a?m).

3.3. Pointwise risk. To evaluate the order of the bias term, we need to define the notion of
convolution power kernel of order /.

Definition 3.1. We say that K, = Zle ajk%) defines a convolution power kernel of order ¢
if, for j = 1,...,L, the density kU) satisfies Assumptions (B1)-(B2), admits moments up to
order ¢ and the coefficients oj,j = 1,..., L are such that Zle aj =1 and for 1 <k </ and
all m (at least large enough)

/+00(u — DK, (u)du = zL:a- /+Oo(u —1)*EY) (w)du = 0.
0 — 7 /o "

J=1



8 E. BRUNEL, F. COMTE, AND V. GENON-CATALOT

These relations allow to compute the a;’s as functions of the moments of the k)’s (see Comte
and Genon-Catalot (2012)). Note that a single convolution power kernel with L = 1 is of order
one.

Now, we can prove the following result.

Proposition 3.2. Let xy > 0. Consider the estimator (23) built with a kernel (22) satisfying
(B1). Set
L

+oo )
(25) ol =Y laal, :/ (w— 12D (w)du, j=1,...L.
0

i=1
If F belongs to X1(B, R) for I a neighborhood of xg, the kernel K, is order £ = | 3| in the sense
of Definition 3.1 and forj=1,...,L, f0+oo |u—1|f3k‘(j) (u)du < 400, then for m, n large enough,

El(Fon(0) — Fla0))?] < D, + tfal Z oy oy

\/ 2TV

where C1(B) is a constant depending on R, B, the a;’s and the moments of the kU) 7
Assume moreover that (B2) and(B3) hold and f is bounded. Then,

- 28 — —3
E[(f(z0) = £ (20))?] < C1(8) 725 + (Céufuoof roym >
m nxo nx

0

where Cy =23 < jep ooy |//2m(vi +v5), CF = 2301 j<p laieg|/ /27 (vi + v5)?) and C1(B)

is the same as above.
3.4. Global risk and adaptation. We prove a global result for ﬁ’m
Proposition 3.3. Assume that (B1) holds and E(X1) < 4+o00. Then the integrated risk satisfies:

E [/O+°° (ﬁm(m) - F(x))2d$] < /0+°° (Eﬁm(x) - F(m))de . CQWFZE(YI)

where CY is defined in Proposition 3.2.

Below, we do not search to link the bias term with the regularity property of the function F.
We rather focus on finding a data-driven value of m without knowing the regularity of F' on R™.
From Propositions 3.2 and 3.3, \/m plays the role of the bandwidth.

For two functions s and ¢ on (0, +00), let us define, each time it exists on (0, +00), the function

+oo
u—sOtu) = /0 s(u/v)t(v)dv/v.

If U1, Us are nonnegative independent random variables with densities ki, ks respectively, then
the product UyUs has density k1 ® ko(u). Now, we define

(26) My = {m =k?, log(n) <k <n/log(n)}
as the set of possible indexes m and consider K,,, = Zle ajkfﬂ;), where the densities k1) satisfy

(B1). Set

1 [t

=~ A~ 1 n Y
(27) Py () = = Koy © Ko (3) Fy(du+ — 3 Vil © K, () .
z Jo T nw — T
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As K, ® K,y = K,y ® K,,,, we have }*:”m,m/ (x) = i’m/m(x) For s a numerical constant and

L
(28) C(K) = 20af{(}_ |ail/v2muvs),
=1

we set

29)  2m) = kCEECDYS,  Hm) = sup (1B = Bl = Z(0))

Note that, as |a|; > 1, the constant C% of Proposition 3.3 satisfies

L
o]
(30) Ch < 2|aly — < (C(K).
j;l \/ 271'1)]‘
The adaptive estimator is then }*:}h with
(31) m =arg min (H(m)+ Z(m)).

meMy

As noted above, we should replace the unknown moment E(Y;) by its empirical counterpart.
This is no difficulty in the proofs. We can prove the following result:

Theorem 3.1. Assume that F belongs to L?((0, +00)). Assume that (B1) holds and E(X}) <
400, then there exists a numerical constant k such that
oo , B 2 +o0 _ _ 9 C'!
E [/ (an(x) —F(:::)) dm} <C inf {/ [EF(z)) — F(x)] da:+Z(m)} +

0 meMn (Jo n
where C is a numerical constant and C' a constant depending on E(X{) and on K.

Inverse Gaussian kernels (Example 3) are well fitted for practical implementation. Indeed if
k is IG(1,1), then k,, ® k,,» has the following explicit density

ml

m - 1/2
(32) km © kpy (u) = \7{; exp(m +m’) Ky <(m2 + (m)? +mm/ (u+ u)) )

where Kj is the modified Bessel function of second kind with index 0 (available in R, library
Bessel), see Proposition 3.6 in Comte and Genon-Catalot (2012).

4. SIMULATIONS

In this section, we implement our estimators on simulated data. We have selected the following
distributions:

Model 1: a Gaussian density, X ~ N (2.5,0.75),

Model 2: a mixture of Gaussian densities, X ~ 0.5N(—2,1) 4+ 0.5N (2,1),

Model 3: a Gamma distribution, X ~ I'(8,4),

Model 4: a rescaled Beta distribution, X = 5X’, X' ~ (3, 3),

Model 5: an Exponential distribution X ~ exp(2),

Model 6: a mixture of Gamma distributions X ~ 0.4I'(1, 10) + 0.6I'(40, 30).
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Model 1 Model 2 Model 3 Model 4
n = 200 500 200 500 200 500 200 500

Mean || 0.022 0.014 | 0.007 0.005 | 0.022 0.015 | 0.013 0.006

(std) | (0.014) (0.011) | (0.003) (0.002) | (0.017) (0.011) | (0.008) (0.003)

Mean || 0.090 0.033 | 0.018 0.014 | 0.073 0.026 | 0.138 0.037

GL (std) || (0.131) (0.05) | (0.031) (0.015) | (0.184) (0.018) | (0.723) (0.065)
Med. || 0.045 0.009 | 0.014 0.009 | 0.036 0.021 | 0.020 0.011

Mean || 0.403 0.269 | 0.215 0.109 | 0.297 0.126 | 0.509 0.314

CVv (std) | (0.705) (0.378) | (0.448) (0.222) | (0.518) (0.182) | (1.031) (0.386)
Med. || 0.067 0.047 | 0.011 0.009 | 0.044 0.034 | 0.031 0.094

Mean || 0.015 0.006 | 0.007 0.004 | 0.018 0.009 | 0.006 0.004

CVon X  (std) || (0.012) (0.004) | (0.004) (0.002) | (0.012) (0.007) | (0.010) (0.002)
Med. || 0.013 0.005 | 0.007 0.004 | 0.015 0.008 | 0.009 0.004

Mean || 0.004 0.002 | 0.003 0.002 | 0.004 0.002 | 0.003 0.002

(std) | (0.003) (0.001) | (0.002) (0.001) | (0.003) (0.001) | (0.002) (0.001)

Oracle

Oracle on X

TABLE 1. Table of risks for density estimators and oracles.

4.1. Density estimation. We consider the estimator given by (7) for Models 1 to 4, where
K (x) is the standard Gaussian kernel. Bandwidths are selected between 0.1 and 1.5 in the set

Hy, ={0.14+0.05k,k=0,1,...,28}.
For each sample, we compute:
- first, the oracle fo. = fp,, where hy, = argmingey, ||fn — f%
- second, the Goldenshluger and Lepski estimator f; with h given by (18) and 1 = 1.2,
- third, the estimator fhcv where heoy is selected by a cross validation criterion i.e. minimizing

n

ZD/ZfA}/LM (Vi) + fh,[i] (Y3)],

i=1

2

n

CV(h) = / f(2)da —

where fh7[i] is the kernel estimator f; computed on the sample without Y; (leave-one-out),

- fourth, we compute the estimator of f based on the direct observations Xi,..., X, f,E)C(‘)/X

where f,EX) is the standard kernel estimator of f and hcy,x is the bandwidth selected by usual
density cross-validation criterion (see e.g. Tsybakov (2009), Section 1.5),

- lastly, the oracle based on the direct observations X7i,--- , X, also using the standard kernel
estimator.

We investigate two sample sizes n = 200, 500, and 50 repetitions. Table 1 gives the estimated
L2-risks of all estimators, together with medians and standard deviations except for the oracles.
As expected, the oracle on direct observations performs better than the one with censored data.
The comparison between the GL method and the oracle on censored data shows that the GL
method is stable and that the loss with respect to the oracle is stable. We stress that the GL
method gives smaller risks than the CV method, much smaller for means, and still smaller for
medians. Indeed, looking at both medians and standard deviations for the CV method, we can
see that it is very unstable. This is the reason why we also experimented the CV method on
the direct sample, but in this case, it behaves smartlier. We conclude that the estimator fﬁ
proposed in our paper works well. As an illustration, in Figure 1, we plot the oracle, the GL
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00 01 02 03 04 05 06 07

FIGURE 1. True density (solid black), oracle fo. (green) and estimators f}L (blue
dash-dotted), fn., (red dashed), ffsi‘(\)/x (magenta long-dashed). n = 200 in (a)
and (b), n = 1000 in (c).

Model 3 | Model 4 | Model 5 | Model 6
Mean || 0.025 0.043 0.006 0.013
GL (std) (0.028) (0.038) (0.004) (0.012)
Med. 0.015 0.027 0.005 0.012
Mean || 0.010 0.014 0.004 0.009
Oracle GL (std) (0.009) (0.012) (0.009) (0.007)
Med. 0.007 0.012 0.004 0.007
Mean || 0.021 0.034 0.005 0.017
CPK (std) (0.015) (0.023) (0.005) (0.009)
Med. 0.018 0.028 0.004 0.014
Mean || 0.013 0.021 0.004 0.011
Oracle CPK  (std) (0.011) (0.016) (0.003) (0.008)
Med. 0.009 0.016 0.003 0.009

TABLE 2. Table of risks, n = 100 for survival function estimators and oracles.

estimator, the CV estimator on censored data and the CV estimator on direct data, for Model
3 with n = 200 (Figure 1 (a)-(b)), n = 1000 (Figure 1 (c)). When CV method works, it can
be very competitive compared with GL method (see Figure 1 (a)), unfortunately, it sometimes
completely fails as shown in Figure 1 (b). We can see on Figure 1 (c¢) that increasing n improves
the estimators.

4.2. Survival function estimation. For survival function estimation, we investigate for Mod-
els 3 to 6 two couples of estimators: R

- the Goldenshluger and Lepski-type kernel estimator Fj» given by (5) with h* given by (18)
with k9 = 1, and the associated oracle F}EiL), the bandwidths are selected among 30 equispaced
values between 0.01 and 0.9. ~

- the convolution power estimator Fy, given by (23) with x = 0.5 and (31) with the inverse Gauss-

ian kernel IG(1,1) of Example 3 (see also Formula (32), function ‘besselK(zx,0)’ of the R-package
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Model 3 | Model 4 | Model 5 | Model 6

Mean || 0.004 0.005 0.001 0.003

Oracle GL  (std) || (0.003) | (0.004) | (0.001) | (0.002)

Med. 0.003 0.004 0.001 0.002

Mean || 0.005 0.008 0.001 0.004

Oracle CPK  (std) (0.003) (0.005) (0.001) (0.002)
Med. 0.004 0.007 0.001 0.004

TABLE 3. Table of risks (n = 500)
Bessel), and its associated oracle Z*%'mw. The values of m are chosen among {543k, k =0, ...,10}.

This is not exactly consistent with the theoretical constraint but computationally more tractable,
with good results.

FIGURE 2. True survival function (solid black) and 10 estimators in dotted blue,
Fy« left (GL method), and Fy, right (CPK method), for Model 5 and n = 500.

Table 2 gives the L2-risks for sample size n = 100 and 50 repetitions. Comparing L?-risks of
the GL and the CPK estimators, we find that the methods behave similarly and are stable over
the four models. The difference between estimators and oracles is less important for survival
function estimators (Table 2) than for density estimators (Table 1). For both methods, the loss
between estimators and oracles is very small for Models 5, 6. The oracle of the GL method is
much better than the estimator itself for Models 3, 4. This is less true for the CPK method.

For n = 500 and 100 repetitions, the L?-risks of oracles are comparable (Table 3). In Figure
2, ten estimators of both methods for n = 500 are plotted together with the true function
(bold), corresponding to Model 5. The GL method is on the left and the CPK on the right.
Both methods yield convincing results and monotonic estimators. Although the CPK method
is computationally slower, it provides better estimators, especially near zero (Figure 2).

Figure 3 concerns Model 6, with still 10 estimators and n = 500. On top left and right, the
GL and CPK estimators. As they are not always monotonic, we have used (bottom left and
right) the monotonic transformation of estimators defined by (see Chernozhukov et al. (2009),
R-package 'quantreg’):

G — G(y) = inf{z; / Lo(uy>-du < y}.



ESTIMATION IN THE MULTIPLICATIVE CENSORING MODEL 13

One can prove that the risk of the monotonic version of any estimator on a bounded interval
is smaller than the risk of the unmodified estimator. Finally, as the monotonic transformation
leads to a step function, curves were smoothed using a method preserving monotonicity (R-
function ’spline.fun’ of the method “monoH.FC” from Fritsch and Carlson (1980)). Clearly, the
monotonic transformation improves the curves. The CPK method is better near zero, and the
GL method seems better for large abscissa.

FIGURE 3. True survival function (solid black) and 10 estimators in dotted blue

for Model 6 and n = 500. Top left: Fj« (GL method). Top right F (CPK
method). Bottom left: GL with monotonic transformation and smoothing. Bot-
tom right: CPK with monotonic transformation and smoothing.

5. PROOFS
We state a property used in proofs:
Lemma 5.1. Let o belong to L%(R), E(Y?2p(Y)) < E|X]|||¢|*.

5.1. Proof of Equations (2)-(4) and of Lemma 5.1. Equality (2) is elementary. For y > 0,

Frly) = /ym fy(z)dz:/y+oo /;oo "L?ddeZ/(/jdz)fS”)Iy<zdx
- [T [ swas—y [T = r) - it

X
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For y <0,

Fr(y) = /_:fy(z)dz:/iodz/_; ‘ﬁf‘)d:n:/(/:dz)‘ﬁf)lxgyd:p

x
= / (y — x)f’;)dx =yfy(y) + F(y)
Thus, Fy(y) = F(y) — yfy (y), which is (3).
For (4), by (2), yfy (y) tends to 0 as both y tends to +co and —oo. By (3), EY2(#(Y))? is
finite. Integrating by parts yields

o0 0
Afy(y)(t(y)+yt/(y))dy = —/Ryt(y)(fy(y))’dy:—[/o yt(y)(—‘)Lf/y))dy+/myt(y)‘fEJgT)dy]
+oo
~ [ sy

Lemma 5.1 is immediate noting that EY2¢?(Y) < EX2p?(UX). O

5.2. Proof of proposition 2.1. For (i), we use [ K'(u)du = 0 as K’ is integrable and K is even,
and [ K (u)du = 1. For (ii) and (ii1), we write [ Kj(u—x)ly,>qdu = [ K(2)1,<(y,_z)/ndz for the
first term and use that lim, .~ K(u) = 0 for the second term. Lastly (iv) is straightforward.
O

5.3. Proof of Proposition 2.2. First we study fh. Noting that

(K (=), = K(=) + TK(—),
Equation (4) yields E(fy(x)) = fa(z) = f x Kp(z). Thus, for all z,
El(fu(2) = F@))?] = (f(@) = fa(@))? + Var | fa(z)]

As K is of order £ = | 3], the assumption on f gives, at point zo,(f(x0) — fu(z0))? < C2h2?8
with Co = R [ |u|?| K (u)|du/l! (see Tsybakov (2009) Proposition 2.1).
Next, we have

v < [ (452) o (52)]
@ )] )

where the last equality follows from Equation (4). Then

(39) B 12 ()| < min(hl ol K1)

IN

By Lemma 5.1 |

e (s (M52))

Therefore, Var(fi,(z)) < (nh®)"'E(|X1]) [(K')? + (nh?)~1|K||%. This yields (10).

u—x

< B [ (K= RE( X [ (K7,

E
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The special value z¢ = 0 leads to other bounds. As,Vz € R, |z2fy(z)] <1,

E

2
Y2 <K (Ylhxo» ] = / (0 + uh)2[K" ()] fy (z0 + uh)hdu < / |20 + uh|[K (u)]2hdu.
Therefore, for o = 0, we have
Vi 2
2 [ 11
(0 (3))
: 1Ko + f Jul[K'(w)]?du _ Cg

Va’r(fh(o)) S nh2 T nhQ’
If now fy is bounded and [u?[K’(u)]*du < +oo, we get for zg = 0,

(e (7))

Thus if moreover || f|ls < 400, using (34),

Var(h (o)) < MBI+ vl [ o2l P G

This gives inequalities (11) and (12).

(35) E

<n [ ullK'(w)Pdu

Consequently,

(36) E < W fy o [ 02K ()P du

nh " nh’

Now we study F, to prove (8). First we have E(ﬁh(:r)) = F x Kp(z) so that the bias term
can be studied using Proposition 2.1 in Tsybakov (2009). Hence the bias order at zy. Next

(37)  Var(Fy(z)) < % {E [/K <“;x> Iy1>udur+E [Yfl@ <Y1h_“‘>]}
We have
dur = h? (/ |K(u)\dv>2

[ (5 Y] < [ (457)

Y _
B vex? (0] < nexalixe

and

Gathering terms gives (8).
Lastly, if 29 = 0, inequality (35) applies with K’ replaced by K and gives the result (9) and
thus ends the proof of Proposition 2.2. O

5.4. Proof of Theorem 2.1. Proof of (13). To obtain lower bounds, we follow the reduction
scheme described in Tsybakov (2009), chapter 2. We have to find two densities fo,, fi1,, such
that

(1) fj,n € EI(ByR)a J=0,1,

(ii) (fin(wo) — fon(wo))? > cy2 where 42 is the desired rate,

(i) x* = X*(Pf,..v> Pfony) < ¢/n, where Ppy is the law of Y when X has density f.
We only prove the result for z¢ € (0,1) = I. Let h, be small enough to have [xg — hy,, xo+ h,] S
(0,1). We take fon(z) = Tjg1j(v) and

fin(®) = fon(z) + cynl(

T — X0

)




16 E. BRUNEL, F. COMTE, AND V. GENON-CATALOT

where L(v) = L(v)Tj_y (v), L € ¥g(3, R), L(0) # 0 and f_ll]L(v)dv = 0. We set v, =
n=B/(26+3) and h,, = n~1/(28+3) We have [ fim = [ fo = 1 and we can choose ¢ such that
fin(z) >0, Vz € ]0,1], so that fi, and fy, are [0, 1]-supported densities.

(i) The functions fj,, j = 0,1 are in ¥;(3, R) with I = (0,1) as %/hﬁ =1
(ii) (fin — fon)?(w0) = 2421L2(0) is of order n=28/(F+3) = 42 the expected rate.

1 — )2
(iii) Then we must prove that x* = / (91— 90)"(2)

dx < ¢/n where g;(x) = f;(fzn(u)/u)du,
0 go(x)
for : = 0,1. We have

2 LD

2 2.2 1<1 “
o f
0

2
I[xO —hn,zo +hn} du)

dr = 02")/2([1 + 1),
Tog(@)] n(h+ D)

u—xQ

fﬂcoJrhn LL( hn )

2 _ 2
thn LC72)
xO_hn ( zo—hn u du) x()"!‘hn <f;0 ’l’:, du)
with [} = / de, I = / d
A | log(z)] 27 oo |Tog(z))]

Using that f_ll L(v)dv = 0, we write

Z.

1 L 2 1 L 2
z0—hn <f71 :co—igiv;znhndv) , [T hn ( e <m - 1) d”)
I = / dr = hn/ dx
0 |log(x))| 0 |log(z)]

and thus we get

4 zro—h 1 2
I, < Qh/ </ L(U)U/xodv) dx
Ao Jo St T oh/o
h4

ook /1 2 (/" |L(v)|dv)2
s </ M”)‘d“) S ey I E TR

2
A /:O”L 1 (/(1 L(v) dv>2dx§ ( 2(f_11 \]L(v)\dv> 3

o—h 1108(2)] \ J(z—zg)/n w0 + vh zo — h)?|log(zo + h)|

Therefore x? < ¢(z0)y2h3 = c(x¢)/n which is the desired result. O

IN

Next

Proof of (14). We seek a rate 72 = n~2%/(28+1)  We build Sy, (z) = (1 — ) for x € [0, 1], the
survival function associated to fp, and

S1n(@) = Som(z) + Tl (x - ”””0) for 2 € [0, 1],

n

with £/ = L, L(z) = fxl L(v)dv and L as above and £(0) # 0. We take here 7, = n~8/(26+1)
and h,, = n~ Y2+ Note that S1,n is the survival function associated to fln(x) = fon(z) +
c(n/hn)L((x — 20)/hy). Indeed 7,/h, = n~F=D/2B+D) is O(1) for § > 1 so that ¢ can be
chosen small enough to have fl,n > 0.



ESTIMATION IN THE MULTIPLICATIVE CENSORING MODEL 17

(i) The functions Sy, and S;,, are survival functions belonging to X;(8, R) with I = (0,1) as
B
Tn/hn = 1.

(ii) (Soyn(x()) — 51771(1'0)) =cC 7'2[:2(0)

(iii) For the x? distance between the observations laws, it follows the same lines as previously
and yields an order (72/h2) x h3, i.e. T2h, = n=28/@8+1) x p=1/@RA+Y) — -1,

5.5. Proof of Proposition 2.3. The integrated mean-square risk is decomposed as the inte-
grate of the squared bias plus the integrate of the variance. We integrate equation (33) and
easily obtain bound (15).

Now we turn to (16). We start from (37) and get

- 2 22
Var(Fy(z)dx < / E U(Kh (u— ) IylZudu} + —||K|I”E [v?] .
Ry n Ry nh

Now we write

/R+ E [/(Kh (u— ) 1y1>udu] Cdr—E {/R+ U(Kh (u— ) 1Y1>u1u>_1du] : dx}

by interchanging expectation and integral and using that as K has support [—1,1], u € [z —
h,x 4+ h] C [-1,400) for x > 0 and h < 1. Therefore

/IR+E |:/(Kh (u— ) Iylzudurdg;:E{’Kh*gylw}

where gy, (u) = Iy1>qu> 1. Applying the Young Inequality (55) for p = 1, r = ¢ = 2, yields
1K gv; I? < 1K Bllgva P = IKIB(Y; + 1). This implies

N 2 2
Var(Fy(z)de < | K|FE(Y: + 1) + — || K|°E [Y?],
Ry n nh
and thus Inequality (16). O
5.6. Proof of Theorem 2.2. We start by proving (19). By using the definitions of A(h), V (k)
and h, we note that
Vhoh' € Hu, lfnw = fwll* < Alh) + V(H),

and K R

Vh € Hn, A(h)+V(h) < A(h)+V(h).
Therefore, for all h € H,,

I = fI? <315 — fh,;}HQ + 3\|fh7;; — full® + 3l — £II?

< 3(A(h) + V(R) + 3(A(h) + V (R) + 3| fu — fII?

< 6A(h) + 6V (h) + 3| fu — fII*.
The term E(Hfh f|1?) is ruled by Inequahty (15) and we only need to study E(A(h)). Recall that
fh Bo= Kh/ * fh, and denote fy(z) = E[fn(z)], fon(x) = E[fpn(x)]. We split fj, := f}(Ll) + f,(lz),
fni= fh —|—fh with

5@ = Z YK} (Y; = 2) + Kn(Y = )y <c,, fi)(@) = BV (@)],
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and analogously for fh,h/ and fp, 5. Then using the definition of A(h) we get

A <5 swp {177 = 71 = v 10f +5 sup {150 = S = v o}
b E€H, + 4

~(2 2 ~(2 2
+5 sup [IfS) — 3712 +5 sup £ — ,5,1,”2+5 s I fw = Fio|)?
hWeHn heH,

= 5(T1 + 15+ T35+ Ty + T5).
Using (55) with p=1,¢ =r =2, and ||Ky/||1 = || K1, we obtain
T = 1 — fuaell? = K % (F = Knx £)I2 < (IKID2S = Ko+ 2
For Ty, we write

1= suwp {IIfi — £ 12 =vyno} < S0 {147 - £V - v/}

heHn heHn

and note that

(38) 1D — D2 = sup (FY =t 2 = sup (FD — D 42
teLa(R),|t||=1 teB(1)

where B(1) denotes a countable dense subset of {t € La(R), ||t|| = 1}.
Now we introduce the centered empirical process

van(tn) = (fiY = 10 1) = Zwm E(4(Y;))],

=1

w = [ (7)o (57 et

= [yKp*t(y) + Kn* t(y)] Ty<c,-
E[Ty] < Z E

{ sup vy, (1) — (h)/lo} ]
heTin teB(1) N

We bound the above expectation using the Talagrand inequality (see Appendix). To apply it,
we compute H, M and v. Clearly, H?2 = V(h)/k1 suits. Next, we get

B 1/2
sup sup ()] < sup U . <‘”’“’)+K2 <“ x)dx]
teB(1) ueR u€R h h

ﬂ 0721 1/2 Cn
e g < 0w

Therefore,

IA

= M.

Lastly, we search for v.

sup Var (1,(¥1)) < sup E (p2(¥7)) .
teB(1) teB(1)

Remark that
v3(y) = {5 % %) + [y(En * 0% )]} Ty <
Thus by Equation (4),
E(y7 (Y1) < E [YP (K}, +1)*(Y1)] + E [(Kp + )*(X1)] := S1 + Sa.
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Next, by Lemma 5.1, Young’s Inequality (55) and as [|t]] = 1, we get

HK’H2
S1 < E(I XK t* < E(X DI = E(Xa]) 5

For S, we write, applying twice the Young Inequality for r = 400, p = ¢ = 2 and p = 1,

Sy = E[(Kp*t)*(X1)] = /(Kh*t)Q(w)f(x)dﬂf < [ K * t|ool [ K+ 2] £1]

A
I171I-
f
Thus we get v = c¢(K, f)/h? where ¢(K, f) = ||K’||2E(|X1])+ || K||1 | K ||| f||. Then, for /10 =3

(e =1/2), we get
oy cn oV
E [{tggg)y n() — (h)/lO}Jr < — n <h exp (—=Ca/h) + —% h3 exp< Cs . )> .

By the definition of H,, we have 1/(nh?) < 1, 37,5, h™%exp(—Ca/h) < %(C2) < oo, and
Card(H,) < n. So, choosing

< [l Tl 1A =

e = Csv/nf (410g(n)),
we obtain E[T}] < ¢/n. The term Ty is studied analogously, with additional factors ||K||? due
to an additional application of Young’s Inequality.

For the terms T3, Ty, rough bounds are used together with the definition of H,,, in particular
1/(nh3) <1 to get Ty < C(K)nE(|Y1|*7P/ch) for all p > 0, where C(K) is a constant depending
on the kernel. Thus, with the definition of ¢, we obtain an order 1/n by choosing p = 6 with
constraint E(|Y7|®) < +oco. Hence we get (19).

Now we turn to the proof of (20). The study follows the same line as previously, so we mainly

N

give a sketch of proof. Here we can split in three parts ﬁ'h F( ) F(Q) + F( ) with

(1) Y, -z 2 (2) 1 : Y,— =z
F ZYIY<cn ( h >’ Fh (z)_m;EIKZCnK< h )7

F®(z) = / Ky (u — 2)Fy (u)du,
with F,Ei) = IE[Z*%'}EZ)] for i = 1,2, 3, and analogously for I%,Eil)l,, 1=1,2,3.

The first two terms are studied as previously 17,15, T3, T4. There is also a term analogous to
Ts. Let Gy (u) = (Fy (u) — Fy (u))1_1<,. The additional new terms are

Ty ::E(sup / IO (@) - FO (@) d:c>: (Sup / +[Kh/*Gy(m)]2dm>

heHn JO heHn JR

and its twin in h, h’. Thus using Inequality (55) as previously, we get

Ty < E <i“}3 ||Kh/||%||GY||2) < |KIPE < [ - Fy<u>>211gudu)
'€Hn

IN

IK|TE(Y: +1)
n

K 2
= |n||1/VaI‘(Iy12u)Iu>_1)du <

This ends the proof. O



20 E. BRUNEL, F. COMTE, AND V. GENON-CATALOT

5.7. Proof of Proposition 3.1. For sake of simplicity, we assume that L = 1 and k(1) = k.

By (B1),

1 +00 Yi/x +00

/ k:m(u)lyizudu:/ e (v) v g/ ko (v)dv = 1,
T Jo T 0 0

so that ﬁm is well defined. Moreover, it is obvious from the formula above that

From Young’s Inequality (see (55) with r = 400, p = ¢ = 2) and (B1), ||k * k| < ||k||? so that
for all m > 2, ||k || < 00. Consequently,
1 Y
lim —k,,(—)=0.
T—+00 I x
As uk(u) — 0 when u — 400, by induction we easily prove that uk,,(u) — 0 when u — +oc.
Therefore,
1Y
lim — —)=0.
In summary, we proved that, under (B1), lim,_, }:Wm(ac) =0 and lim, ,o+ f’m(x) =1.
Without loss of generality, we assume that (B3) holds for mg = 1 and write that

_i —itx 7.% / __i/ —itT 7%
k(z) = 27T/Re B Kie) = 5 [ e

This implies that & and k' are continuous, tend to zero at oo, and k(0) = k¥ (0) = 0. As
y) = fé’ k(y — 2)km—1(2)dz for m > 1, we have kp,(0) = 0, limy— 1o km(y) = 0 and k,, is
continuously derivable, with

(39) (k)" (t) = —ithy, ().
Using (B2) and [;" &, (v)dv = [k (v)]7> = 0 yields

oo dv

+o0o
fm(x)dx = /0 ko (v)—

v

/ ]‘)
—I—/ k,,(v)dv =14 O(—).
0 0 (v) (

5.8. Proof of Proposition 3.2.

Lemma 5.2. Let k, kY, k@ satisfying (B1), then forv,vy, vy their variances(i.e. v = 0+O°

1)2k(u)du), we have

(u—

+oo
(40)  Jlkml® = /O ki (W)du = vm(1/2v/mu(1+0(1)),  [kmlles < v/m(1/v2m0(1+0o(1)),

—+o00
(41) D) B2 = / £ ()@ (w)du = v/m(1/y/Zr 1 F 02) (1 + o1
0
Let k, kMW E®) satisfying (B1) and (B3), then
2 _ 1 3/2 Dy @y L (m Y2
(12) P == () e, (G066 = o= (5, ) @+ e
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Proof of Lemma 5.2. Equalities (40) and (41) are proved in Lemma A.l. of Comte and
Genon-Catalot (2012).
Thus we turn to (42). Under (B1) and (B3) with mg = 1, as (k},,)*(t) = —itk},(t),

400 m 3 s
Il = [ Py = o [ Ekpae =Y [ 2 pras

Under the assumption [ t2|k*(t)|?dt < +o0o (see (B3)), we can mimick the proof of Lemma A.1.
(Comte and Genon-Catalot (2012)) to obtain:

1 2025 ()2 /2— 2 VT
t°|ky, (t)"dt — Yds = .
i fy 0 [ e = oo

And for the case of two densities,

400 - 3 ,
(KDY (k@)Y = /0 (kDY () (kDY (y)dy ~ @Asze(ul+U2)s 24,

s

Hence (42). O

Now we turn to the proof of Proposition 3.2. For the bias order, we have

~ +o00 U —
BFu@) = 1 [ Ka()Pr(du+ JEMEK(D)
400 U _ +o0 U -
_ % Kon() (Fy(u)+ufy(u))du:;/ Kon(*)F (u)du
0 0
“+oo
= Ko (v)F(vz)dv.

0

The order of this term on X;(/3, C), is given in Proposition 3.2 in Comte and Genon-Catalot (2012).
Now, we bound the variance term.

Var(ﬁ’m(x)) = nleVar[ 0+OOK (g)ly1>udu+Y1K (};1)]
(13) < 2 (BT Ea i + B ) = Tie) + Do)
2 too oy 2 B
fiw) < 2 ([ i) < 2 Zw | ) =2
400 1
() // ) K2 ()1 )f(v)IRJr(v)dudv—niQ/O V2 (v) (/0 2K (W )du)d

+o0 v/x
= % Maz?’ (/ zQKfn(z)dz> dv.
nx 0 v 0
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Thus using Lemma 5.2 namely f+°° zk(j)( )dz =1 and kafl)Hm < 2y/m/\/2mv;), we get

400 v/x +o0
To(z) < 721/0 f(w) (/0 zKi(z)dz) dv < 721/0 2K2 (2)dz

2 +oo 2 < 2|a| /1 »

< Kl / | K(2)ldz < 23 AUV S / kD (2)dz
n 0 n; \/2mv; ; !

< 4’(1‘1\/ Z |Oé]|

A /27rvj

Consequently we have

= 2
Var(Fm(2)) < lafi | lal + 2\F

T Mh
?ﬂg
S

Next, we study the estimator of f. As (0/0y)(yKm(%)) = Km(%) + (y/x)K], (%), we have

~ 1 Xl +oo
Efpm(z) = —EKn(—) = Kp(v) f(zv)dv.
x €T 0
As for the bias term of }%m(:v), the study of the bias term of fp,(z) is a direct application of
Proposition 3.2 of Comte and Genon-Catalot (2012). For the variance term, we use that

~ 1 Yl Yl / }/1
Var f,, < —E(K 2K
i) < o8 (K g ()
1 X, i, Yi\?
= EK? E K (—
o [ERACH +E (R )
We have
2 Xl oo 2 2
EK, (x)—w K7 (v) f(zv)dv < || f|loo|| K|

0
where, by Lemma 5.2, the L?-norm of K, satisfies, using (30),

(44) Kl < v S — Oy < C(K)Vim.

1<ij<L

2 |O[iOéj|

27 (v; + vj)

For the other term, we have
Y Y; 2 uv)? UV
B(Ukn) = [ )2 )
Z ©>0,0<u<1 T

_ 7+o; J;(U) g 2 gt 1 e ’ 2
_ x/o gy (/0 2K (1) dt) < xIE(Xl)/O (K ()2,

Now, we use (42) of Lemma 5.2

m 2|Oéi05j|
/ . N3/2°
T 1<ij<L (v "H}J) /

The result follows. This ends the proof of Proposition 3.2. O

11 <
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5.9. Proof of Proposition 3.3. Inequality (43) for Var(}:?m(x)) must be integrated over RT.
The second term is the easiest:

+oo Y, . dx 2
(45) / Ty(x) dx < EYl/ K2(=)=5) = = E(W1) || K%
0 x T n

For the term T (z), we apply the generalized Minkowski inequality (see (54) in appendix):

+o0 2 2
/ Ti(z) de < n]E/ #2073 </K My >u u>0du>
0

2 da\ /2 ?
< —-E /IY1>qu>Odu </K —) >0 2)
n
9 1 1/272
S EE /Iylzuzo\/ad’u, </ Kgl(v)lvx)dv) ]
2 o [T o 8 2
(46) — EE@ Y1)%) K, (v)dv = EEY1||Km|| .

0
Finally,

oo = 10 2
Var(F,(z))de < —IEYlHKmH
0

which is the announced result using (44). O

5.10. Proof of Theorem 3.1.

5.10.1. Some preliminary Lemmas. Let us set, for m, m’ > 0,
(47) By F(z) =EF,,(z) — F(z), BpmF(x)=EF,wv(z)— F(z).

Similarly to Lemma A.3 of Comte and Genon-Catalot (2012), the following relation between
bias terms holds.

Lemma 5.3. We have B,,F(x) = 0+°° K (u)F(zu)du — F(x) and

+o0
B F(2) = By F(z) + Ky (4) By F (zu) du.
0

We also state a result with useful bounds concerning the convolution power kernels.

Lemma 5.4. Recall notations (25). Under assumptions (B1)-(B2), we have

(0) [ K © Kolloo < i S5 W“iw m'(1+ o(1)).

(i) HK O Ky |* < C(K)Vm " where C(K) is defined by (28).
(i) Jo ([ Km(2)|/vZ)dz < 3!041-
(i) fo ([ Km © Ko (2)]/v/2)dz < 3lalf.

Proof of Lemma 5.4. For (0), see Lemma A4 of Comte and Genon-Catalot (2012).
For (i), we write

—+o0
(48) /(Km & K2 (w)du < | K © Km,HOO/ Ky © Koy |(w)du
0
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Now we know from (o) that || K, © Kpy|leo < 2|ay ZJ 1 \}Oi\/ !. Moreover

+o00 +o00o +oo U dv
/ | K © Kpy|(u)du < / (/ ]Km()HKm/(v)]> du
0 0 0 v v
“+o00 “+o00
— [ IEw@e [ 1K (@)ld <Jal
0 0

Plugging these two bounds in (48) gives the first result.
For (ii), we simply split the integral

oo | K (2)] . ! | K (2)] . +oo | Km(2)] .

/o vz de = /0 vz a +/1 NE a
! | Km(2)] oo

< /0 Zdz:—l—/1 | K (2)|dz.

By (B2), f0+o° 2 YK (2)|dz < 2|al; and f K., (z)|dz < |al;. This ends the proof of (ii).
For (iii), we write

0 Ko @ Ky (5) Foo +oo u, ds du
——————ds = K,, Ko (u)—
T S/o (o <s>sw) s

and this term is simply equal to w)/+/udu [ K (v)/vdv, so that the result (iii) follows
by applying (ii). Hence Lemma 5. 4 D

Recall that C) < C(K). Thus, a straightforward consequence of Lemma 5.4 (i) and the
bounds in Proposition 3.3 is the following Lemma.

Lemma 5.5. Under assumptions (B1)-(B2), we have

Am/

+00 ~ m
/ VarFp, my(x) de < 10 E(Y,) ———C(K),
0 n
where the constant C(K) (see (28)) does not depend on the density f.

5.10.2. Proof of Theorem 3.1. First note that the definition of / implies that H(m) + Z(m) <
H(m) + Z(m) for all m € M,,. From now on, we extend all functions by setting them equal to
0 on (—00,0) so that |.|| is the L?-norm on R*. Hence, for m any element of M,,, we can write
the decomposition

|Fo = FIP < 315 — Fnall® + 1P = Fnll® + | F = FI)
< 3(H(m)+ Z(m)) +3(H(m) + Z(m)) + 3] Fn — F|?
< 6(H(m)+ Z(m)) + 3| Fy — F||*.

Therefore, E(|| F, — F||?) < 3E(||Fy — F|2) +62 (m) +6E(H (m)). Let us study H(m) (see (29)).
Let E(Fn () = F(z) and E(Fy 0 (2)) = Fp (). Then
HFm’ - Fm,m’H2 < 3HFm’ - Fm’”2 + 3”Fm,m’ - Fmﬂn’H2 + 3HFm’ - Fm,m’”Q‘

By Lemma 5.3, for all m,m’ € M,
2

”Fm,_Fm,m,H?_/Om (/O+OOB Flaw) Ko (u )du) da.
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©)

Therefore, using that each k, is a density, we obtain:

+o0o L +o0 , 2
| Fr — B I < \ah/ Zm(/ (BmF)(xu)kf;,(u)du> dx
L .
< \ahzai\//(Bmp)z(:cu)k:g,(u)dudx
i=1
<

+oo _ L +oo k i)
ah [ BaER)w Y ol [ k() g,
0 — 0

U

having used Fubini and the change of variable v = zu. Now, [ ksl),(u)/u du=1+0(1/m’) <2.
Therefore

= - Z(m/ ~ _ Z(m/
H(m) < 3sup (HFmI Rl - <6>> +3sup <HFm7m/ B S A >)
m/ + m/ N

+3sup || Fyr — me/ ||2
m/

~ — Zml = — Zm/
< 3sup (I = Bl = Z50) b 3sup (1B = Bl = 50
m/! + m! n

+o0 _
+6jaf? / (B F)2(v)do.
0
Now, we can prove the following Lemmas:

Lemma 5.6. Under the assumptions of Theorem 3.1, we have

- _ Z(m/ C
E(Sup <”Fm/_Fm’H2_(6)> ) < g
m/ 4

Lemma 5.7. Under the assumptions of Theorem 3.1, we have
~ _ Z(m/ C
E (sup <|me/ — P |* = (6)) ) <=,
m! + n

This yields that, Ym € M,
E(||Fa — F|1?) < 3E(| Fy — F|?) + 6Z(m) + 6al} /(BmF)Q(v)dv +—.

n
As IE(H]*;‘m — F||*) < C(Z(m) + [(BmF)?(v)dv), the proof of Theorem 3.1 is complete. O
5.10.3. Proof of Lemma 5.6. First we write,

a9 (sup (15— £l = Z50) )< 5w (1 £ - Z2) ).

meMy,

Next, we split the estimator and its expectation in two parts,

Eyp = Fo = (B = F{D) + (B = ED)

where

1 1 [t U 1 Y;
Wpy==-N5"2 Ky (=) Iy s, 1y: du+ —YiIy <. K, [ =
m (2) Zx/g m(x) vizulvice, (1) u g tivise im0 )
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F,(,ZQ) =F, — :ml), F,(,f) = E(F(k)) for k = 1,2 and for a a numerical constant

alog?(n)’

B (W R - 252 ) <om (150 - B0 - 25 ) om (150 - F2R)

and from the variance bound, for /m < n,
- E(Yi1y,5e E(YPH!
n h
With ¢, given by (50), p = 3 and cardM,, < n/log(n), we get
~ 4 5 1
meM'n

provided that E(Y{}) < +o00, which makes this term negligible.
Next, we note that Hﬁ,&” - E@HQ = supaHtH:lﬂ*%}g) - Fﬁi),w?, and the supremum can be
taken over a dense countable family of functions ¢ such that ||¢|| = 1; we denote by B(1) this set.
Thus, setting

Y B N I B — (2)
0:(y) = ) Z ) K (= )(Iy>u y<c,du + yKop, ( )IyScn t(x)de =6y " (y) + 60,7 (y)
with obvious splitting into two terms, we introduce the centered empirical process
= _ 1 —
(51) vn(00) = (Ffy) = F ) = ~ Z; [6:(Y;) — E8,(Y7)] -

We can apply the Talagrand inequality (see Appendix). For this, we search for H,v, M such
that:

E( sup v2(6;)) < H?, sup Var(6;(Y1)) <wvand sup sup|0:(y)| < M.
teB(1) teB(1) teB(1) v

It follows from the definition of v, and Proposition 3.3 that

E( sup o} 2(01)) < B(|[ P — Fonl®) < 10C(K)E(Y1)Vm/n := H*

where C(K) is defined in (28). Next, for [|t|]| = 1, we have by (44)

00y = /Oy </0+Oo ;Km(Z)t(x)dx> dul<., g/oc (/;OO %KQ(:c)d )1/2du

Cn +o0 1/2
= [T ([T Rew) =2 lvE < 2O
0 u 0

()

oo 1/2
= <Iyan (Km(u>)2ydu) < Vel Kl < VO(E)m!* /ey
0

and

105 ()]

IN

1/2
Ko )Ly )

SHES
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Hence, we can take M = 3,/C(K),/c,m'/*. Now, we study
2
var(0{(v1)) < E {(eg”m)) }

1
< /[Om[o Ko () Tyt (2) Ko () 2t (2) fy (y) dudvddyd

< / Ko (5) Tyt (2) Ko (0) Lysost () fy () dsduwdadydz
0400

Writing that f0+°° t(2)Ly>sedr < ||E]|(f, oo L>edz)Y? = \/y/s, we get

+ Kt |\er (w)ly/ L 1y (dsdody

E(V1) ( [ 'Kf”‘d) — 9laiE(V:),

by (ii) of Lemma 5.4. Therefore, Var(&ﬁl)(Yl)) is bounded by a constant independent of m,n.
Next we consider Var(0§2)(Y1)).

Var(0V (7))

IN

IN

Var(6” (V1)) < / Fr W) (/@) Ko (y/2)t () (y/)2) K (y/ 2)t(2) dadydz.

(0,400)3

First, [ /22) fy (0 Kon(0/2) K/ )y = (2/2) [ 0o (0) Ko (/) f (au)du. Henee,
400 +o0o “+oo >
2) Va6 i) < [ a1 @l ([ ) Kt/ D ) du

Next, with v = zu/z, we get

1/2 2
Kl CU)vim

TU - U

[tk E < [ [ ntenor0/2)2]

This yields:

+00 +oo
Var(6'? (7)) g/o W2 Ko (u )deu </ :1:2\t(:1:)|fy(:1:u)\/15dx> C(K) 2m!/4,

Then, as yfy(y) < 1, we get f0+°° v f2(y)dy < E(Y{) and

Foo +o0 1/2 oo 12 ,
/ $2\t(w)!fy(xU)\}5dz§[/o ﬁf%uu)dx] gul(/o ysf%@)dy) _ VEOR)

u2
Finally,
+0o0
Var(6;” (V1)) < C(K)Y2\[E(Y2)m!/4 / | Ko ()] fdu < 3a[1C(K) Y\ [E(YVR)m! /4.
0
Thus, we can take v = 3|a|;C(K)Y2\/E(Y?)m!/4. Lastly,
Ve 2 /
M 3 v 3laliE(Y?)
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This yields, choosing €2 = 1/2, using (50) and taking a such that 2K;C(€2)ev/10 a/(21v/2) = 2,
and using m < n? for any m in M,, we get

1/4 1
E | sup (vj(t) —4H?) .| <O M e=Bmt 726721%(")
teB(1) n log n
Now, reminding of (49) and Card(M,,) < n, we get
P Z(m C C, _C
E (sup (HFm/ Rl - (m)) ) <O i O O
m/ 6 + n mGMn n n

This ends the proof of Lemma 5.6. O.

5.10.4. Proof of Lemma 5.7. The proof of Lemma (5.7) follows the same line as previously with
K,, replaced by K,, ® K,,/, where m is fixed and the sum is now taken over m’ in M,,.
(53)

B (sup (1w = Pl = Z62) Y < 3 B (e = Pl - Z52) ).

m m/eMy
The truncation of the Y;’s by ¢, is done as previously, and the bound given in Lemma 5.5 leads
to the same result. Therefore, we can work as if the Y;’s were bounded by c,.
Thus, we apply the Talagrand inequality to the empirical process
V:L(et(mﬂn )) = <Fm,m’ - Fm,m% t>2

(m,m’)

where 0, is the analogous of 6; with K,, ® K, instead of K,,. We have to find the three
quantities H, v, M. This reduces to using Lemma 5.5 for H and inequalities given in (i) and (iii)
of Lemma 5.4. The bounds being the same as for Lemma 5.6, the conclusion is also analogous.
O

6. APPENDIX

6.1. Auxiliary result. We recall the generalized Minkowski inequality. The proof of the following inequality
can be found in e.g. Tsybakov (2004, p. 161). For all Borel function g on R x R, we have

(54) /R</Rg(u,a:)du)2d:r< (/R (/RgQ(u,x)dx)l/Q du>2

The Young inequality. (see [13]). Let f be a function belonging to L?(R) and g belonging to LI(R), let p, g, r
be real numbers in [1, +00] and such that

1 1 1
-+ -=-+1.
p q T
Then
(55) 1f*gllr < 11fllp llgllq-

where f x g is the convolution product and ||f||5 = [|f(z)|’dz. In particular, for p = 1, r = ¢ = 2, we have
If > gllz < [f[l2 lgll2-

The Talagrand inequality. The result below follows from the Talagrand concentration inequality given in Klein
and Rio (2005) and arguments in Birgé and Massart (1998) (see the proof of their Corollary 2 page 354).

Lemma 6.1. (Talagrand Inequality) Let Y1, ..., Y, be independent random variables, let vn v (f) = (1/n) >0 [f(Yi)—
E(f(Y:))] and let F be a countable class of uniformly bounded measurable functions. Then for €2 > 0

] < 4<367K162n§2 98 M2 _MM>
+ - )

E - 2 _92(1+2)H? — — Vi M
[ sup [y (N = 2(1 +2¢%) w t B @)

fer



ESTIMATION IN THE MULTIPLICATIVE CENSORING MODEL 29

with C(e?) =1+ €2 —1, K1 =1/6, and

1 n
sup [|fllee < M, E[sup |vn,y (D] < H, sup > Var(f(¥i)) < v.
feFr feF feFr i —

By standard density arguments, this result can be extended to the case where F is a unit ball of a linear
normed space, after checking that f — v, (f) is continuous and F contains a countable dense family.

[10]
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12
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