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ABSTRACT. We consider here nonparametric estimation for integrated diffusion pro-
cesses. Let (V;) be a stationary and S-mixing diffusion with unknown drift and diffusion
coefficient. The integrated process X; = fot Vsds is observed at discrete times with reg-
ular sampling interval A. For both the drift function and the diffusion coefficient of the
unobserved diffusion (V;), we propose nonparametric estimators based on a penalized
least square approach. Estimators are chosen among a collection of functions belonging
to a finite dimensional space selected by an automatic data-driven method. We derive
non asymptotic risk bounds for the estimators. Interpreting these bounds through the
asymptotic framework of high frequency data, we show that our estimators reach the
minimax optimal rates of convergence. The algorithms of estimation are implemented
for several examples of diffusion models that can be exactly simulated.
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1. INTRODUCTION

In this paper, we consider the following two-dimensional process
dX; = Vidt Xp=0
(1) vy, = b(WV)dt+o(Vy)dW, t>0, Vo=n

where (W}) is a standard Brownian motion and 1 a real random variable independent of
(Wy). This model is a special case of two-dimensional diffusion process without noise in
the first equation. Our aim is to estimate the unknown functions b and o2 when only the
first component (X;) is observed at discrete equispaced times, kA, k=1,...,n+ 2. Our
estimation procedure will be based on the following equivalent set of data

1 1 (k+1)A

(2) A Xprna = Xia) = Vi, = N Vids, k <n+ 1.

Integrated diffusion processes are of common use for modelling purposes in the field of
engineering and physics. For instance, (V;) may represent the velocity of a particle and (X;)
its coordinate (see e.g. Rogers and Williams (1987, 114-115)). Other concrete examples
where these processes are considered can be found in Lefebvre (1997) or in Ditlevsen and
Sgrensen (2004). It is worth noting that the component (X;) provides a simple model for
non Markovian observations or increasing observations when V; is positive. Now, the most
popular field of applications is certainly the field of finance with the stochastic volatility
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models. In this context, the model of interest (&, V;)i>0 is a bivariate diffusion process,
(V) is nonnegative, and the dynamics is described by the following equations:

(3) { d& = P(ft)dt + \/thBh
dVy = b(V)dt + o(Vy)dWy t > 0,

where (B, W;) is a standard two-dimensional Brownian motion. The first component
(&) describes the logarithm of a stock or asset price. It is observed while the volatility
process (V;) is unobserved. Practitioners generally approximate the integrated volatility by
quadratic variations of (&;) (realized volatility). Or, they derive the integrated volatility
using option prices (implied volatility) (see e.g. Renault and Touzi (1996), Barndorfi-
Nielsen and Shephard (2002), Bollerslev and Zhou (2002)).

Statistical inference for discretely observed diffusion processes has been widely investi-
gated recently (see e.g. Yoshida (1992), Kessler (1997), Genon-Catalot et al. (1999), Ele-
rian et al. (2001), Bibby et al. (2002), Ait-Sahalia and Mykland (2004), Ait-Sahalia (2006),
Beskos et al. (2006b)). For what concerns integrated diffusions, parametric frameworks
have been considered. Ditlevsen and Sgrensen (2004) use prediction-based estimating
functions (see Sgrensen (2000)) and special parametric models for the underlying diffu-
sion. For general models, parametric inference for integrated diffusion processes has been
extensively addressed by Gloter (2000, 2006) and Gloter and Gobet (2005). For ergodic
underlying diffusion models, in the high frequency framework, Gloter (2006) introduces
a general contrast function and proves the consistency and asymptotic normality of the
resulting estimators of the parameters.

To our knowledge, nonparametric inference for these models has never been studied up
to now. In contrast, nonparametric estimation of b and o2 when discrete observations
(Vka)i<k<n are available has been the subject of several contributions. In particular, in
Hoffmann (1999), minimax rates of convergence are exhibited (over Besov smoothness
classes) and adaptive estimators based on wavelet thresholding are built. These estima-
tors achieve optimal rates of convergence (up to a logarithmic factor) but are difficult to
implement in concrete. In a previous work (Comte et al. (2005)), we proposed nonpara-
metric estimators based on a penalized mean square approach. These estimators have
optimality properties and can be implemented through feasible algorithms. In the present
paper, we use analogous tools to build nonparametric estimators of b and 2 based on
the observations (2). The process given by (1) is supposed to be strictly stationary and
[-mixing. Relying on regression-type equations for the drift and for the diffusion coeffi-
cient, we build mean-square contrasts. These allow to construct a collection of estimators
belonging to finite dimensional spaces including piecewise polynomials spaces. Model se-
lection techniques using penalization devices enable us to exhibit a data-driven choice of
the estimator among the collection. As it is usual with these methods, the risk of an
estimator f of f = b, o2 is measured by the expectation of an empirical norm IE(Hf —flI2)
where || f — f||2 = %ZZﬂ(f(sz) — f(Vi))?. We obtain bounds for the risks which are non
asymptotic in the sense that they are expressed as functions of n, A and constants. Inter-
preting these bounds when 7 tends to infinity while A = A,, tends to 0, we prove that our
estimators achieve the minimax optimal rates under some constraints on the rate of A,
up to logarihtmic factors in some cases for o2. The optimality is evaluated in comparison
with Hoffmann’s results.
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The paper is organized as follows. The model, assumptions and finite dimensional spaces
on which estimators are built are described in Section 2. The spaces of approximation
include piecewise polynomials on irregular partitions of the interval where the unknown
functions are estimated. Sections 3 and 4 concern respectively the drift and the diffusion
coefficients. The first step is to establish the regression-type equations which are the
basement of the estimation method. Then, we present the penalized mean square contrasts
allowing the automatic selection of the best adaptive estimators and state the risk bounds.
For estimating the drift function, the regression-type equation has the form

Yiy1 := W = b(V4) + noise + remainder,
where the lag of order 2A avoids cumbersome correlations due to integrated data. For
estimating o2, the regression-type equation has the form

_ 3 _ _ _
Ugi1:= ﬁ(VkJrg — Vir1)? = 0*(Vi) + noise + remainder.

The correcting factor 3/2 is specific to integrated observations and appears also in Gloter (2000).
The study of the remainder term (see Proposition 4.4) is surprisingly difficult and induces
constraints on the bases and on the sampling interval A which must be small enough. One
assumption ([A6]) is especially discussed and illustrated in Section 5. Section 6 presents
some simulation results illustrated by plots and tables. Proofs are gathered in Sections 7

for the drift, 8 for the diffusion coefficient, 9 for the results of Section 5. Lastly a technical
proof is given in the appendix.

2. THE ASSUMPTIONS

2.1. Model assumptions. Let (V});>0 be given by (1) and assume that only integrals
(Vk)1<k<n+1 given by (2) are observed. We want to estimate the drift function b and the
square of the diffusion coefficient o2 when V is stationary and geometrically S-mixing. We
assume that the state space of (V;) is a known open interval (rg,r1) of the real line and
consider the following set of assumptions.

[Al | —o0 < rp <711 < +00, I= (ro,71), b and o belong to CI(IO), with o(v) > 0, for
all v el

[A2 | For all vg,v EIO,
(7) the scale density

(4) s(v) = exp [—2 / ) du}

o 02 (u)

satisfies [ s(z)dx = +o00 = ["' s(z)dx,

T0

(ii) the speed density m(v) = 1/(c?(v)s(v)) satisfies f;;l m(v)dv = M < 4o0.

[}
When the initial random variable satisfies P(n € ) = 1, Assumption [Al] implies the
existence and unicity of the solution of (1) until a possible explosion time at rg or ry.
Assumption [A2] implies that the process never reaches rg nor r1, is positive recurrent on

T and that dr(v) = (m(v)/M)1, ) (v)dv is the unique stationary density. We assume
moreover that

[A3 ] n ~ 7 and E(n'?) < oo.



4 F. COMTE, V. GENON-CATALOT, AND Y. ROZENHOLC

Under [A1]-[A3], (V;) is strictly stationary, ergodic and (-mixing, i.e. lim;— oo By (t) = 0.
Here, By (t) denotes the B-mixing coefficient of (V;) and is given by

T1

pv(t) = [ mlo)dol Plode') - (v v
To

The norm ||.||7y is the total variation norm and P, denotes the transition probability of

(V) (see e.g. Genon-Catalot et al, 2000 for a review). We need in fact a stronger mixing

condition which is satisfied in most standard examples:

[A4 | The process (V;) is geometrically f-mixing, i.e., there exist constants K > 0,60 >
0, such that, for all t > 0, By (t) < Ke™%.
Lastly, we strengthen Assumption [A1] as follows in order to deal altogether with finite or
infinite boundaries (see e.g. Ethier and Kurtz (1986, chap.8)):
[A5 ] (i) Let I = [ro,m1] NR. Suppose b € C'(I), ' bounded on I, o* € C*(I),
(02)"bounded on I, o2(r;) = 0 < (=1)%b(r;) if r; €R, i = 0,1,
(ii) o?(v) < o? for all v in I.
Assumption [A5](i) immediately implies that, for some positive constant K, for all v, v’
in I,
(5) b(v)] < K(L+ o)), o®(v) < K(1+2%),[b(v) = b(v)| < Ko —/|.

(o]

The functions b and o2 are estimated only on a compact subset A of the state space T.
For simplicity and without loss of generality, we assume from now on that

(6) A=10,1],
and set
(7) ba=0bly, o0a4=o0ly.

Under [A1]-[A4], for fixed A, (Vi)r>0 is a strictly stationary process. Since its 3-mixing
coefficients (B (k) satisty Sy (k) < By (kA), Vi is geometrically S-mixing.
It follows from [A1]-[A3] that the stationary density = of (V;) is bounded from below

[¢]
and above on any compact subset of . We need the analogous property for the marginal
density of the stationary process (V% )r>0 and state it as an additional assumption:

[A6 ] The process (Vi)r>0 admits a stationary density 74 and there exist two positive
numbers 7y and 7; (independent of A) such that

(8) 0< 7o <7a(r) <7, Voelo1]

The existence of a density for Vj, is obtained under mild regularity conditions on b and
o (see e.g. Rogers and Williams (2000) or Comte and Genon-Catalot (2006)). In Section
5, sufficient conditions ensuring (8) are given together with some examples for which exact
computations can be done. Assumption [A6] associated with [A4] is used in the proofs of
Theorem 3.1 and 4.1 to obtain the risk bounds.

Below, we use the following notations:

© [ = / £ (z)m(z)dz = E(#(Vo)) and [t]2 = / 2 (x)7a (x)dz = E(2(V0)).
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2.2. Spaces of approximation. We aim at estimating functions b and o2 of Model
(3) on [0,1] using a data driven procedure. For that purpose, we consider families of
finite dimensional linear subspaces of I.2([0, 1]) and compute for each space an associated
least-squares estimator. Afterwards, an adaptive procedure chooses among the resulting
collection of estimators the ”best” one, in a sense that will be later specified, through a
penalization device.
Let us describe now the collection of spaces that are considered below.

We start by describing the collection of dyadic regular piecewise polynomial spaces with
constant degree, denoted hereafter by [DP]. We fix an integer » > 0. Let p > 0 an integer.
On each subinterval I; = [(j — 1)/2P,j/2P], j = 1,...,2P, consider r 4+ 1 polynomials of
degree 0,1,...,7, @je(x), £ = 0,1,...7 and set p;,(x) = 0 outside I;. The space S,
m = (p,r), is defined as generated by the D,, = 2P(r + 1) functions (¢;,). A function ¢ in
S may be written as

2P r
tz) =) tiepje(z).

j=1 ¢=0
The collection [DP] is composed of the spaces (Sy,, m € M,,) where
(10) M, ={m=(p,r),pe N,2P(r +1) < N, }.

In other words, D,, < N,, and N,, < n. We denote by §,, the largest space of this collection
of nested spaces and set dimS,, = N,,. The maximal dimension IV, is subject to additional
constraints given below.

To be more concrete, consider the orthogonal collection in L2([—1, 1]) of Legendre poly-
nomials (Qg,¢ > 0), where the degree of Q, is equal to £, generating L?([—1,1]) (see
Abramowitz and Stegun (1972), p.774). They satisfy |Q(x)| < 1,Vz € [—1,1], Q¢(1) =1
and fil Q%(u)du = 2/(20+1). Let us set Py(x) = v/20 + 1Q(2z—1) to get an orthonormal
basis of L2([0, 1]). And finally,

pio(x) = 22P(2Px — j+ DI (x), j=1,...,2°, £=0,1,....7

The space S,, has dimension D,, = 2P(r 4+ 1). Its orthonormal basis described above
satisfies

(11) ZZ@,Z < Dpp(r+1).

Hence, for all t € Sy, ||t]|cc < V7 + 1V Dy, |t||, where

1
It = / t*(z)dz and |t|loo = sup [t(z)].
0 xz€[0,1]
This connection property between the sup-norm and the L2-norm for functions in S, is es-
sential for the proofs. The order v/D,, is specific to the case of regular subdivisions of [0, 1].

A more general family can be described, the collection of general piecewise polynomi-
als spaces denoted by [GP]. We first build the largest space S, of the collection whose
dimension is denoted as above by N, (N, < n and is subject to other constraints ap-
pearing later on). For this, we fix an integer Ry,q, and let D, be an integer such that
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Doz (Rmaz + 1) = N,. The space S, is linearly spanned by piecewise polynomials of
degree Ry,q; on the regular subdivision of [0, 1] with step 1/Dy,.,. Any other space S,
of the collection is described by a multi-index m = (d, j1,...,J4—1,71,---,7q) where d is
the number of intervals of the partition, jo (=0 < j; < -+ < jg—1 < jq := 1 are integers
such that j; € {1,..., Dpay — 1} for i = 1,...d — 1. The latter integers define the knots
Ji/Dmaz of the subdivision. Lastly r; < Ry is the degree of the polynomial on the
interval [ji—1/Dmaz, Ji/Dmaz|, for i = 1,...,d. A function ¢ in S, can thus be described

as
d

t(x) = Z ‘P'L(x)I[]z—l/Dmasz/Dmaz)(x)7
i=1
with P; a polynomial of degree ;. The dimension of Sy, is still denoted by D,, and
equals Zle(ri + 1) for all the (D’g‘fl_l) choices of the knots (ji,...,J4—1). Note that
the P;’s can still be decomposed by using the Legendre basis rescaled on the intervals

[ji—l/Dmaarvji/Dma:c)-
It is easy to see that now, for t € S,, C S,,

[tlloc < v/ (Rmaz + 1) Nallt]l-

The collection [GP] of models (Sy,)menm, is described by the set of indexes

Mn = {m = (dajla cee 7jd—17rla cee ard)a 1< d < Dmaxaji S {17 cee >Dmax - 1}>
i €4{0,..., Rmaz}}-
Obviously, collection [GP] has higher complexity than [DP]. The complexity of a collec-

tion is usually evaluated through a set of weights (L) that must satisfy >, c v, e~ tmDPm <
oo. For [DP], it is easy to see that L,, = 1 suits. For [GP], we have to look at

Dz a
S el = 3 >y Y ek Ny
meMp d=1 lgjl <"'<jd71 <Dmaz Ogrlv--~7TdSRmaz

From the equality above, we deduce that the choice

Dmax -

(12) LmDm:Dm—i—ln( e

1
) +dIn(Ryae + 1)
can suit. Actually, it is the term inspiring the penalty function used in the practical

implementation. To see more clearly what orders of magnitude are involved, let us set
L,, = L, for all m € M,,. Then, we have a further bound for the series:

Dm(lx D _1
DR D (e [ R IL

meMy, d=1
Dma:c_l
Doz — 1 —Lpyd+1
< Z < d > {(Rmax + 1)6 ]
d=0
—L Dmaz_l
< (Rmax + 1) [1 + (Rmax + 1)6 n]

IN

(Rmax + 1) eXp(Dmax(Rmax + 1)6_Ln) < (Rma:c + 1) eXP(NnG_L")-
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Thus L,, = L, = In(N,,) ensures that the series is bounded. (For more details on these
collections, see e.g. Comte and Rozenholc (2004) or Baraud et al (2001Db)).

Other spaces of approximation can be considered as, for example:

[T] Trigonometric spaces: Sy, is generated by { 1, v/2cos(2mjz),2sin(2mjz) for j =
1,...,m }, has dimension D,, =2m+1and m € M,, = {1,...,[n/2] -1} with D,, < N,,.
[W] Dyadic wavelet generated spaces with smoothness » > 2 and compact support, as
described e.g. in Cohen et al. (1993), Donoho et al. (1996) or Hoffmann (1999). The
spaces are also denoted by S,,, with dim(S,,) = D,, < N,,.

In both cases, the maximal dimension N, is subject additional constraints (see below).
The drawback of these spaces is their lack of flexibility. In particular, the notion of regular
or irregular partitions has no sense for trigonometric bases. For what concerns wavelet
bases, they are systematically built on dyadic partitions. On the other hand, the interest
of these spaces is that they are generated by smooth functions contrary to piecewise
polynomials. For the estimation of the diffusion coefficient, smooth bases are needed to
recover the optimal nonparametric rate of convergence.

Below, we keep general notations for the spaces of approximation: an orthonormal basis
of a space Sy, will be denoted by (vx)xen,, Where |Ay,| = Dy,

3. ADAPTIVE ESTIMATION OF THE DRIFT

3.1. Estimator of the drift. Let

Vi1 — Vi
1 Y= —7——.
(13) K A
The following regression-type decomposition holds:
(14) Yii1 = b(Vk) + Z(k+1)A + Ry((E+1)A)

where Zia is a noise term given by

1

(15) ZkA = E

(k+2)A
/ YA (w)o(Vy,)dW,
kA

with
(16) Yra(u) = (u— kA Tpa ggnyap(w) + [(B +2)A — ul LA, (k2)a[ (@)

Note that, using the strict stationarity of (V}),

2

—Eo*(Vp).

sA o (Vo)

This explains the correcting factor 3/2 appearing in (29) below. As a consequence of
Proposition 3.1 below, the last term in (14) is negligible when A is small (see Section 7
for proofs).

(17) E(Zia) =

Proposition 3.1. Under Assumptions [A1]-[A2]-[A3], E(RZ((k+1)A) < cA and E(R}((k+
1)A) < ¢ A? where ¢ and ¢ neither depend on k nor on A.
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In light of decomposition (14), for S,, a space of the collection M,, and for ¢t € S,,, we
consider the following regression contrast:
1 n
(18) Tnt) = = 3 Vien — (T
k=1
If we denote by
ft:U(Vg,SSt>,
it must be noticed that Yiy1, Z(xy1)a, Bp((k + 1)A) are F(43)a-measurable whereas Vi
is F(r4+1)a-measurable. This lag of order 2A avoids dealing with unnecessary and tedious
correlations.
In a first step, the estimator belonging to .S, is defined as
19 by = in v, ().
(19) m = arg min 7y, (t)

m

The second step is to ensure an automatic selection of the space .S,,, which does not use
any knowledge on b. This selection is standardly done by

(20) th=arg mig [’m(bm) + pen(m)} ,

~ ~

with pen(m) a penalty to be properly chosen. We denote by b = by;, the resulting estimator.

Remark 3.1. It is worth noting that in (19), by exists but may be non unique. Indeed
MANEMAZING Y, OVET Sm often leads to an affine space of solutions. In contrast, the random
R"-vector (b (Vh),...,bm(Vy)) is always uniquely defined. Indeed, let us denote by 1L,

the orthogonal pm]ectwn (with respect to the inner product of R”) onto the subspace of
R”, {(t(V1),...,t(Vp)),t € Sm}. Then, we have (by(V1),...,bm(Vy)) = MY where
Y = (Yo,... ,YnH)’. This is the reason why we need conszder a risk fitted to our problem.

Let us define the empirical norm of a function ¢ in some S, by
I o0
(21) )17 = - > (V).
k=1

The risk of an estimator b, is computed as the expectation of this empirical norm: E(||l3m—

oII7)-
Note that for a deterministic function E(||t]|2) = ||t]|2 = [t3(z x)dz and that, under
Assumption [A6], the norms ||.|| and ||.||z are equivalent for [0, 1] supported functlons.

3.2. Risk of the drift estimator. The regression contrast (18) may be written as:

0 =00 = = bl = > (Vier — (V)¢ ~ B)(VE)
k=1

In view of (14), let us introduce the two processes indexed by functions ¢:

1 n n

(22) () =~ >t (Vi) Zgs1)a and Ry(t) = %Zt(Vk)Rb((k +1)A).
k=1 k=1
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Using the above notations, we obtain that
’Yn(t) - 'Vn(b) = Ht - b”% - 2Vn<t - b) - 2Rn(t - b)
Let by, be the orthogonal projection of by on S,,. By (19), ’yn(i)m) < Y (bim), hence

Y (brm) = A (b) < An(bm) — Y (b). This implies:
(23) ||Bm - b”?z < |[bm — b“i + 2Vn(i)m —bm) + 2Rn(6m — bp).

Since by, and by, are A-supported, Ib1 <]l appears in both sides of the inequality. We
can cancel it and obtain

(24) HBm - bAH?z < ||bm - bAH?Qz + 2Vn(i)m - bm) + 2Rn(i7m - bm)~

The last term, involving the residual R}, can be controlled thanks to Proposition 3.1. And
the process v, defined in (22) satisfies:

Proposition 3.2. Consider Sy, in collection [DP], [T]| or [W]. Under Assumptions [A1]-
[A3], for any A, 0 < A <1,

2
E sup V?L(t) < CW'
t€Sm,|[t]=1 nA

For S, in [GP], under [A1]-[A3]-[A5]-[A6], for any A, 0 < A <1,

2
¥ D,
E sup  vi(t) | <A
(tesm,||t1 " nA

Remark 3.2. Propositions 3.1, 3.2 and inequality (24) are the keys to bound the risk for
one estimator by, of b belonging to a space Sy,. Indeed, assume that, as n tends to infinity,
A = A, is such that A, — 0, nA,/In*(n) — +oo. Under our set of assumptions, it is
possible to prove that (see (7):
B (Vo)Din | jorn,
nA

where K and K' are positive constants. Equation (25) holds if the mazimal dimension
N, satisfies N, = o(nAy/In%(n)) for collections [DP] and [W]. For collection [T], the
constraint is Ny = o(v/nA,/In(n)).

Note that, under the standard condition nA% = O(1), the term K'A is negligible with
respect to the previous one.

Moreover the result is easy to extend to collection [GP] provided that E(o?(Vg)) is re-

placed by o3 in (25). Since Theorem 3.1 below mainly contains this result, we do not give
the proof of (25).

(25) E(llbm = ball?) < 7mllbym — bal® + K

To obtain results on the adaptive estimator, more accurate considerations on the martin-
gale properties of v, must be driven. In particular, we prove the following Bernstein-type
inequality:

Proposition 3.3. Under Assumptions [A1]-[A2]-[A3]-[A5],for any positive numbers € and
v and for any function t in a space Sy,, we have (see (2)-(15)-(21)-(22))

nAe
Bt > e < o7] < exp (~ s ).
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Proposition 3.3 enables us to obtain the adequate penalty function for (20), that leads
to selecting the dimension D,, realizing the best compromise between the squared bias
term ||b,,, — ba||? and the variance term of order D,,/(nA) (see (25)).

Theorem 3.1. Let A = A, be such that A, — 0, nA,/In?(n) — 400 when n — +oo.
Assume that [A1]-[A6] hold. Consider the nested collection of models [DP] (with Ly, =1)
or the collection [GP] (with Ly, given by (12)), both with mazimal dimension satisfying
N, = o(nA/In%(n)). Then the estimator b = by, of b with 7 defined by (20) and

1+ Ly,)D

2 > 2( m m

(26) pen(m) > rot I

where Kk is a universal constant, is such that

2 E(|b — ball2) < C inf (||by — bal? KAt
(27) (I = ballz) < € nf (I all* + pen(m)) + +x

Inequality (27) holds for the basis [W], under the same assumptions, with L, = 1. For
[T] the additional constraint Ny, = o(v'nA/In(n)) is required (with still Ly, = 1).

Let us make some comments on Theorem 3.1. The constant £ in (26) is a numerical
value that has to be calibrated by simulations (see Section 6.2). One would expect from
(25) to obtain E(0?(Vj)) instead of o7 in (26). We do not know if this is the consequence of
technical problems or if this is a structural result. In practice, this term is replaced by an
estimator (see Section 6.2). Inequality (27) enlights the fact that the adaptive estimator
automatically realizes the bias-variance compromise in a non asymptotic way.

Let us look at rates of convergence using the asymptotic point of view. Assume that by
belongs to a ball of some Besov space, by € By 2.00([0,1]). Consider for instance collection
[DP] with 7+ 1 > « and weights L,, = 1 (see (10)) . Then ||bs — by, ||* < C(«a, L)D,,2?, for
1balla,2,00 < L (see DeVore and Lorentz (1993) p.359 or Lemma 12 in Barron et al. (1999)).
Therefore, if we search the dimension D,, that achieves inf{D,2* + D,,/(nA)}, we get
Dy, o< (nA)/ (241 Thus, we find

nA’
The first term (nA)~2%/(22+1) s the optimal nonparametric rate proved by Hoffmann (1999)
for a direct observation of V. Moreover, under the standard condition A = o(1/(nA)),

the last two terms are negligible with respect to (nA)~2¢/(2¢+1)  Hence, even though V
is not directly observed, the estimator b reaches the optimal rate.

(28) E(|[b— ba?) < C(nA)~2/Catl) L KA 4

4. ADAPTIVE ESTIMATION OF THE DIFFUSION COEFFICIENT
4.1. Estimator of the volatility. Let us define
3 (Vir1r — Vi)?
2 A ’

The correcting factor 3/2, linked with integrated observations, is not surprising since it
also appears in the parametric framework (see Gloter (2000, 2006)). Applications of Ito’s

(29) Up =



NONPARAMETRIC ESTIMATION IN AN INTEGRATED DIFFUSION MODEL 11
formula and Fubini’s theorem yield the following regression-type decomposition:

U1 = 0" (Viepnya) + Z(k-—f—l)A + R(k—i—l)A
= *(Vi) + Zgernya + Rernya + [0 (Vierya) — o (Vi)]-

where Zpa = Z,EX + Z}ii) + Zu,g?’A) The main component of this noise term is (see (16))

(1) 3 (k+2)A 2 (k428 ,
R=ons || [ vaoam ) = [ vta0i Vs
kA kA

The two other components have negligible variance weight:

v(2) 3 (k+2)A
Zix = Ab(VkA)/ Yra(s)o(Vs)dWs,
kA
} 3 pH2)A [ p(kt2)A
Ol T RO e AT
kA s

On the other hand, é(k+1)A is a residual term, as well as 0'2(V(k+1)A) —0%(V,). The latter
term raises specific problem because the rates for the estimation of o2 are faster than the
rates for the estimation of b. Proposition 4.1 and 4.2 below rely on standard tools.

Proposition 4.1. Under Assumptions [A1]-[A2]-[A3] and [A5], B([ZW((k + 1)A)]?)] <
aE(o* (Vo)) and fori= 2,3, E([ZW((k 4+ 1)A))?2 < ¢;A, where the ¢;’s neither depend on
k nor on A.

Proposition 4.2. Under Assumptions [A1]-[A2]-[A8]-[A5], B(R%((k +1)A) < ¢A? and
E(RY((k +1)A) < I A* where ¢ and ¢ neither depend on k nor on A.

Roughly, the last term has the following order

Proposition 4.3. Under Assumptions [A1]-[A2]-[A3]-[A5], E[(o®(Viks1ya) —02(Vi))?] <
CA where C neither depend on k nor on A.

The order obtained in Proposition 4.3 is worse than the one obtained in Proposition
4.2 and is not enough to reach optimal rates in the risk bounds (see Remark 4.2 below).
Nevertheless, if the functions of S,, are at least twice differentiable, then we obtain a
better result by using another approach.

Proposition 4.4. Let

n

1 _ _

(30) Tu(t) = — > _(0*(Virsna) = o* (Vi) H(VR).
k=1

Then, under Assumptions [A1]-[A5] and for Sy, in collection [T], A <1, Dy, < N, <
VnA/In(n) or for Sy, in collection [W], A <1, D,, < N, < nA/In*(n),

(31) E| sup T2(t)| <C(DLA*+A%D]).
tESm,||t]|=1
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If moreover A < n=2/3 for [T] or A < n=3/* for [W], then, for the mazimal space S, of
the collection,

(32) IE( sup T,%(t)) < %

t€Sn,[Itl|=1
To estimate o2 on the compact set A = [0, 1], we define first
(33) 62, = arg min ¥, (), with ,(t) = 1 i [Up41 — t(Vk)]2
m teSm " et + ’
We refer to Remark 3.1 for the existence of 62,. As previously, the second step is to
ensure an automatic selection of m. For this, we define

(34) o= arg min [Yu(57,) + pén(m)] .

72% the resulting estimator and we need to determine the adequate

We denote by 62 = &
pén(m).

4.2. Risk of the estimator. Let us define

. le~ = s y e~ =
(35) Un(t) = D Vi) Zgerna, Ralt) = - 2t Vo) Rierna-
k=1 k=1
As for b, we start by writing:
; . 2 ¢ . .
nlt) = Anl0®) = Jlo* —t]n - = ;(t = 0®) (Vi) [Up41 — 0* (Vi)

= o2 =t|2 = 20, (t — o) — 2T}, (t — 0%) — 2R, (t — 02).
We denote by o2, the orthogonal projection of 0% on S,,,. Writing that ¥,,(62,) — ¥, (0?) <
Fn(07) = An(0?), we get (see (30), (35))
163, —®ln < Nom — Il +20(67, — om) + 2T0(67, — o3) + 2Ra(67, — 07).
Cancelling [[0%.||2 on both sides of the inequality, we obtain
(36) |67 — oAlln < llom — oAlln +20(67, — 07) + 2T (67, — o3) + 2R (67, — 07).

The last two terms can be controlled thanks to Propositions 4.2 and 4.4. Using Proposition
4.1, we can prove the result analogous to Proposition 3.2 by a similar proof which is
omitted.

Proposition 4.5. For Sy, in [DP], [W] or [T], under Assumptions [A1]-[A3]-[A5], for any

A, 0< AL,
E(c* D,
E sup ﬁg(t) < cw'
tESm,[|t]|=1 n

Remark 4.1. We can draw intermediate conclusions as in Remark 3.2 concerning an
estimator 62, with fized m (see (33)). Assume [A1]-[A6]. Let A = A, — 0, with

m

nA,/In%(n) — 400 when n — +oo. Let Sy, be a space in collection [DP] or [T] with
dim(Sm)< Np, N = o(nA/In%(n)) or in collection [T| with dim(Sy)< Nn, N, =
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o(vVnA/In(n)). Relying on Propositions 4.1, 4.2, 4.3, 4.4 and 4.5, it is possible to derive
that

E(c* (Vo)) D

(37) E(|65, — 04l7) < Tmilloy, — o4l + K =+ B,

where 0124 = 021[071], K is positive constant. The remainder term B, is given by B, = K'A
for collection [DP] and B,, = K'/n for collection [T] if A < n=2/3 and for collection [W] if
A < n=34. Here K’ is a positive constant. The proof of this result is not provided, since
1t is mainly tmplied by Theorem 4.1.

Here again, to obtain results on the adaptive estimator, some more accurate consider-
ations on the martingale properties must be driven. In particular, we prove:

Proposition 4.6. Under the assumptions of Theorem 4.1,

o 7(1) 2 2 /2
P (D t(V)Zpya = ne it < v | <exp (—Cn

20102 + €||t|| 0oV

k=1
and
I e =\
(38) P (n S V)28 = v0iv 2+ o H|o, 112 < qﬂ) < exp(—Cnz).
k=1

The (non trivial) link between the two inequalities is established by Birgé and Mas-
sart (1998). Using this result, we can prove the following main theorem.

Theorem 4.1. Let A = A, — 0 and nA/In?*(n) — 400 as n — +oo. Assume that [Al]-
[A6] hold. Consider the nested collection of models [DP] (L., = 1) or the general collection
[GP] (L, given by (12)), both with maximal dimension N, < nA/In*(n). Or consider
the nested collection of models [T] (L, = 1) with maximal dimension Ny, < vnA/In(n)
and A < n=2/3. Or consider the nested collection of models [W] (L, = 1) with mazimal
dimension N,, < nA/ lnz(n) and A < n=3/%. Then the estimator 62 = 672h of 0% where m
is defined by (34) with

1+ Ly)Dn,
(39) pin(m) > fof - LmDn
where Kk 15 a universal constant, is such that

(40) B(1* - o42) < C_inf (I3 - o3| + pén(m)) + B,

where B, is given by B, = K” A for collection [DP] or [GP] and B,, = K” /n for collections
[T] or [W] where K” is a positive constant.

Remark 4.2. Let us discuss the rate of convergence of &% in relation with Hoffmann’s (1999)
results. Assume that 0% belongs to a ball of some Besov space, 04 € Ba2.0([0,1]), with
a > 2.

Consider first collection [DP] with v + 1 > a. For ||64|la200 < L, it is known that

|04 — o2|1? < C(a, LYD;,2*. The infimum in (40) is attained when Dy, o< n~/ 2o+ qnd
this choice yields

(41) E([|6% — 04|?) < Cn=2e/Cet) 4 g7A



14 F. COMTE, V. GENON-CATALOT, AND Y. ROZENHOLC

The first term n=22/2o+1) s the optimal nonparametric rate proved by Hoffmann (1999).

However, we still have to check that the optimal dimension D,, = n'/C*tD can be
attained, i.e. that n'/etD) < N, < nA/In?(n). This requires A > n=2/e+)n2(p).
Hence, the optimal rate can at best be attained with a logarithmic loss. But we must fix A
without knowledge of . Since o > 2, 2a/(2a+1) > 4/5. Consequently the only admissible
choice is A = n~*°In%(n) which is consistent with the constraint nA% = o(1) found for
the drift. If « = 2, the optimal rate is attained with a logarithmic loss. Otherwise, it is not.

Consider now collection [T]. With D,, oc n=1/ 1) we get now

K”

—

We consider A = n=¢ with ¢ > 2/3 and we require n*/*+t1) < N, < v/nA/In(n). This
gives ¢ < (2a — 1)/(2ac + 1). Therefore there is now a possible range of values for c:
12/3,2a — 1)/ (2 + 1)[# O for a > 5/2. Clearly, the collection [T] is well fitted for es-
timating very smooth functions. Notice that when a — 400, the range for c¢ tends to

12/3,1]. 1t follows that for large values of c, the optimal nonparametric rate is reached for
a wider range of values of c.

(42) E(|l6* — ofln) < Cn~2/Getl) 4

For collection [W], (42) still holds. An analogous discussion leads to ¢ €]3/4,2a/(2a+
1)[ which non empty for any o > 2 and contains the interval |3/4,4/5].

5. DISCUSSION ABOUT ASSUMPTION [AG6]

5.1. Sufficient conditions. Consider a diffusion model dV; = b(V;)dt+o(V;)dWy, Vo =1
satisfying [A1]-[A5]. We give now details on how to check Assumption [A6]. First note
that the existence of the density 7a of Vj is obtained under rather mild conditions on b
and o. For this, it is enough to check that the two-dimensional diffusion process (X, V;)
with dX; = Vidt satisfies the Hérmander condition (see e.g. Rogers and Williams (2000),
where this model is studied). Under rather strong assumptions on b and o, the following
proposition shows that [A6] holds.

Proposition 5.1. Assume that b,o are defined on R and C*, that b,b, 0,0’ are bounded
and that o(.) > 09 > 0. Then, on any compact interval K C R, there exist constants c,C
depending only on the bounds of b and o and their derivatives and not on A, such that

Voe K, c¢<7alv)<C.

5.2. Explicit examples. Assumption [A6] can also be checked when explicit formulae
are available. Note that, as A tends to 0, Vj tends to Vj = n almost surely, hence in
distribution. Now, the characteristic functions of these random variables are often more
explicit. Using the Fourier inversion formula, we can use the following standard sufficient
condition.

e Let ®(s) and ®(s) denote respectively the characteristic functions of Vo and Vg =
1. I [5 |Pa(s) —®(s)|ds tends to 0 as A tends to 0, then sup,e () [Ta(v) =7 (V)]
tends to 0.

Since the stationary density 7 satisfies [A6], the same will hold for 7a.
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We consider two models. For Model 1, the density 7a is explicit. For Model 2, we
compute its characteristic function.
Model 1. The Ornstein-Uhlenbeck process gives evidently an explicit case. Consider
dVy = —0Vidt + cdWy, Vo = n, with 8 > 0 and n centered Gaussian with variance p2 =
c?/26. Then, the solution process (V;) is centered Gaussian, with covariance function
(5,t) — p?exp (—0|t — s|). The random variable V; is centered Gaussian with variance

5 AleTP —1+04A) 9

Model 2. Now, we consider the classical model used by Cox, Ingersoll and Ross (1985) to
model interest rates. Let V; be given by

(43) dV; = (=20V; + 6¢2)dt + 2cV, 2 dwy, Vy = 1.
Since this model is well known, we briefly recall some of its properties (for more details,
see e.g. Lamberton and Lapeyre (1996) or Chaleyat-Maurel and Genon-Catalot (2006)).

We assume that § > 0 and § > 1. When § is integer, (V) is identical in law to Zf:1(§?)2

where (&) are ii.d. Ornstein-Uhlenbeck processes solution of d¢} = —60&/dt + cdW;.
Setting again p? = ¢?/26, the stationary distribution of (43) is the Gamma distribution
G(6/2,1/2p%). This law is exactly equal to a p?x2(6). The Laplace transform is Vj is
explicit and can be obtained as follows.

Proposition 5.2. For A > 0,

t 5/2
(44) pi(N) = IE(exp(—A/O Vids)) = Bi(A)" <1+2H1t()\)[)2> ’

with
o2t _ —-1/2
Bi(A) = (1 +(¢+90) 57 ) exp ((c+0)t/2), pe(N)

C

eQEt -1
=\ —
% 1 (¢ + 0)(c — 1)’

and & = (0% + 2\c?)'/2,
Then we can easily deduce:

Corollary 5.1. The characteristic function of Vp is equal to
DA(s) = pa(—is/A)
where pi(N) is given in (44).
Looking at formula (75), we see that the characteristic function of V} is equal to
B(s) = (1 — 2isp?)~ /2,
This function is integrable for §/2 > 1. After some tedious computations, we can prove

that

sup |@a(s)]
A<1

is also integrable for the same values of §. So, in these cases, we get the uniform convergence
of Ta to m and [A6] holds.
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5.3. An approach well-fitted to the problem. Actually, we only need

[A’6 ] 37, T independent of n and A, such that
(i) Ym € My, Vt € Sy,

Tollt]? < / £ (2)ma(@)de < m )

(i1) [ba = bn|Z < T1[[ba = bn|* and [loF — o7 |7 < T [loF — o7 ||
Obviously [A6] implies [A’6] and we can prove [A’6] (7) in our context.
Proposition 5.3. Vm € M,,, Vt € Sy, for Sy, in collection [T] or [W],

[E[t*(Vo) — t*(Vo)]l < CNRA]*.

With N, < vnA/In(n) (resp. N, <nA/In?(n)), the quantity N2A tends to zero when
n tends to infinity and A = A, = o(n"2/3) (resp. A = A, = o(n=3/*)). Therefore, it
follows from Proposition 5.3 that, for n large enough, [A’6] (¢) holds with e.g. 1 = (3/2)m
and 7o = (1/2)mp where m = sup,c4 m(x) and my = infyecq w(2).

6. EXAMPLES AND NUMERICAL SIMULATION RESULTS

In this section, we consider examples of diffusions and implement the estimation algo-
rithms on simulated data.

6.1. Examples of diffusions. We consider the processes Vt(z) for ¢ = 1,...,7 specified
by the couples of functions (b, () given in Table 6.1.

To simulate sample paths of diffusions Vt(l) and Vt(3), we use the retrospective exact
simulation algorithms proposed by Beskos et al. (2006a) and Beskos and Roberts (2005).
Contrary to the Euler scheme, these algorithms produce exact simulation of diffusions
under some assumptions on the drift and diffusion coefficient. We refer to Comte et
al. (2005) for details on the way the diffusions are chosen and generated.

Then processes Vt(Q), Vt(4) and Vt(5) are obtained as transformations of the previous ones.
More precisely, V;(z) = sinh(Vt(l) /c) and 1/;(4) = arg sinh(cV;(?’)) and V;(E’) = G(V;(?’)) with
G(z) = argsinh(z — 5) + argsinh(z 4+ 5). The function G(.) is invertible and its inverse
has the following explicit expression,

(45) G Yz) = m [49 sinh?(z) + 100 + cosh(z)(sinh?(z) — 100)]
The last two models are simulated by using that the exact discretization of an Ornstein-
Uhlenbeck process is an autoregressive process of order one with known coefficients and

noise distribution. More precisely, V;(G) = tanh(Y;) where dY; = —0Y;dt + cdW; and
1 — o205 1/2
Yis = e Y —g— | =
s=¢€ (i 1)5+C( 20 ) Ei
Yo ~ N(0,c%/(20)), and the g;’s are i.i.d. N(0,1).

For Vtm, an exact discrete path is obtained with the standard following method. If U
is a d-dimensional Ornstein-Uhlenbeck process:

1/2

9
AUy = =5 Updt + gdW(d) (1)
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Process Drift: b (z) = o(z) = 0, c)
v, —(0/c + ¢/2) tanh(cz) 1 (4,1)
A —0a /1 + 22 (4,1)

(3) z
% S 1 2.2
2 .
(4) c sinh(z) c
V, - 2,2
t [0—1_ 2cosh(:v)] cosh?(z) cosh(z) (22)

VO GG @)@ (G (@) + 3@ (@ @) () |GG @) ()| (1,10)
Vt(G) —(1—2?%) {czx +Z%In (H—“”)} c(1—z?) (1, 0.75)

11—z

A 42 _ gz, d=9 NG (0.75, 1/3)

TABLE 1. List of the simulated diffusion processes.
(*) G(x) = argsinh(z — 5) + argsinh(z + 5), G~ is given by (45),
1

(**) G/(u) = (1+(u—15)2)1/2 + (1+(u+5)2)1/2

where W4 is a d-dimensional standard brownian motion, then ‘/;(7) = |2 = Z?Zl U,
where U;; are the coordinates of Uy, satisfies the equation

dc? .
av,) = {4 - evt(”] dt + c\/ VD dw (1)

where W* is another one-dimensional Brownian motion built on the coordinates of W (@,
Therefore, we build Uy ~ (¢/2v0)N(0, I;), where I; denote the d x d identity matrix

and
V1 — e 00
—c
2\/5 p+1

where the ¢;’s are i.i.d. N(0, ;) random vectors and take Vk(;) = |Ups|?.

It can be checked that all the above processes satisfy assumptions [A1]-[A6], with I =R
for V) with j=1,...,5 and T = [~1,1] for V9, I = (0, +00) for V(7.

We obtain samples of direct observations of the processes (Vk(g))lgkg yforj=1,...7,

Upr1)s = e 205 +

from which we approximate the (Vk(j ))1§k§n, by taking the mean of every p = N/n ob-
servations, the new step being A = pd. We shall compare the estimation procedure using

these (Vk(] )) with the one using the direct observations Vk(JA). Note that the regression

equations for the estimation based on the exact observations Vi are the following:

1
(46) Z(V(kH)A — Via) = b(Via) + noise + remainder,
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b (integ) | b (exact) | o2 (integ) | 02 (exact)
V1| 1.5e—01]|7.5e—02]| 3.4e —02 | 2.4e — 02
V21| 22e—01|1.6e—01]| 2.9¢e —02 | 2.5e — 02
V3| 3.5e—02]33e—02]| 1.3e —03 | 8.8 —04
V4119e—-01]1.2e—-01]| 2.8e—01 | 1.8e — 01
V5] 1.0e—02|1.1e—02| 7.9¢e —03 | 7.5e — 03
V6| 1.be—02|1.4e—02| 3.3e — 03 | 1.5e — 03
V7| 2.6e—03|25e—03]| 5.1e—05 | 4.6e —05

TABLE 2. Empirical risks obtained for the estimation of b and ¢? with
100 paths of the integrated and exact discretized processes when using the

trigonometric basis.

b (integ) | b (exact) | o2 (integ) | 02 (exact)
V1| 1.0e—01]|3.8e—02]| 3.5e—02 | 2.4e — 02
V21]93e—-02|25e—-02| 2.8 —02 | 2.5e —02
V3| 57e—-02|54e—-02| 4.3e —03 | 2.4e — 03
V4119e—01]13e—01| 42e—01 | 1.9e —01
V51986 —-03|1.0e—02| 7.0e —03 | 5.9e — 03
V6| 1.6e—02]13e—-02]| 3.2e—03 | 1.7e — 03
V7129e—04]33e—04]| 1.0e —05 | 6.6e — 06

TABLE 3. Empirical risks obtained for the estimation of b and ¢ with 100
paths of the integrated and the exact discretized processes when using the
piecewise polynomial basis.

b (integ) | b (exact) | o2 (integ) | o2 (exact)
V1] 1.0e —01|3.7¢e — 02| 3.6e — 02 | 2.5e — 02
V21]93e—-02|25e—-02| 29e—-02 | 2.7e — 02
V3| 51le—02]4.86—02]| 4.4e —03 | 2.4e — 03
V411.9e—01]1.3e—01]| 2.9¢e —01 | 1.8e — 01
V5| 1.0e—02]1.1e—02]| 81le—03 | 6.9e —03
V6 || 1.7e —02 | 1.6e — 02 | 3.2e — 03 | 1.7e — 03
V7l29e—-04|33e—-04| 1.0e — 05 | 6.6e — 06

TABLE 4. Empirical risks obtained for the estimation of b and ¢ with 100
paths of the integrated and the exact discretized processes when using a
mixed trigonometric-piecewise polynomial strategy.

1
(47) K(V(k-H)A —Via)? = 0%(Via) + noise + remainder,

see Comte et al. (2005). Obviously, risks are computed using Via instead of V.
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Int=0. i 6 - Disc=0.23

a5

19

]
Xy

Int=0.0193 - Disc=0.0144

FIGURE 1. Processes V(i), i = 4,5,6 given in Table 6.1. First column:
Difference between the integrated and discretized. True (bold), estimates
using the integrated (thin grey) and the exact discretized (dotted thin)
for b (second column) and o2 (third column). Error values: “Int” for the
integrated and “Disc” for the exact discretized.

b o2

[T] | [GP] | [M] || [T] | [GP] | [M]
v 49 o 1] o 20 4
V@ [ 140 ol of 4 0] 5
V@) 0] 65| 46 0] 2241231
v 0 1] of of 47| 1
v ) 0 71 14 13 0] 16
Vv (©) 0 9| 14| 3 0] o
v [ 797 0] 0] 400 0] o

TABLE 5. (Risk—Best Risk)/Best Risk with Trigonometric [T], General
Piecewise Polynomial [GP] or Mixed [M] bases.

6.2.

Estimation algorithms and numerical results.
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FIGURE 2. First column: one path of the processes V@ i =1,... 7 given
in Table 6.1. Second column: true b (bold) and 20 estimations of b. Third
column: true o2 and 20 estimations of o2.
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We use the denoising algorithm described in full details in Comte and Rozenholc (2004).
The algorithm minimizes the mean-square contrast and selects the space of approximation.
There is a difficulty for precise calibration of the penalties. This is done for bases [GP]
and [T] and this is the reason why our implementation focuses on those spaces.

Additive correcting terms are involved in the penalty (see Comte and Rozenholc (2004)).
Such terms avoid under-penalization and are in accordance with the fact that the theorems
provide lower bounds for the penalty. The correcting terms are asymptotically negligible
so they do not affect the rate of convergence. Both penalties contain additional logarithmic
terms which have been calibrated in other contexts by intensive simulation experiments
(see Comte and Rozenholc (2002, 2004)).

More precisely, for collection [GP], the drift penalty (¢ = 1) and the diffusion penalty
(1 = 2) are given by

52 Dipaz — 1 a
2-% d—1+ln< mer >+1n +erj+1n (rj +1))
J:

These penalties are valid for collection [T], with d = Djp4, = 1 and 1 = D,,. For [GP],
Dinae = [nA/In*5(n)], Ryae = 5 and for [T], 7 is at most [nA/In'5(n)].

The constants k and & in both drift and diffusion penalties have been set equal to 2. The
term 87 replaces 0% /A for the estimation of b and 82 replaces of for the estimation of o2.
Let us first explain how 33 is obtained. We run once the estimation algorithm of o with
the basis [T] and with a preliminary penalty where 33 is taken equal to 2max,, (¥,(52,)).
This gives a preliminary estimator &% Now, we take S5 equal to twice the 99 5%-quantile
of 3. The use of the quantile is here to avoid extreme values. We get 2. We use this
estimate and set 8 = maxj <<, (5%(V))/A for the penalty of b.

In all the examples, parameters have been chosen in the admissible range of ergodicity
(see Table 6.1). The sample size n = 5000 and the step A = 1/20 are in accordance with
the asymptotic context (great n’s and small A’s) and may be relevant for applications in
finance. They are obtained with N = 50000 initial observations and blocks of size p = 10
to compute the integrated process.

First, Tables 2, 3, 4 give empirical risks estimated over 100 simulated paths. In Tables
2 and 3, we give the results of the estimation procedure when the Via’s are observed or
when only the V,’s are available, using either the trignometric basis [T] or the general
piecewise polynomials basis [GP]. In addition, we also made another attempt denoted by
[M] (mixed) whose results are stated in Table 4. In [M], the algorithm chooses between
the basis [T] and [GP], looking at the global penalized least square criterion value. It
appears that the results are slightly better with the exact observations, which was to be
expected. One can notice that the risks are in most cases smaller for the estimation of o2
than for the estimation of b, which is in accordance with the theoretical rates.

Figure 1 shows in a few cases (for V), V) and V() the differences Vj, — Via (first
column). Clearly, these differences look like white noises for V(* and V() and this was
also true for VA, V@ v and V(M. Only V) seems to suffer from a lack of stationarity
implying some picks. In any case, the approximation of Via by Vi does not suffer from
any systematic bias. The last columns of Figure 1 plot the estimated curves obtained
when using the Via’s or the Vj’s, with associated error values. The estimated curves are
very close.
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Table 5 compares more directly the performances of the different bases [T], [GP] and the
mixed basis [M]. The table gives the relative differences 100[(risk - smallest risk)/smallest
risk], which is a percentage of degradation with respect to the best score. Consequently,
the best basis corresponds to a null value. The basis [GP] appears to be better than [T]:
both have approximately the same number of null scores but errors with [T] may be large.
The mixed strategy is slightly better, but it does not really outperforms [GP].

Lastly, in Figure 2, we have plotted the sample paths of V(D ... V(") the true functions
b and o2 (bold hnes) together with 20 estimated functions based on the data points Vj
using the mixed strategy [M].

7. PROOFS FOR THE ESTIMATION OF THE DRIFT

We shall need all along the proofs the following results and decompositions. First

(k+1)A
(48) Wk+1)A = Vk + = A (u - kA)qu
Noting that Vigig)a — Viks2)a f(kk:; dV,, and using (48), we get
1 (k+3)A
4 Yii1 = — dVy
(49) b+ = A /(k+1)A Yir1ya(w)dVi

where YA is given in (16). Second

Lemma 7.1. Under assumptions [A1]-[A3], for all s,t, |t —s| < 1, E(V; = V,)* < c[t —s|’
and E(Vip1a — Vi)? < cA? for i <6 and for any integer k.

Proof of Lemma 7.1. From the strict stationarity, it is enough to prove that for 0 <
t <1, E(V; — Vo)? < ct'. This follows from [A3], (5), and standard applications of Hélder
and Burkholder-Davis-Gundy inequalities.[]

7.1. Proof of Proposition 3.1. Using (49), we can see that, in decomposition (14), the
residual term can be written Ry(kA) = Z?:1 RO (kA) with

~ 1 [k+2)A
R ((k+1)A) = b(Verna) = Vi), B ((k+1)A) = 1 / (B(V2) = b(Vigs1)a)lds
(k+1)A
1

R ((k+1)A) = J0(Vkrza) = b(Vikrna)
@ 1 (k+3)A
Rk +1)8) = 15 ((k+3)A = ) (b(Va) = b(Vijs2)a))ds

(k+2)A
(5) 1 (k‘-i—l)A
Rk +1)8) = —53 ((k+2)A = 5)(b(Va) = b(Vij41)a))ds.

(k+2)A

Four terms are under study, the fifth one being the same as the fourth. For the first
one, use Taylor formula, Lemma 7.1 and [A5](i) to obtain

1 2
E[(R((k+1)A)? = E { {(V(k:—i-l)A - Vk)/o b (Vi + u(Viggya — Vk))du] }

(50) < KE [(V(k-i-l)A — Vk)ﬂ < K'A.
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It follows from (5) and Lemma 7.1 that

(k+2)A 2 (k+2)A f
E / (b(Vs) = b(Virgnya))ds | <A dAds = A3,
(k+1)A (k+1)A

Thus, E[(Rg”((kz +1)A))?] < ¢A. The third term is obvious. Lastly

(4) 2 1 (h+2)A 2 2
E[(R, ((k+1)A))] < 13 /(kﬂ)A Al(k +2)A = u"E[(b(Vi) — b(Vig+1)a)) ]du

so that with (5) again, we obtain E[(R£4)((k + 1)A))?] < e4A. Analogous tools lead to
E[(Ry((k 4+ 1)A))*] < cA2. O

7.2. Proof of Proposition 3.2. For S, in [DP] or [GP], we can write

E( sup [Vn(t)]2> < Y Elalen] = Y Var (va(en))

tESm,[|t]|=1 AEAM AeAm

1 - _
— Z — Z cov(or(Vi) Zgr1)0 £2(V1) Z(1541)A)
AEA, 1<k,l<n

n—1
1 - 1 _ _
= Z (nVaY(SOA(VOZzA) +to3 Z cov(ox(Vi) Z (k1) @A(VkH)Z(HQ)A))

AEAM k=1

2 _
< Y CEWR(M)Z5a),

AEAm,
as the variances of the goA(Vk)Z(kH)A’s do not depend on k. When S,,, belongs to collection
[DP], we use (11) and (17) and get

2 HD,, 4 1)Dy,
GO E( s ) < g A U Dng iy,
tESm,||t]|=1 n 3nA
Now, for collection [GP], we use [A5] to write
2 (77 772 2t L i 2 2 207
E(px(V1)Z37) = ESD,\(Vl)T Yon(u)o(Vy)du < ——=
XN 3A

By [A6], E(¢3(V1)) < 71 [, @3 (x)dx = 71. Thus, for Sy, in [GP],

40271 Dy,
IE( sup [un(t)]2> < 2Mm o

E(e3(V1)).

1€ S, [t|=1 3nA

7.3. Proof of Proposition 3.3. We use that t(Vk)Z(kH)A can be written as a
stochastic integral. Consider the process H,! = H,, defined by

Hy =Y $gena@t(Vi)o(Va)
h=1

with 1A given by (16). Note that 0 < pa(u) < 1 for all w and k and ||pall® =
[¥2A(u)du = 2A/3. Then, H, satisfies H2 < o?||t|2, for all uw > 0. Then, denoting by



24 F. COMTE, V. GENON-CATALOT, AND Y. ROZENHOLC

M, = fos HydW,, we get that M, a = AY 0, t(Vk)Z(kH)A, and (M) (,41)a is less
than or equal to

2Zt2 Vk
Moreover, (M)s < 2no?A||t||2, Vs > 0, so that (M) and exp(AM; — A\2(M)s/2) are
martingales with respect to the filtration Fy = o(X,,u < s). Therefore, for all s > 0,
c>0,d>0,\>0,

(k+3)A

/ M)AD —((k+2) — )P (Vi)du + / [(k+3) — < ]?0%(Va)du
(k+1)A A (k+2)A A ' |

2 2 2
P(M, > ¢, (M), < d) <P <e*Msé<M>s > eAC*gd) < e~(he=5d),

2 2
Therefore, P(Ms > ¢, (M)s < d) <infy~g e~Qe=5d) — =55, Finally,

P(M(pq1)a = nAe, (M) (i1)a < 20201 A)

(nAe) ne2A
ex =exp|———55 ) -
= P\ T in2e?A 2A P 4v20?
7.4. Proof of Theorem 3.1. Recall that |[t]|2 = [t*(2)7a(z)dz (see (9)). We start as

for getting (24). By simply writing that v, (bs) + pen( ) < Y (bm) + pen(m), for all m
in M,,, we obtain

P> (Vi) Zinya = ne |t < 112]
k=1

VAN

b = balln < [1bm = ball? + 2/ba — bl sup vn(t)
teSr?LJrvaHt”‘szl

. 1< .
+2/lba = bmllny |~ > " R}((k + 1)A) + pen(m) — pen(ri)
k=1

IN

1 -
16— Dall7 + glba = b3 +8 sup [ (1))
t€Sy+Sm,|tl7=1

1,- 8 — .
+35l1bi - bin |2 + - > Ry((k+1)A) + pen(m) — pen(i)
Let us consider the set

_ [
(52) Q, =1<w/ mE 1] <

NN

, YVt € Unmrem, (Sm + Sm’)/{o}} :

We use that, on Qn, [|[t[|z < v/2[[t[|n, and that [|bs, — b2 < 2(]|bs — bal|2] + [|ba — bim|2)-
After some elementary computations, we get

7 8
o —balZ 48 sup ()Mo, + = > BH(k+1)A)
LE€Sm+Sm,||tz=1 o

+pen(m) — pen(ih)

1 4
ZHbm —bal2lg, <
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By Proposition 3.1, ER?((k + 1)A) < cA. Therefore, using [A6],

E([[bs — ballTa,) < 77?1Hbm—bAH?+32E< sup [vn(tﬂzlszn)
tE€S+Sm,||t]|7=1

+32¢' A + 4(pen(m) — E(pen(m))).

The difficulty here is to control the supremum of v, (t) on a random ball (which depends
on the random 7). This is done by using the martingale property of v, (t). Let us set

Gm(m') = sup U ().
tESm A, ltx=1

Introducing a function p(m,m’), we first write
G (M), < [(Gh,(m) — p(m,m)1a, ]+ + p(m, )
> (G (m') = p(m,m" )Xo, ]+ + p(m, ).

m'eMn,

IN

Then the penalty pen(.) is chosen such that 32p(m,m’) < 4(pen(m) + pen(m’)). More
precisely, the next proposition determines the choice of p(m,m’) which in turn will fix the
penalty.

Proposition 7.1. Under the assumptions of Theorem 3.1, there exists a numerical con-
stant k1 such that, for p(m,m') = k102[Dyy, + (1 + Ly Dy )]/(nA), we have

€7Lm/ D,/

nA
Proof of Proposition 7.1. The result of Proposition 7.1 follows from the inequality

of Proposition 3.3 by the L2- Chaining technique used in Baraud et al. (2001b) (see Section
7 p.44-47, Lemma 7.1, with s2 = 0 /A). O

E[(G},(m) — p(m,m")Ig,]+ < cof

The result of Theorem 3.1 on €, follows from Proposition 7.1 with pen(m) > ko?(1 +
Ly,)Dy/(nA), and k = 32k;. Indeed, this choice ensures that for all m,m' in M,
32p(m,m’) < pen(m) + pen(m’). Now, the weights given in (12) ensure that ¥ =
> menm, € ' Pm! < +oo. Thus,

. ¥
(53) E(||bs, — ball?1q,) < 771 ||bm — bal|> + 8pen(m) + c’ov%E + 32¢A.

Now, we look at Q¢. In Lemma 6.1 of Comte et al. (2005), it is proved that, under our set
of assumptions, P(Q¢) < &é/n*. The constraint on N, (i.e. N, = o(nA/In?*(n) for [DP],
[GP] or N,, = o(v/nA/In(n) for [T]) is imposed here. The existence of the maximal space
Sp, [A4] and [A6] are especially needed also and the constant ¢ depends on 7o, 71 and the
rate of mixing 6.

Lastly we need to check that E(||bs, — bal|2Ige) < ¢/n. Write the regression model
(14) as Yiy1 = (Vi) + e(k41)a With exa = Zpa + Ry(kA). Let us recall that II,, denotes
the orthogonal projection (with respect to the inner product of R™) onto the subspace of
R”, {(t(V1),...,t(Vy)),t € Spu}. By definition of by,, we have (b (V1),...,bm(Vy)) =
HmY where Y (Ya,...,Y,41)". Denoting in the same way a function ¢ and the vector
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(t(V4), .. #(Va))', we can see that [[ba — ballz = [ba — Taball? + [Tanell? < [ball; +
nt ZZI% 5%& Using that P(Q¢) < 5/n4 and [A6], we have:
c

(54) E(ball2 Tog) < EV2(6! (Vo) B'/*(92) < <.

Next, E(c7 5 Iae) < E'2(ef A )PY/2(Q5). From Lemma 3.1 we know that E(Rj (kA)) < ¢/ A2,
Moreover E(Z\) < cE(c%(Vp))/A?. Thus, E(s},) < C’/AZ% This implies, by using that
nA > 1, that

)7

. c

Inequality (27) of Theorem 3.1 follows by gathering (53) and (55). O

8. PROOFS FOR THE ESTIMATION OF THE DIFFUSION COEFFICIENT

8.1. Proof of Proposition 4.1. First by using Burkholder-Davis-Gundy’s inequality,

(k+2)A 2
( / w2A<u>02<vu>du)
kA

G 200 (Vo)
< xe [, vHEL (e < 2=

E[(ZR)] < GF

A4
Lastly, by using that 0 < ¢a(u) < A,

. (k+2)A [ p(k4+2)A 2
B[22 = jagE [/k ( / w2A<u>du) <o'02><v;>dws]

. 9 (k+2)A
E[(ZX)Y = —E ( / I/J/%A(U)UQ(Vu)bQ(VkA)dU)<6AE1/2[54(V0)]E1/2[04(‘/0)]-
kA

A
(k+2)A
e /m 2A’PE[(0'0%)? (Vo)lds = 18AE[(0'0%)?(V0)].

For the moments of order 4, they are bounded for ZW and of order A for Z? and Z®.
O

<

8.2. Proof of Proposition 4.2. We use again (49) to compute Ugi1 (29) and exhibit
the rmainder term R(k+1) A- More precisely, we have: Rpa = RSA) + R,&QA) + ]:2,(:2 with

R = 553 /m Yra(s)b(Vs)ds

. (k+2)A (k+2)A
RY = % (/m Yrea(u)(b(Va) — b(Vm))dU> </1<; WA(U)U(Vu)qu)

2

A
(k+2)A (k+2)A

e 3

R = 2A3/kA </ wiwm) (s

where 7, , = 2(0’0b) + [(¢/)? + 00”]0>.
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Proposition 4.2 holds if E[(}u%](jiy] < A2 fori=1,2,3.

5 9 (k+2)A 4 18 (k+1)A
E[(BA)] < {E ( /m m@)b?(mds) < E ( /M wéA<s>b4<v;>ds>

SAZE(b*(Vp)) < eA? using [A5](i) and E(Vg!) < +o0,

IN

since f((kkjf’))f Yia(s)ds = 245 /5.

2
9

(k+2)A (k4+2)A
E[(R&))?}sAGE(/M DA ()0V2) = bVea))ds | wms)a(v;)dws)

Both terms have already been studied and using (5), this yields, if E(V{) < +o0,
E[(R?)?) < ¢ A%
Lastly

(3)y2 9 24 lr2)a 2 2,2 2 2 2
BURRY < 5xsB ([ 1 v, (Vs | < 36B(3,(v0)A% < a2

by using [A5](i) and E(V{?) < +oo, since 15 (u)? < A% Therefore Lemma 4.2 is proved.
O

8.3. Proof of Proposition 4.3. From standard results on Euler schemes, it is known
that:

0> (Viprnya) — 02 (Via) = VA(02) (Via)o (Via )& + R

where &, = A‘l/Q(W(kH)A — Wia) and IE[(R,(:))Q] < ¢A2. Moreover, from Gloter (2000,
Proposition 2), and the Taylor formula, we easily deduce that

(56) (Vi) — 02(Via) = VA(0?) (Vin)o (Via)&p + R

where &, = A73/2 fk(ZH)A[(kﬁL 1)A—s]dWs and IE[(R,(CZ))Q] < ¢A?. Therefore, the following
holds:

(57) o?(Vigrnya) — 02 (Vi) = VA(0?) (Via)o (Via) (& — &) + B
with E(R?) < ¢/A?. Noticing that E[(& — &,)?] = 1/3, we get the result. O
8.4. Proof of Proposition 4.4. We only do the proof for [T]. Considering S, in collec-
tion [T], we have to bound E (supteBm(m)[Tn(t)]Q) where B,,(0,1) = {t € Sy, ||t]| = 1}.

We shall use the following properties of the trigonometric basis and of collection [T] which
can be checked by elementary computations.

(58) 1" 08) o0 < CDEHL 10 < CDEF2|t].
AEA,

(59) [#']] < CDmlIt]-
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We use decomposition (57) to split T}, (¢) into

T (t) = T(t) — E(T(t) + E(TH(

+IS R

k=1
with T, (t) = LS VA(02) o] (Via) (& — &)t (Vy). Using (58) for k = 0, we get

I~ =
E { sup ( ZRkt Vi ) < CD,, <nZE(R,%)> < C'D,,A%.
k=1

3\’*

teBm (0,1)

Then notice that

E(Tw(t)) =E (ﬂ > (0 o] (Vea) (& — &) (E(Vi) — t(VkA))> :

n
k=1
Here, we have to use two derivatives of t. We use Gloter’s decomposition again in order
to write, as for (56), that
(60) t(Vie) — t(Via) = VA (Via) o (Via )&, + ex(t).

For any t € Sy, (58) for k = 2 implies E [supteBm@J) ex(t)| < CA%D3,. Thus, with (59),

we obtain

2

(61) sup  E[T,(t)] | < K(D2,A%+ D3 A®).
t€Bm (0,1)

Next we write

(t) = E(Tu(t)) = TV (8) + TP (1) — E(TP (1))

z’ﬂz

with a centered term

TV() = = > VA[(0®) o] (Viea)t(Via) (& — &),

1
n
k=1

and the non centered term (already used above)

TP(t) Z VA[(6?) o] (Via) (& — E)[HVR) — t(Via)].

Using the Holder inequality and the fact that T,sl)(t) is a sum of uncorrelated variables,
we see that

2
| (am o) | = 2 E[@Mﬂ

N

< Sy E{[(02) o (Va) @3 (Va))
/\EA
(62) < mDmAE{[w?)’o—P(vA} = o2Dm

3 n
Next, using (60), we introduce more terms:

() = TO ) + T + T ()
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with, since E[(&; — &) = 1/6,

T(t) = fZA 2)' o] (Via) [(6k + €& — El(Er + )&
i) = % (0% (Vi)

k=1
TO(t) = 72 o] (Via)ex(t).

The last term is bounded by

2
(63) E { < sup [I{7(t) — E(T,)" (ﬂ)]) } < 4cE'*{[(0%) o] (Va)}A® D), = ¢AD},

teBm (0,1)

/-\

Moreover E(T ) = 0 and by using (58) with k = 1, it follows that

2
{(tGBS:nlpOI 7 )> } = Ag;mE{[Té?’)(w)P}
ceA? 2/ 212 /\2
- > E{[(0*) P (Va)(¢h)* (Va)}

<
AEA,
D3 A? D3 A2
(64) < PR R{(0Y 0P (Va)) = o TmR

where ¢ = E[(&; — &)%(&})?]. For the last term, we apply Viennet’s mixing covariance
inequality (see Theorem 2.1 p.472 and Lemma 4.2 p.481 in Viennet (1997)). There exists

a function b(AV) such that

2
E { < sup [TV (t) — E(TY (t)]) }
teBm (0,1)

< A? Z Var< Z )0 go)\](VkA)>
AEAM,

< B [P @l @ ©)
AEA

%) : WW“WEWewM)} = oD
k

It follows from (61), (62), (63), (64) and (65) that

2
ADy, D3 A2 AD3
B s mw) peo(Dhare S0n . aopy o Dnl SO0,
tE S, ||t]|=1 n n n




30 F. COMTE, V. GENON-CATALOT, AND Y. ROZENHOLC

Since A < 1, Df’nAz/n < D;o’nA/n. We have AD,,/n < ADfn/n. Using that D,, < N, <
VnA < nA, we get AD2 /n < A2D2,. This implies (31). If A < n~2/3 replacing D,, by
N, in the right-hand side of (31), we obtain that N2A% + N2A3 < ¢/n and (32) follows.

For [W], since the constraint on N, is different (N,, < nA/In%(n)), we get (32) for
A<n34 0O

8.5. Proof of Proposition 4.6. First we note that:

+oo
ut(Vn) 22 uP _
En(u) ;:E< W Za| 7, )A) _ 1+ZHE (1T Z0, ) A Finsa]

By 1+zf|t WE [1Z0,) AP F i)

Next we use the Burkholder-Davis-Gundy inequality given in Proposition 4.2 of Barlow
and Yor (1982), with optimal constant cv/k: for a continuous martingale M;, My = 0,
and M = supg; | M|, for k > 2, there exists a universal constant ¢ such that || M|, <

C\/EH(M>,51/2H;c This yields:

E(Z0PFa) < Sor VI
n nA < / nA\S nA
A 2P AP nA
(n+2)A p
+E / VEA(8)0%(Vi)ds| | Fna
nA
@1, 3p 2 3 2 2
< A (P (8p)PAPai? + A°P(201)P) < (8a1¢)PpP.

It follows that By (u) < 1+ 3232, Br (uofe?)P[t(V,)[P. Since pP/p! < eP~!, we find

1 (uotete)t2(Vy,)
1 — (uofee|[t] o)’

o0
En(u) <14e 1Zualce V)P <1+e”
k=2

Let us set a = e(02¢%)? and b = 02¢%¢||t||s- Since for x >0, 1 +z < €%, for bu < 1,
2427/ 2427/
aut*(Vy,) au“t*(Vy)
E < 14— .
n(u) < + 1—-bu = &Xp 1—-bu
This can also be written:

2 2
720 2V £
E (exp <’U,t( )Z((n)+1)A 1—bu ) ‘ (n+1)A ) < L

Therefore, by iterative conditioning
} =

- _ au’t3(V;
E {exp [Z (ut<Vk>Z<(i)+1>A 1_25))

k=1
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Then, by using a standard method,

SR
Loz <v2 exp (“ > t(vk)Z((kzrl)A)]

k=1

- [/ 1 —nue
P (Z t(Vk)Z((k)H) > ne, [[t[f7 < UQ) <e "™E

k=1

n 212 (Y/ _
< e TnuER I||t|\2<u2 exp (Z(Ut(‘_/k:)z((;l_l) C”ui t (ka))> e(au2)/(1fbu) Ykt tQ(Vk)]
n= — ou
k=1
n 242(Y/
—nue (nauv?)/(1—bu) i\ ~(1) _au t (Vk)
< e el ( E |exp (ng(ut(Vk)Z(k-i-l)A T by )

< efnuee(nau v2)/(1—bu)

The inequality holds for any « such that bu < 1. In particular, u = €/(2av? + €b) gives
—ue + av?u?/(1 — bu) = —(1/2)(€2/(2av? + €b) and therefore

- 2 2 62/2
Zth s Z el < 0* ) S exp (—ngom ) O

=1

8.6. Proof of Theorem 4.1. We proceed as in Theorem 3.1. We ﬁrst give the proof for
collection [T]. We start from (36), with here ,,(62) 4 pen(mm) < v,(02,) 4+ pen(m), for all
m in M,,. We recall that €, is defined by (52). Then, using that on €, |62, — 02,||2 <

2|62 — 02,]|2, we find

6% —o4lln < llom —oalln + *H b= o2+ 16 sup 40
t€Spm+Sm,||tlz=1
+16  sup  [T,(1)]
tE€Sm+Sm, ||tz =1
Lo 302 8~ 59 , N
+§||Um —omlln + o Z R4 1)a + pén(m) — pén(m)
k=1
3. o
< Alom — o4l + 6% — ol + 16 sup v (t)
8 1S+ Sm. |t =1
+16 sup [Tr(£)]2 + = ZR(kHA—I—pen( ) — pén(m),

tESmJ!‘va”tH‘/_f*l

where ,,(t) is defined by (35) and T,,(t) by (30). This yields on €, and denoting by

B, (0,1) = {t € S + Sp, [tz = 1}, By (0,1) = {t € S + Spr, Il = 1},
1, . 7 16
6% =2 < ot —ddE+16 sw O+ sw T
teBT . (0,1) 70 teB,, 1 (0,1)
8 n
+ R?kH)A + pén(m) — pén(m)

by using (8). First Lemma 4.2 implies that E(n='>"7_; R k+1) A) S A%
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Then we have

E(6%, - oAlli1e,) < Tmlloy, — o4]|* + 4pén(m) + 64E ( sup [17n(t)]219n>
teBT, . (0,1)

4
(66) —4E[pén(m)] + 0 —E ( sup [Tn(t)]219n> + K'A%
o tEB, 7 (0,1)

Then we can use Proposition 4.4 to obtain

2 2
E sup  T,(¢) < E sup  Tp(t) SE.

t€ By 1 (0,1) tES,[tll=1 n
Let us set
6 s = LN s s = LSy 2® L 50
67) 00 = =S UGIZD e B0 = S UGN + 2 )

k=1 k=1
and
(68) G(m') = sup  ui(1),

t€SmA+S,,1,|t]|z=1
If we write, as for the drift
E(Gh,(m)) < E[(Gh,(7) — p(m, m))Tq, |1 + E(p(m, 1))
= p(m, m")1g, ]+ + E(p(m,m)),

INA
N
=
&

then pén is chosen such that 64p(m,m’) < 4[pén(m) + pén(m’)]. More precisely, we can
prove

Proposition 8.1. Under the assumptions of Theorem 4.1, for p(m,m’) = ko{[Dy + (1 +
Ly D)/ + KA2, where k is a numerical constant and K is a constant depending on
the collection of models and on my, we have

o e_Lm’Dm’
E[(GF,(m) = 5(m, m))1g, |4 < cop——,
where G, (m') is defined by (68).

The proof of the result is given in appendix.
Then, we use (66) and Proposition 8.1, choose pén(m) > RJ%WFL;M and recall that
Y= mem, e~ EmPm This yields

>
E(||6% - 64l2) < 7millo?, — o} + Spén(m +cal + K'A?
(69) +64E sup  [72)(t ¢ ).
teB], 01)

For the last term above, the bound:

. c
(70) E(163, - o2 1a;) < =



NONPARAMETRIC ESTIMATION IN AN INTEGRATED DIFFUSION MODEL 33

is obtained in the same way as in the end of the proof of Theorem 3.1, by introducing the
regression model Uy 1 = 02(V}) + N(k+1)A, Where, now, ng A = 02(1/(k+1)A) —o2(Vi) +
ZU(kH)A + R(k+1)A' We can bound E(n{,) with a bound independent of k and we know
that P(QS) < ¢/n? .

Moreover, let Zja = ZVIEQA) + ZISSA) To study the term involving 57(12) (t), we proceed as in
Proposition 3.2. For all m € M,,,

E( sup [t&”(t)]z) < ;E( sup rn?)(t)P) <+ 3 E(HP)

LESm,||tlz=1 t€B, (0,1) 0 xern

Then, as in Proposition 3.2 and using Proposition 4.1, we obtain

; 2 s D,
> E(#P@?) £ 2 D B (1) Za) < = A

n n
AEAM AEAM

Therefore, since the spaces are all contained in the maximal space S,, which has dimension
N,, <nA/In?(n), we have

!

(71) E( sup rn”(tﬂ?) < 1E( sup rn%)]?) <o gar B

teBT _(0,1) o \teSn,|t=1 n n

m,m

since A < n~2/3, The result of Theorem 4.1 follows by gathering (69), (70) and (71).

For collections [DP], [GP], the proof is analogous except that there is no T),(¢). In-
stead, R((k + 1)A) is changed into Ry2((k + 1)A) = Ry + [02(Virnya) — (Vi)
Then it follows from Propositions 4.2 and 4.3 that E [(1/71) > o1 Rig ((k+ 1)A)} <cA. O

9. PROOFS OF THE PROPOSITIONS OF SECTION 5

Proof of Proposition 5.1. Consider the diffusion process (V,”°) given by dV; = b(V;)dt+
o(Vy)dWy, Vo = vo and set z, = A~/2D(VR — vg),u € [0,1]. Then, (z,,) is solution of

dx, = l;($u)du + 6(:cu)qu, xo =0,

with b(z) = AY2b(zAY? 4+ wg), 6(z) = o(zAY? 4+ vy) and (W,) is a standard Brownian
motion. Then, setting

1
U:/ Tydu, V =z,
0
we have
A
(1/A)/ Vds = v+ AV2U, VO = + AY2V.
0

Now, the following result is proved in Gloter and Gobet (2005, Theorem 3). The random
couple (U, V) has a joint density p’(u,v) such that

cr ' exp (—e1(u® +0%)) < pR(u,v) < ¢y exp (—ea(u® + %))
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where the constants ¢, co only depend on the bounds of b, ¢ and their derivatives. Con-
sequently, the marginal density of U, say p;? 5 (u) satisfies

(72) yexp (—cru?) < ppa(u) < cyexp (—cau?),

with ¢} = ¢;*(n/c;)'/?,i = 1,2. After an elementary change of variable, we get that the
conditional density of Vp given Vi = vg, which is exactly the density of vy + AY2U, is
equal to

_ 1 _
v — mplng((v —vg)/AY?).

The density 7a is obtained by integrating the above density with respect to 7(vg)dvy.
Using the bounds (72), we obtain

(73) d / exp (—e1t?) w(0 + tAY?)dt < 7a (D) < 0’2/ exp (—cot?) m(0 + tAY?)dt

R R
The stationary density 7(.) is bounded and this gives an upper bound for 7a. Using (73),
we have, for all tg > 0,

to
a(D) > c'l/ exp (—e1t?) w(0 4 tAY?)dt.
0

Hence, for all v € [a,b], Ta(v) > C"infy¢(q p44,) T(u) for some constant C’. This gives the
result. [

Proof of Proposition 5.2. Let Q?;M be the distribution on C'(R*,R) of (43) starting
with Vy = v. Then,

2 / 2 ’ 2
Q0 Qi,,e,c — Ot

v+v’
This property is obtained exactly as the analogous proof for the square of a J-dimensional
Bessel process which corresponds to § = 0 (see e.g. Revuz and Yor, 2005, p. 440). From
this property, it follows analogously that, for A > 0,

(74) E(exp (—A /0 Vads))[Vo = ) = B\ A, (),

where 0 < By(\), A¢(\) < 1 have to be computed. Now, we set A;(\) = exp (—pu¢(N)) with
pe(A > 0. Since Vo = n has the stationary distribution G(§/2,1/2p%), we have, for all
p >0,

(75) E(exp (—pVp)) = (1+2up%) /2.

Hence, integrating (74) with respect to the distribution of Vp, we get (44).

This preliminaries show that it is enough make computations for § = 1, i.e. for V; = &?
where (&) is an Ornstein-Uhlenbeck process. Denote by P? the distribution on C(RT,R)
of (&) given by

dé = —0&dt + cdWy, & = .
And denote by (X;) the canonical coordinate process of C(R™,R). For any real number
¢, we have, by the Girsanov formula,

E((exp (A /0 £2d5)) = Epa ((exp (~\ /0 X2ds)) = Epe((exp (—A /O X2ds))Ly)
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where

—9—¢ [t 92 — 72 [t
L; = exp C/ X dX, - 20/ X2ds.
0 2¢* Jo

c2

We have fg X,dXs = (1/2)(X? — 2% — ¢*t) and we choose ¢ such that A\ + 922;252 = 0. This
yields

c+6
2c2

—0—c_,

X2).

2c2 ¢

t
(76) Epo((exp (—)\/ X2ds) = exp (2® + cQt)Epf(exp
0

The choice ¢ = (6% + 2)\02)1/ 2 implies that ¢ + 6 > 0. Therefore, we easily compute
the above expectation since, under P¢, X; is Gaussian with mean z exp (¢t) and variance
c?(exp (2¢t) — 1)/2¢. Indeed, for X a Gaussian variable with law A/ (m, 3%) and p > 0,

pm?

E(exp —pX?) = (14 2u8%) /%) exp (_TW

).
From this, we deduce By(\) and gy (\).O

Proof of Corollary 5.1. The Laplace transform is well defined for all A such that
62 + 2Xc? > 0. So it is well defined on an open interval containing 0. By properties of
complex functions, this is enough to prove that we obtain the characteristic function of
fg Visds by setting A = —is with s € R in (44). The corollary follows. [J

Proof of Proposition 5.3. First write that
_ _ 1 - 1 _
£(T) = () + (Vo = Vo)) () + 5(Va = V0)* | () (Vo +u(Vo — Vi))du
0

where the integrals and derivatives must be understood piecewisely. Now we use that for
any t € S,, there exists some constant C such that
1) lloc < ONZE]? and || (%) [loo < CN It

Moreover,
E[(Vo — Vo) (#*)' (V)] = E [E (Vo — VolFo) (1) (Vo)]

and

E(Vo—VolFo) = E (i /OA(/OS(b(Vu)du + a(vu)dwu))ds\fo>

_ E<i /OA(/OS b(Vu)du)dsU-"o).

It follows that, using (5), |E (VO —V0|]:0)| = O(A). Thus, |[E[(Vo — Vo)(t2)'(Vo)]| <
CNZ2A|t]|> = O(N2A). On the other hand,

1
@ﬁ%—%ﬁA@V%+m%—ww4 < @) IElTo - 1)

N

CN3A|t]? = O(N3A).

This implies a global order N3A. O
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10. APPENDIX. PROOF OF PROPOSITION 8.1

The result of Proposition 8.1 is obtained from inequality (38) of Proposition 4.6 by a
L?(7a) — L™ chaining technique. The method is analogous to the one given in Proposi-
tion 2-4 pp.282-287 in Comte (2001), in Theorem 5 in Birgé and Massart (1998) and in
Proposition 7, Theorem 8 and Theorem 9 in Barron et al. (1999). Since the context is
slightly different, for the sake of completeness, we give the detail of the proof. It relies on
the following Lemma (Lemma 9 in Barron et al. (1999)):

Lemma 10.1. Let p1 be a positive measure on [0,1]. Let (1x)xen be a finite orthonormal
system in Lo N Loo(p) with |A] = D and S be the linear span of {¢»}. Let

1S Batalle
77 = .
(77) ;> ST

For any positive §, one can find a countable set T C S and a mapping p from S to T with
the following properties:

e for any ball B with radius o > 50,
TN B| < (B'c/8§)P with B' < 5.
o |lu—pw)|, <38 forallu in S, and

sup |lu —t|looc <76, forallt inT.
uep=1(t)

To use this Lemma, the main difficulty is often to evaluate 7 in the different contexts.
In our problem, the measure p is 7a. We consider a collection of models (Sy;)mem,,
which can be [DP], [GP] or [T]. Recall that B], (0,1) = {t € Sy + Sy, ||tz = 1}. We
have to compute 7 = 7, ,,» corresponding to S = Sp, + S,». We denote by D(m,m') =
dim(Sy, + Spv).

Collection [DP]- Sy, + Spr = Smax(m,m?), D(m,m') = max(Dy,, Dyyr), an orthonormal
La(7a)-basis (¥x)reA(m,m) can be built by orthonormalisation on each sub-interval of
(©x)reA(m,mr)- Then

HZ A(m,m/ 6)‘1/})‘“
sup “ME == < | 3 Wl S 1) s 0l

p#0 AEA(m,m/) AEA(m,m/

< (r+1)%? D(m,m’)AAS(up )||w||
eA(m,m/

< (r+1°2YD(m,m/)  sup )Hw)\Hf’r/\/TTO

AeA(m,m/
< (r+1)%2/D(m,m’)/x.

Thus here 7, < (r + 1)3/2//To.
Collection [GP]- Here we have 7y, 1y < [(Rmaz + 1)V Nu]/A/D(m, m/)7o.
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Collection [T]- For trigonometric polynomials, we write

I 2o xea(m,m) Brtallos - C\/D(mvm/)HZ)\ﬁ)ﬂ/})\H<C\/D(m7m,)HZ)\ﬂ>\w)\”7’r

20 Bl = Bloc = V0lBloe
< Cv D(mam,>\/2)\ﬁ)2\ < CD(m,m’)
= VolBloe =T R

Therefore, 7, 1y < C\/D(m,m') /7.

We may now prove Proposition 8.1. We apply Lemma 10.1 to the linear space S, + Sy
of dimension D(m,m’) and norm connection measured by 7, bounded above. We
consider di-nets, T, = Tj, N Bf%m,(O, 1), with 8, = 6027* with &y < 1/5, to be chosen
later and we set Hy, = In(|T|) < D(m, m')In(5/d;) = D(m,m’)[k1In(2) +In(5/d0)]. Given
some point u € B;_;’m,(O,l)7 we can find a sequence {uj}r>o with up € T such that
lu—ug||2 < 62 and ||u — ug||loo < Fpmm’ 0k Thus we have the following decomposition that
holds for any u € B;r%m,((), 1),

o
W=+ ).

k=1
Clearly [Juollz < 1, [[uolloo < F(mmy and for all k > 1, [up — up—1[|2 < 2(07 + 07_;) =
567_1/2 and [Jug —up—1 oo < 3F(mm)0k—1/2. In the sequel we denote by P, (.) the measure
P(.N€,), see (52), (actually only the inequality ||t[|2 < 2||¢||2 holding for any ¢ € Sy, + Sy
is required).
Let (n%)k>0 be a sequence of positive numbers that will be chosen later on and 7 such that
Mo + 2 _k>1 Mk < 7. Recall that 7Y is defined by (67). We have

P, | sup  5P(u)>n
weBT (0)

+oo
= P, |3(un)kew € [ T / 7 (wo) + Do (un — uk—1) > no+ Y _ i
keN k=1 k=1

< ]P1-|:1P2

where

Py = Y Po(rM(uo) >mo), Pa=> > Pu@(ur —ur1) > m).

uoETO k=1 up_1€T_1
up €T,

Then using Inequality (38), we straightforwardly infer that IP; < exp(Hp — Cnxp) and
Py <3 4oy exp(Hg—1 + Hy — Cnay) if we choose

{ no = 07 (V30 + T(m,m7)0)
= (O’%/\/ﬁ)&k_l(\/ 15z + 377(m,m/)l’k)-
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Fix 7 > 0 and choose x( such that
Cnxg=Hy+ Ly Dy +7
and for k > 1, x; such that
Cnrp=Hg 1+ Hy+kDypy + Ly Dyyr + 7.
If D,,» > 1, we infer that
0o

P, sup () > no + Z ne | < e LmPmr=r (1 + Z e_kDm’> < 1.6e~ L D =7,

tGB;,m’(O’l) >1 el
Now, it remains to compute Zkzo n,. We note that > 720, = Y po o kdr = 20p. This

implies

o
xo + Z Ok—1Tk

k=1
- —(k-1) D(m,m')
< |In(5/0) + 60 Y 2 [(2k — 1) In(2) + 21In(5/80) + k] | ——=—~
P nC
Ly Dy T
F140) 2D ) IR 4 1) 2D ) —
= nC = nC
D(m, m/) 14200 Ly D,y 1+26 7
< T

where Ca(dg) = In(5/00) + 60(41n(5/60) + 61n(2) + 4). This leads to

0o 2 4 00 2
(Z m) < | V2(VBI0 + o) + Gk (VI + 3rm,m/xk)]
k=0

L k=1
ol i 00 e 2
< ?1 (m + Z Op—1V 15$k> + Pym/ <\/§$0 +3 Z 5k1xk>]
L k=1 k=1
i (o] 2 [o.¢] 2
< 1507 (@ +) 5k1mk> + 2 (aco +) 5k1xk>
k=1

k=0

o0 o0 o0 2
< 1507 (1 + Z 5k—1> (ﬂfo + Z 5k—1ﬂfk> + ffmm/ (560 + Z 5k—1$k>
k=1

k=1 k=1

Now, fix 6y < 1/5 (say, do = 1/10) and use the bound (78). The bound for (37720 17x)? is
less than a quantity proportional to

O'il [D(m,m’) N LD, L2 (D(m,m’) N Lm/Dm/>2 N T 5 T2

/ - + f /=
n n m,m n n n M 2

Now in the case of collection [DP], we have L,, = 1, 7, is bounded uniformly with
respect to m and m/ and (D(m,m/)/n)? < (N,/n)? < A?/In*(n) with N, < nA/In?(n).
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Thus the bound for (3" nx)? reduces to

D(m,m’) T T2

/4 > 3A2 /= )

CUl |:n+(1+r) A/T(O"‘E‘i‘rm,m/ﬁ

Next, for collection [GP], we use the L,, < cln(n), F,?mm, < (Rpmaz + 12Ny, /(ToD(m,m'))
and N,, < nA/In?(n) to obtain the bound

Ny, D(m,m’)?
70D (m,m’) n?
3 N D(m,m’)
Ton?

(Rynaz +1)° (14 In(n))?

rm,m n n

2 (D(m,m’) N Lm/Dm/>2 -

< (Rmaz +1) (14 1In(n))?
N2
< (Romaz + 1)3n—g(1 +1In(n))? < 2(Rpmae + 1)3A2 /7.

Thus, the bound for (3 n;)? is proportional to

Dm,m’ LDy T 7'2
o} [ ( ) + mn "™ 4+ 2(Rpmae + 1)3A2 /70 + - +F,2n’m,?

This term defines p(m,m’) as given in Proposition 4.6.
The last case corresponds to collection [T]. Here Ly, = 1, 7,y < Cy/D(m,m’) and
N, < vVnA/In(n). We get

/ , N 2 3 3 3/2
anm/ D(m7m)+Lm‘Dm S C”D(m,m) SC”&SCWA
’ n n n? n? vn
< C77A27

since 1/y/n < v/A. Thus, the bound for (3" 7;)? is proportional to

D(m,m’) L,/ D, " T _ 7'2
ai‘[ + mnm+C A2+g+’"g%m’ﬁ :

This term defines p(m,m’) as given in Proposition 4.6.
We obtain, for K = (Ryas + 1)3/70 or K = C”,

D D, (14+ L, 2
Py | sup [ ()] > rof < m T DUt Boe) | gepr 4 o7y 2r31,m/72))
weBT, (0,1) n n n
< Iy sup [V () > 07| < 2P, sup 7\ (u) > n| <32 L DT

uGBZLYm,(O,l) uEB:;’m,(O,l)
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so that, reminding that G,,(m/) is defined by (68),

1]

[11]
[12]
[13]
[14]

[15]

+

n
© v D D, (1 + Ly,
< / IP’n<G%1(7T/)>/<aai’L m & D (1 + m)+KA2+T)dT
0 n
00 . 2/@0‘%/?7271 ! B 9
< e LurDu / o/ (2mot) g / T VR gy i)
2/40%/F(2m’m,) 0
4 o] 72 00
< e Lm D 2K0y / e Vdv + LTm’m/ / e Vdy
n 0 n 0
et 472 4
< e*Lm’Dm’ﬂ(l + ) < ke Lm Pmr 7L which ends the proof.[]
n n n
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