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Abstract

In this paper, we consider the inverse problem of estimating the product fg of two densities,
given a n-sample of i.i.d. observations drawn from each. We propose both projection estimators
with model selection device and kernel estimators with bandwidth selection strategies. The
procedures do not consist in making the product of each density estimator, but in plugging an
overfitted estimator of one of the two densities, in an estimator based on the second sample. Our
findings are a first step toward a better understanding of the good performances of overfitting
in regression Nadaraya-Watson estimator. March 9, 2022
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1 Introduction

In this work, we consider that we have n observations X;,i = 1,...,n independent and identically
distributed (i.i.d.) with density f and independent from n additional observations Y;,i =1,...,n
iid. with density g. We study the question of estimating the product function fg from these
observations. Note that the resulting function is not a density, and none of the observations are
directly related to this product. In that sense, we face an inverse problem. Our framework contains
the case where f = ¢ and the goal is to estimate f2? by splitting a 2n-sample. These quantities
may be of interest in some testing problems or as a first step for estimating the L2-norm of f, see
Laurent and Massart (2000); other product problems are considered in Butucea et al. (2018).

However, we must explain that we considered this problem as a simplified setting (a toy-problem,
in some sense) for a more complicated question. Let us explain it. Consider a regression model
with ¥; = b(X;) +¢; with i.i.d. and independent sequences (X;)1<i<n and (¢;)1<i<n. The question
is to estimate the regression function b(-) from observations (X;,Y;)1<i<n. A popular proposal is
the Nadaraya-Watson estimator (see Gyorfi et al. (2002))
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where K is a kernel and h a bandwidth parameter. This estimator can be seen as a weighted
combination of the Y;’s (second equality) or as a ratio of an estimator of bf, where f is still the
density of the X;’s, divided by an estimator of f (first equality). In this last case, it is not clear
that the same bandwidth A must be chosen for the numerator and the denominator. Surprisingly,
Comte and Marie (2021) proposed sophisticated strategies for these two terms, but noticed in the
simulation experiments that, if the numerical results obtained for both functions separately were
excellent, the performance of the ratio was almost systematically defeated by the single bandwidth
method selected from a least squares criterion relying on the weighted view of the question. The
unique bandwidth selected in this case is small, but the ratio of these two bad overfitted estimators
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is undoubtedly very good, at least for not too high noise level. This is why we wondered if the
product of two functional estimators was a good estimator of the product of two functions; we took
these functions as densities for simplicity. Thus our motivation is mainly theoretical, but we believe
that the question is of general interest.

Now, let us see why making a product of density estimators can be easily seen as an inadequate
(sub-optimal) strategy. Assume that we set fZ] = f x g, where f and ¢ are minimax optimal
estimators of f and g respectively. To get an upper bound result, there is no other way than to
separate the role of each estimate : both individual risks of f and § would emerge. Then, the
resulting rate is the slowest between the rates of estimation of f and of g: it is the rate induced by
the less regular density between f and g, say g without loss or generality for the remaining of this
discussion. Clearly, this is not optimal if the product fg is more regular than g. For instance, for
f a B(p,p) density with p > 2, p integer and g a uniform density, i.e. a 8(1,1). Then on R, f has
regularity p — 1 and g regularity 0, but fg = f has regularity p — 1. Therefore, one can wonder if
in these cases it is possible to build an estimator directly adapted to the regularity of the product
fg.

A related disadvantage of an upper bound separating the roles of f and ¢ is that it does not treat
this problem as an inverse problem : both individual regularities of f and g intervene whereas one
expects that the sole regularity of fg should matter. Especially since, depending on the regularity
classes which are considered, there is often no universal rule relating the regularities of f and g to
the one of the product.

To complete this discussion, notice that it is easy to derive a lower bound result, inspired by
the former example on beta distributions. Denote by ¥(s, L) where s and L are positive, a ball of
radius L in space of functions with regularity s. Then it holds, for any measurable function 7" of
(Xi, Yi)1<i<n,

sup ||T = fgll*>> sup |T—fg|>= sup [T~ f|>
) fex(s,L)

fg€ex(s,L) Sfuif,?glbﬂ] SuppfC[0,1]
9=1(0,1]
It follows that
inf sup ||T—fgll>>inf sup [T - fI, (1)
T fgex(s,1) T Jgemen
Supp fC[0,1]

we recover on the right side the lower bound of the direct density estimation problem. To summarize,
if the regularity set X(s, L) contains a [0, 1] supported density fo, a lower bound for the product is
given by a lower bound for the direct estimation of fy. This is enough to state that the upper bound
results presented below are optimal. For instance, we recover rates in nTTT if (fg) € (s, L), a
Sobolev class of regularity s, that are minimax.

The plan of the paper is the following. We propose in section 2 a projection strategy: we
define a projection estimator of the product fg and prove a non-asymptotic risk bound showing
that a rate related to the regularity of fg can be reached for a well-chosen dimension of the
projection space (see section 2.2). As this choice depends on unknown parameters, we then propose
a model selection strategy and prove that the resulting estimator automatically reaches the squared-
bias/variance compromise. Then, we turn to kernel strategies, for which we propose in section 3
an estimator with similar properties. The bandwidth selection procedure is more complicated. We
study a Goldenshluger and Lepski (2011) method which gives, following a way rather similar to the
projection case, a theoretical result but is difficult to use in practice. Then we propose a method
inspired from the recent proposal of Lacour et al. (2017), which has a very intricate proof, but is
quite easy to implement. Comparisons of the different methods and associated strategies for product
estimators are conducted in section 4, and concur to our theoretical findings. Several additional
questions are presented in the concluding remarks of section 5. Lastly, proofs are gathered in section
6 concerning section 2 and in section 7 for section 3.



2 Projection method

2.1 Estimator and first risk bound

Let (;);>0 a L?(I)-orthonormal basis, where I C R is a subset of R and the domain on which fg is
estimated. We set S, = vect(¢g, ..., ©m—1) the m-dimensional functional space linearly generated
by the m first ¢;’s. For any square integrable function h on I, we denote by h,, = Z;l;l a;(h)p;
with a;(h) = (p;, h), the orthogonal projection of h on S,,. We also define the quantity, assumed
to be finite:

The order of L(m) depends on the choice of the basis. For the trigonometric basis for m odd and
I =[0,1], it holds L(m) = m. For the Hermite basis where I = R, we have L(m) < Cy+/m (see
Lemma 1 in Comte and Lacour (2021) and section 2.2). For the Legendre polynomial basis where
I = [—1,1] it holds that L(m) = m?2, see Cohen et al. (2013, p.831). In any case, we consider that
L(m) > 1, which holds at least for m > my.

For simplicity, we write fg = fgl; and we recall the definition of the projection estimator of f
on Sy, where m* is a positive integer:

m*—1 n
-~ - - 1
fme =Y @5 @ = 52%(&)- (2)
j=0 i=1
Now, we propose the following estimator of fg:
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Clearly, E(&gm*)) = (¢j, fm=g), which shows that our estimator is indeed close to fi,«g, which
in turn should be near of fg for large m*. Choosing m* large is possible only if the variance of
fm~» does not appear in the risk bound. This is established for the integrated risk bound for the

estimator (3) in the following result.

Proposition 2.1. Assume that f and g are bounded on I with bounds denoted by || f|lco and ||g]lco

respectively. Let @ be the estimator defined by (3). Then for any m* such that L(m*) < n,

we have

m,m*
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where
€(f,9) = llglloo L+ [1F1%) + [ fllcllgl® < llglloe (1 + 21 £]lo0)

and (fg)m is the orthogonal projection of fg on Sy, fm+ the orthogonal projection of f on Spx.

The risk bound (4) contains two standard terms, the squared bias
By = [(f9)m — foll* = D _la;(f9))°, a;(fg) = (fg,;)
jzm

and the variance €(f, g)L(m)/n, requiring a standard compromise (when m grows, the bias de-
creases while the variance increases). It also involves the bias term ||f — f,.||> which has no
counterpart: thus m* can and should be chosen as large as possible in order to make it negligible.

Strategy suggested by (4). If in the initial problem, f and g have symmetric roles, this is no
longer true in the definition (3) of the estimator, where one of the two densities is estimated first.



As a matter of fact, Proposition 2.1 suggests: 1. to plug in the product estimator (3) an over-fitted
estimator, eliminating a selection issue for m*, 2. to select for this over-fitted estimator the one
corresponding to the smoother density. Indeed, this should make the additional bias term decrease
faster. However, the information about which is smoother between f and g, is not available. From
theoretical viewpoint, both ||f — f.«||> and ||g — gm~||*> are negligible by assuming a minimal
regularity for f and g and choosing m* maximal with L(m*) < n. From practical point of view, we
propose to consider that the smoother density is the one for which a model selection method for
the direct density estimation of f and g leads to the smallest selected dimension (see section 4).

2.2 Rates on Sobolev Hermite spaces

In this section, we give an example of rate induced by Proposition 2.1, in the case of the Hermite
basis and associated Sobolev spaces. The Hermite functions (¢;);>o are defined from Hermite
polynomials (H;),>0 by:

S d

pi(z) = chj(x)e*‘TQ/z, Hj(z) = (-1)e o (™), ¢ = (2751/m)~ V2 zeR. (5)

The Hermite polynomials (H;),>o are orthogonal with respect to the weight function e*“"z, that is:
J Hj(2z)Hy (z)e~*"dz = 2751\/7; 1, (see Abramowitz and Stegun (1964), chap 22.2.14). Therefore,
the Hermite basis (¢;);>0 is an orthonormal basis on R. We note also that ¢; is bounded:

ll©;5]lee = suple;(z)| < By, with By~ 1,086435/7'/* ~ 0,8160 (6)
zeR

(see Abramowitz and Stegun (1964), chap.22.14.17). Moreover, it is proved in Lemma 1 of Comte
and Lacour (2021) that sup,cp E;-nzfol @3 (x) < Cpy/m for a finite constant Cy > 0.
For s > 0, the Sobolev-Hermite ball (see Bongioanni and Torrea (2006)) is defined by :

W3 (D) = {9 eL’(R), Yk (0) < D}, D >0, (7)
k>0

where ai(0) = (0, ¢r). It is proved in Belomestny et al. (2019) that, for s an integer, s > 1,
few;={0c¢ LQ(R),Z@O k*a2(f) < +oo} is equivalent to : f admits derivatives up to order
s which satisfy: f, f/, ..., f&), 2°=¢f® for £ = 0,...,s — 1 belong to L2(R). Moreover, for any

function f € W5 (D), we have ||f — fin||> < Dm™°. It is also easy to see that if, in addition, s > 1,
then f is bounded. Indeed

1> agesl < ®o [ laol + D (lal72)i ™2 | < @0 [ I+ [D_doa2d i
320 i>1 =1 g1

As the functions are assumed to be bounded, it holds |{fg, ¢;)| < min(|| flec|{g: ©5)|: [|9]loc|{f, ©5)])-
Thus if fg € W5(D), f € W (D') and g € Wi (D), then s > max(s', s”).
Then we obtain as a straightforward consequence of Proposition 2.1, the following result.

Proposition 2.2. Let s > s > 1/2 and assume that fg € Wi (D), f € Wf;(D’) with f and g
bounded and g € L2(R). Then choosing mep; = [n*/TY2] and m¥ = n?/C%, we have

E (|(£9) 11,y oz — F9I1%) < CWD, D' | fllcs lgllocn™ 757

We can conclude that the resulting rate is of order n=2%/(s*1) and is optimal, see (1).



2.3 Model selection

As noticed in the comments of Proposition 4, we can and should choose m* as large as possible.
Then only the dimension m remains to be selected from the data. We define the collection of
proposals for m as follows

M, ={me{l,...,n}, L(m)<n},

and set
2 o ~
’Yn(t) = Ht”2 - E me* (Y;)t(}/;) (8)
i=1

Then we select m with the criterion

_ . . L(m)
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where k is a numerical constant. Note that
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We consider the following set of assumptions:

[A1] f and g are bounded on I.

[A2] The model m* is such that L(m*) < =——

[A3] There exist two real numbers a > 1 and C, > 0, which need not to be known, such that
dois1 jaajz-(f) < Cy < +o0.

[A4] The basis functions are bounded: Vj € N,Vz € I, |p;(z)| < Cy,, and the collection of
models is nested.

[A5] The collection of models is such that Card(M,,) <n, and Ve >0, >0 g €™V Lim) <
¥ < 400 where ¥ = X(c) is a constant depending on ¢ but not on n.

We can prove the following result.

Theorem 2.1. If Assumptions [A1]-[A5] hold, then, there exists ko such that, for any k > kg, we
have

L(m) }

BT~ Fo?) < inf, {3170 = o)l + 401 Sl + ) 22
C
69121 — e P+ ©)

where C is a constant depending on || f]|co, Ca-

The proof is relegated to section 6 and indicates that kg = 8 x 12 = 96 would suit. In practice,
the estimate is replaced by its positive part, for which the same risk bound holds. Theorem 2.1
shows that our adaptive procedure automatically realizes the squared bias-variance tradeoff up to
negligible terms. As previously noticed if m* = m? is chosen large enough || f — f.~||? is negligible
(less than 1/n).

In Assumption [A2], the maximal value of m* depends on || f||so. This constraint can be replaced
by L(m*) < n/log*?(n) and the result follows for n large enough. Condition [A3] implies that
the function f has a minimal regularity of 1/2 on Sobolev-Fourier spaces for I = [0,1] and 1 on
Hermite Sobolev spaces. Assumptions [A4] and [A5] are classical, for instance they are fulfilled for
the trigonometric and Hermite bases.



The values || f]loos ||g]lcc in the penalty term are unknown and must be replaced by estimates.
The bound || f||« can be estimated by the maximal value of a projection estimate of f on a middle-
sized space, for instance sup,; |f[ vm) ()| and an analogous approach can be adopted for ||g|. Let
us denote these estimators by || f|| ., and ||g||.,. This strategy is theoretically studied in Theorem
12 p.594 (Appendix A: Random penalty) in Lacour (2007).

We adopt in the numerical Section, the following strategy The penalty is obtained from the theory

as the sum of the bounds of two terms, a bound on =+ Z (go? (Yl)[j?m* (Yl)]Z) and a bound on
an additional term || f||co]|g||loo L(m)/n. Following 1deab in Mabsart (2007) (see also Theorem 7.6
p-216, in the density case), we replace the first term by

n m-—1

pen; (m ) Z Z {fm* z)]z

=1 j5=0

and the second term by peny(m) = mwmmlj(m)/n. So, in the Hermite basis where L(m) =
Cr+/m (with unknown Cg), our global penalty is

o, (m) + w1 7L ol Y (10)

The constant k is calibrated by preliminary simulations, see section 4.

3 Kernel estimators

3.1 Definition and risk bound

Let K be a symmetric kernel. We recall the definition of the classical kernel density estimator of f
1 U
ZKh —a), Kiw) =K (E) . h>0. (11)

Let us denote by x the convolution product, u*v(z) = [wu(t)v(x — t)dt for functions u, v such that
the integral is well defined. Then, for any function w, we set wy, := w x Kj,.
By analogy with the projection study, we define the kernel estimator of fg by

(fg hoho th —x). (12)

We prove the following integrated risk bound.

Proposition 3.1. Assume that f is square integrable on R and that g is bounded on R with

bound denoted by ||glloc- Let (fg)y, 1, be the estimator defined by (12). Then for any h, such that
1/(nho) < 1, we have

C(f,g,K)

N ¢E)

E (179, ~ Fol?) <200 — Foll? + 2UglZ K31 o, — FIP +
where C(K, f) = K1 lgll-o (1K1 + 2/ 5311,

As observed in the projection context, Proposition 3.1 suggests to choose h, the smallest as
possible, in order to make this term negligible. For instance if f belongs to a Nikols’ki ball with
regularity parameter « (see Tsybakov (2009), Definition 1.4 p.13), || fn, — f||* has order (h,)?* if
the kernel K has order at least |«a. It follows that for o > 1/2 and h, = 1/n, this term has order
less than 1/n and is negligible. Then, there is only one bandwidth h that requires to be selected.

If in addition fg belongs to a Nikols’ki ball with regularity parameter 8 and the kernel K
has order at least | 3], (see Tsybakov (2009), Definition 1.3, p.5) then the estimator will reach the
minimax rate n~28/(28+1) (Tsybakov (2009), chapter 1, section 1.2.3 and Theorem 1.2) for  chosen
of order n=1/(28+1) " Ag in the projection case, such a choice of A is not feasible since 3 is unknown,
a data driven procedure for selecting h must be proposed.



3.2 Bandwidth selection with Goldenschulger and Lepski method

Our first proposal is a Goldenschluger and Lespki (2011) method. We define for H,, a discrete
collection of bandwidths in (1/n,1) with cardinality less than n,

IKIIEPA1Z + llgllZ)
nh

Ay = sup (Il (K (Fo)a) = Fol? = sV ()] V()=

(14)
where we drop the index h, for readibility in (fg), = (fg)hyho, and the selection of h is done by
the rule

h= in {A(h) +r'V(h)}.
arg min {A(h) + 'V (1)}

Note that by denoting K}, p(2) = Kp/ p(2) = Kp x Kp/ (),

n
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n
We consider the following set of assumptions:

[B1] fand g are bounded on R.

[B2] The kernel K is even, bounded and integrable.

[B3](p) The bandwidth h, is such that nh, > 3p[|| K|/ (2] fllco | K ||1)] log(n).

[B4] The discrete collection of bandwidths in (1/n,1), H,, has cardinality less than n and
such that for any c¢; >0, >°; 5 exp(—c1/h) < ¥ = ¥(c1) < +o0.

Note that as [ K =1, |K||; > 1. As for [A2], we can replace [B3](p) with nh, > log(n)3/2, for
large enough n, to get rid of the unknown constant || f|/s in the bound defining h,. Assumption
[B4] is fulfilled for H,, = {hy = 1/k,k =1,...,n}. Note that contrary to the projection, the kernel
method does not require any regularity constraint of type [A5].

Theorem 3.1. Under Assumptions [B1]-[B2]-[B3|(3) and [B4], we have for k' > &, that

!

E(I(f)n — f9I?) < € int {IKIHIF9n = Sol +x'V ()} + 181K g i, = SIF +

where C is numerical and C" depends on || f|loos ||g]lcos K -

Theorem 3.1 ensures that the adaptive estimator performs a squared bias-variance compromise.
However, the Goldenschluger and Lespki (2011) method is often difficult to calibrate from an im-
plementation viewpoint (see Comte and Rebafka (2012)) and suffers from important computational
costs. Moreover, it involves the calibration of two constants, ' and k. Contrary to the model
selection procedure this preliminary calibration step is difficult, probably because these constants
act simultaneously on the bias and variance terms. Moreover, the "double” convolution Kj 5/ is
numerically time consuming.

This is why we explore another PCO method, introduced for density estimation by Lacour et
al. (2017). The PCO method is more complicated from theoretical point of view, because it involves
the study of several U-statistics of order 2. But, it is much easier to calibrate and implement, from
practical point of view. Still, the Goldenschluger and Lespki (2011) method has the advantage
that its proof, though technical, is well delineated; it is enlightening to understand the order of the
different terms involved in the decomposition of the key processes appearing in both methods.



3.3 Bandwidth selection with PCO

We keep omitting the index h, and write (fg);,, = (fg); ;. as ho is fixed equal to minimal value.
We select '

= arg min {(79), — (7o),

with hyin = min{h, h € H,},

|2 + 2pen(n) }

min

pen(h) = pen, (h) 4+ peny(h)  where pen;(h) = %(Kh,KhmiJ ZJ?ZD (Yy), (15)
i=1
peny(h) = n U9 B) g o 1) — AN o gl + 1712, (16)

Note that pen; and pen, are both of order 1/(nh). This is obvious for pensg; for peny, observe that
[(Khy Kppi)| < IK ||| K |1/ and that, under [B3](p), (1/n) >, fi (Y;) is bounded with large
probability, see (35).

Theorem 3.2. Assume that Assumptions [B1]-[B2], [B3](4) and [B4] hold and that 1/(nhmyin) < 1.
Then, for any 0 € (0,1/4) and k > 1/4, we have

E(I(Fa); — fol?) < 20+ ea(6) inf {n(fg)h ~ folP 4 (14 gy AL K>}
+e2 ()| (f D humim — FaI° + csll fro — FIIP + Clogn(n)7
where 2
e (6) = 2001 — 0)/(1—30) > 0, () =23 FA=20)

6(1 —20)
and c3 and C are positive constants depending on 0, f, g, K.

The risk bound of Theorem 3.2 involves four terms. The first term in the first line is the
minimal risk among the collection of estimators, up to multiplicative constants. The two following
terms, ||(f9)h — f9lI? and || fn, — f||? are bias terms corresponding to small bandwidths, they are
negligible if Ay, is of order 1/n and h, of order log(n)/n (as required by assumption [B3](4) and if
the functions f and fg have regularity larger that 1/2. The last term log(n)/n has negligible order
compared to the first one. Therefore, the adaptive estimator achieves the intended squared-bias
variance compromise detailed at the end of section 3.1.

4 Examples and simulation experiments

4.1 Description of the procedures

In this section, we illustrate the performances of the projection estimator with Hermite basis (see
section 2.2) and kernel estimator with kernel built as a Gaussian mixture defined by:

K(x) =2n1(x) — na(x), (17)

where n;(z) is the density of a centered Gaussian with a variance equal to j. This kernel is of order
3 (i.e. [29K(z)dx =0, for j =1,...,3). We consider four examples:

1. X ~ f=B(7,5) and Y ~ g =U(0,1),
2. X ~ f=T(4,1/4) and Y ~ g = £(1/4),
3. X ~ f =N(0,3) and Y ~ g Laplace,
4. X ~ f=N(0,3) and Y ~ g Cauchy.



We compute normalized L2-risks to allow the numerical comparaison of the different examples
for which [(fg)? varies a lot. Namely, we evaluate

E[(fg) - fgll?)
BZIE

and the associated deviations, from N = 100 independent datasets with different values of sample
size n = 200, 1000 and 2000. All adaptive methods require the calibration of constants k’s in
penalties. This is done by preliminary simulation experiments. For calibration strategies (dimension
jump and slope heuristics), the reader is referred to Baudry et al. (2012), and to Lerasle (2012) for
theoretical justifications. Here, we test a grid of values of x’s, the tests are conducted on a set of
densities which are different from the one considered hereafter, to avoid overfitting. The different
estimators are computed on the same datasets and compared.

¢ Product : This estimator is obtained as the product of f g where each estimator is an adaptive
optimal estimator. In the projection case, the product is fmlng, where fm is defined by (2) with

Ju

m—

my = arg min *||fm‘|2+ﬁz SDJQ(X
m€{1,...,Dmax } i=1 j=0

and g, is defined analogously. In the kernel case, fh g,,» Where fﬁ is defined by (11) with

i, min - PP )}

and g; is defined analogously.
e First X: In all our examples f is smoother than g. The theoretical results suggest that one
should consider for the preliminary estimate the dataset X which has density f. In the projection

setting our estimate is (fg)z, ,,- of Theorem 2.1 and penalty given by (10), where || f||3, is estimated

by sup,c; |72,(2)], llgl|l2% is estimated similarly, and with & = 0.15 after calibration. In the kernel

case we consider the estimator (fg); of Theorem 3.2 with penalty given by (15) where peny is
replaced by
1112 + llgllZ

=0.32 ,
nh

where H/ﬂE is estimated by sup,c; \}E)g n/ﬁ(x)\, m is estimated similarly. Note that ||K||; ~

1.133 and ||K||oo ~ 0.516, ||K||3]| K]0 ~ 0.75.

e Optimal first : As the information about compared smoothness of f and g is unavailable
in practice, we have proposed an adaptive method for choosing which estimate is plugged in: we
perform a classical penalized (resp. PCO) procedure (see step Product) to the datasets X and
Y and we take as preliminary projection (resp. kernel) estimate the one for which 7 (resp. h) is
the smallest (resp. largest). Indeed, the optimal dimension (resp. bandwidth) is asymptotically a
decreasing (resp. increasing) function of the regularity. For instance, if m1 < mg we proceed as in
First X step, otherwise the roles of X and Y are switched. We count the number of times where
Y is selected first; thus, when this count is zero, First X and Optimal first are the same and give
the same result.

e Oracle (optimal first) : Our benchmark is computed as follows. We consider for all
dimensions or bandw1dths the estimators of the > step Optimal first and select the oracle that
minimizes m — E[||(fg)m7m* fgl*] or h— E[H(fg) — fg|/?]. This quantity provides a numerical
lower bound for the L2-risk of our procedure.

4.2 Numerical results

Let us comment the results of Tables 1-4. First, we compare separately projection and kernel
procedures. Let us start with the two fully data driven methods Product and Optimal first. We



n Product First X Optimal first Oracle
Hermite Kernel Hermite Kernel Hermite Kernel Hermite Kernel

200 | 182185y 321207 | 123(3.32) 21.0(3.06) 7.79?%‘;)) 5805 %) | 208068 4.69(5.00)
1000 | 441057 1.220105) | 3-T91.00) 1.05(0.68) 2.192;%‘;?) 0.935% | 0.54(0.40)  0.74(0.50)
2000 | 2.26(0.35) 0.43(0.20) | 1.92(0.46) 0.45(0.52) 1.18(32‘;)) 0.40232)8) 0.27(021) 0.31(0.23)

Table 1: L2-risks with std in parenthesis (both multiplied by 10%): f ~ B(7,5)and g ~ U(0,1), Dimax = 130.
For the Optimal first the bold upper script is the number of times where Y is selected first.

n Product First X Optimal first Oracle
Hermite Kernel Hermite Kernel Hermite Kernel Hermite Kernel

200 | 274513 16.6(0.11) | 10.5.07 521 (3.36) 10.5(2?07) 5.21‘3_)36) 427087 3.792.15)

1000 | 381663y 10.1(729) | 3:86(143) 2.77(2.12) 3.862‘1’?43) 2.80%?13) 1.521.02)  1.25(0.77)
0)

2000 36'2(4.98) 11'0(10.8) 2'62(0.80) 1.75(1'57) 2'6250.80) 175%?)57) 0'900.64) 0.80(0_55)

Table 2:  L2-risks with std in parenthesis (both multiplied by 10%): f ~ I'(4,1/4) and g ~ £(1/4),
Dmax = 100. For the Optimal first the bold upper script is the number of times where Y is selected first.

n Product First X Optimal first Oracle
Hermite Kernel Hermite Kernel Hermite Kernel Hermite Kernel
200 | 5450361 6.81(7.42) | 5.68(14m 6.50(3.40) 5.65%?14)4) 6.66?_?9) 343158y 3.18(2.00
1000 | 4.62(0.03 4-36(5.00) | 2.250.03) 294(230) | 253(500 280053 | 1.16(060) 0.98(0.57)

2000 | 2270157 246237 | 139033 234241 1.46§§Z>1) 2.62§§%>8) 0.740.31) 0.62(0.35)

Table 3: L*-risks with std in parenthesis (both multiplied by 10%): f ~ A(0,3) and g Laplace, Diax = 100.

For the Optimal first the bold upper script is the number of times where Y is selected first.

n Product First X Optimal first Oracle
Hermite Kernel Hermite Kernel Hermite Kernel Hermite Kernel

200 | 4.600250) 49.8(715) | 324¢214) 519248 3.24%‘2‘?1)4) 5.18?_?8) 243167 2.65(1.86)
1000 | 2.31¢0.74) 72374y | 1.84051) 2.51(1.87) 1.8723%%)) 2.46§j“;)7) 0.84(0.52) 0.78(0.68)
2000 | 0920074y 641554y | 0.73(0.0) 1.88(17s) | 08300 177005 | 043(0.30) 03901)

Table 4: L2-risks with std in parenthesis (both multiplied by 10?): f ~ N(0,3) and g Cauchy, Dmax = 50.
For the Optimal first the bold upper script is the number of times where Y is selected first.

observe that the results of the corresponding columns nicely confirm the theory: the risks of our
procedure is almost systematically and significantly smaller (see Table 2 in particular). Besides, the
risk of Optimal first is always comparable and even sometimes better than the risk of the First
X method which uses the unavailable knowledge of the smoothest density. The risk of Optimal
first has the same order as the Oracle even if a multiplicative factor larger than 2 is observed.
Lastly, as the risks are normalized we can compare the risks of the different Tables; we see that the
first two examples (Tables 1 and 2) are slightly more difficult which was expected: these densities
are less regular as functions on R.

Second, we can compare projection and kernel methods. The kernel method is much more
time consuming that the projection method (by a factor more than 10). We can see that for the
operational Optimal first method the kernel strategy seems better for the first two examples while
the projection method wins in the two other cases. Nevertheless, the gap between the risks is never
very large.
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5 Concluding remarks

In this paper, we have shown that an optimal strategy for estimating a product of densities was
not to make a product of estimators but to plug an overfitted estimator of one of the densities in
the estimator of the product. This can be done both with projection and kernel estimators and
adequate model or bandwidth selection methods are proved to deliver adaptive estimators. We
have implemented these methods and proved their good numerical performances.

We assumed that the two samples had the same sizes but the case where the X-sample has size
nx and the Y sample size ny is worth being studied, for instance if nx = yn, ny =n, v € (0, 00).
Following the steps of the proof in the projection case suggests that the procedure can be adapted
and leads to similar results with rate induced by the smallest sample size (1 A v)n.

We considered a product of two densities but generalizations to product of other functions or
product of more than two densities may be worth studying. The real variables X and Y may
also be replaced by vectors, leading to a multivariate and anisotropy problem. Lastly, it is likely
that our methods would extend to dependent variables, provided that the two sequences remain
independent, but this should be further investigated.

If we come back to the Nadaraya-Watson problem that initiated our question, we justified in
our context that plugging an overfitted estimator is an optimal strategy. Other contexts where
overfitting has been recognized as judicious exists (see Chinot and Lerasle (2020)). The next step,
as the original problem is a ratio, is to address the question of estimating 1/f when f is a density.

6 Proofs of section 2
In the sequel C and ¢’ denote generic constants whose value may change from line to line.

6.1 Proof of Proposition 2.1

First we write

1D e = FI2 = 1 (FD e — (D ml* + [(FDm — Fall* =T + By. (18)

The term B, is the standard integrated squared bias and the first element of inequality (4). Next,
we study T. Using that the basis is orthonormal, we get

_ m—1 . 2
N D = Sl =D (@ = a5(19) "
j=0
We know that E(a; atm )) a;(fm+g). Thus,
m—1 y m—1
B0 = Y B[ (6" - ai(9)) |+ X @) - i) =V Ba (19
j=0 7=0
where V is a variance term and By a second bias term. We have
m—1
= > {05 g(fme = 1) = MgUme = Ol < Ng(fme = DI < NgllZNf = Fne |7 (20)
7=0
Then, we split V to involve the conditional variance given (Xi,...,X,) = X. As

Zs@; ) Fme (V) X | = (905, 9Fme),

11



this yields

Vo= Z{ [ ( Z% — (23>0 >> |X]+E[<%, (fm*—f;)ﬂ}

7=0
= Vl + VQ.

We successively study V; and Vs. First, for V;, we have

m—1 m—1

Vi = Y E Var( Zsoj ) fone (Vi >|X :% Var(mmfm*(m)
j=1 Jj=0
m—1

<

E (2200 0012) < Xk (17,0 00

j=0

Now, as E ([fm* (1/1)]2) ~E ([fm* (Y1) — fne (Yl)]2> +E ([fm- (Y1)]?), it holds

L(m*)

E ([For (Y1) < llglloe =2 + llgllsoll£12 < (1 + £ 91loo:

for m* such that L(m*) < n. Finally we get

V1 < lglloe (14 11713 22,

Next, we turn to the study of Vs,

Vo = - (<saj, (frur — ) E ( ©5 9 2 (@ —ak(f))sok>2>
7=0 7=0 k=0

= cov(@ar, ar) (i, 9pr) (@5, 9e)

- 1
As cov(ay, ap) Z V(pk(X5), 0e( X)) = fcov(gok(Xl) we(X1)), we get

Vy = li Z_: v (or(X1), 00 (X1)) (@5, 90r) (5, 90) JZ <i ‘Pj’990k>‘/’k(X1)>

n
=0 k=0 j=0 k=0

m—1 m*— 1 m*—l 2
1 17
< ) E (Z 05> 9Pk) Pk ( X1 == Z <<Pjvg<ﬂk>90k(u)> f(uw)du
j=0 k=0 j=0 k=0
I || = IIfH =
< D (enwig) Z (©i9)m
7=0 k=0 §=0
m—1
| || || flloo L(m) | g]?
< gl < B
7=0

The bounds for V; and Vs imply

V < (llglloo@ + 1F12) + I lscllgl?) 272, (21)

n

Now, plugging (20) and (21) in (19) and the result in the expectation of (18) gives (4) and Propo-
sition 2.1 is proved. O

12



6.2 Proof of Theorem 2.1

First we note that

Tnlt) = m(s) = = ol = lls = FolP + 20t~ 5, £g) = = 3" Fur (Yt = 5)(¥)

= It = fgll* = lls — fgll* +2(t = 5, fg — fin-g) — 2va(t — 5),

1 N
where v, (t) := - Z[ m (Y)E(Y:) — (fm~g,t)]. By definition of m, it holds, for any m € M,,,
i=1
Y ((f9) 7,m+) + Pen(M) < v, ((fg)m) + pen(m),
so that we get

— —

1D gme = Fal? < N1(fDm — F9II° +2((F9) 7 m — (F9)ms 9(frmr — F)) + pen(m)

—

+20n((f9) 7 m» — (F9)m) — pen(m).

Now we have

2T — G =N < SN = (Fmll? + 89 Fone — 1)
< LT — Lol + 3170 — Foll? + Slgllcll (e — NI,

and as t — v, (t) is linear,

_ 1 —
2vn((f9)ime = (FDm)l < 21D e = (F)mll? 8 s HtH:lVﬁ(t)
< T e~ JolP + 31 Faw— FalP+8  sup 200,

t€Sm+Sm,lItl|=1

Thus, we find

—

T e~ ol < 2100 Foll* + Sl (e — £+ pen(m)

+8 sup v2(t) — pen(m).
tESm-‘y-S;n\,‘ltH:l

IN

Consequently, we get
1D im- = Fal? < 3I(f@)m = F9lI* + 16]lgllcol|(frne — )II* + 2pen(m)

+16 sup v2i(t) — p(m Vv m) | + 16p(m V m) — 2pen(m).
tE€Sm+Sm, [|t]=1

Now the following Lemma can be proved:

Lemma 6.1. Under the Assumptions of Theorem 2.1, there exists ko such that for any kK > ko and
p(m) = &l flloo (L + llglloc + I flloc) L(m) /1, then. it holds

=Q

ZE( sup u2<t>—p<m>> <<

teSm,|ltI=1
€Smllt] .

Then applying Lemma 6.1, for k£ such that 8p(m) < pen(m), we get 8p(m V m) — pen(m) <
8p(m) + 8p(m) — pen(m) < pen(m) which gives the result of Theorem 2.1. O

13



Proof of Lemma 6.1. We split v, in four terms: v,, = vy, 1 + V2 + Vp 3 + Vp 4 where for some
positive constant ¢y to be defined in the sequel, we set

A@) = {|frn () = fome ()] < <o},

and
g (Fne (V) = Fne (V) Laqviyt (V) = ((Fons — fne)1a, 91},
Z (o (V) = Fone V)L a gt 95) — (e — fne VLt g0,
V() = (e — ), Zwt ) (X) = méle(X)—E(%(X)» [exta
Vnalt gfm* DY) = (frmes gt)]-

Study of v, Let B, := {t € Sp,||t|] = 1}. We start by the study of v, 2 as it leads to
fix ¢, and we ﬁrst establish that E(sup;ep  |Vn2(t)]) < n™? for some positive p. It holds that

E(supse,, [V 2 (D)]) < 32750 Elv7 2(#5)]. We note that

Elv; 2(p5)] = Var(vn2(p;)) = E(Var(vn,2(5)|X]) + Var(E(vn,2(#)1X)),
since E (v 2(¢;)|X) = 0, we get E[12 5(;)] = E[Var(vn,2(#;)|X)]. Next, we derive that

Var(a(@)X) = Varl(Fue (V1) = fe (V) Lagsane s (V)1
< 2B { [ 00 = For (D acty 0] 1)
and it follows
E(tzlgp[Q (t)]) < imzllE{[fm (V1) fm*(Yl))l(A(Yn)c%(Yl)r}
< Hm E{[(fm*(Yl) fm*(Yl))l(Am»C]z}'

The last term can be written as
~ 2 ~
B{ [ () = foe L cacsyy] | = | [ o0 = Fre 0P ageudaa]

Then, we find an upper bound for

J=0

(e (1) = frne (w))? = (Z_(aj—E(aj»w(u))

n

Lm) Y (@ ~ B@) = Lon') 3 (i > (es(X0) - E(smxz»))))

i=1

IN

< 4(L(m"))? < 4C?n?,

m
since [A2] implies that L(m*) < Cn for C a positive constant. Therefore,

E ( sup [vﬁ,m) <4 [ B o () = i 0] > ol (22)

t€Bm

14



m*—1

We complete by applying the Bernstein inequality to Z; = Ej:O ;i (Xi)pj(u) yielding

P (|fm* (u) = frmr(u)| > CO) = ( ZZ E(Z;)| > nCo) < 2exp (—2(1}%716(2)1)200)>

with vZ a bound on Var(Z;) and by an a.s. bound on Z;. We find that by = L(m*) suits and

2

m*—1 m*—1
Var(Z) <E || Y wi(X)ei(u) | | < Iflee D @5 w) < [IfllocL(m).
7=0 =0
Therefore, choosing
o = [ flloe; (23)

and using that, by [A2] L(m*) < ¢in/log(n) where ¢; = ||f||co/p (here p = 16), it follows that
P (|fm (w) = fr ()| > o) < 207 F. (24)

Then, gathering (22) and (24) leads to E( sup 12 ,(t)) < 8n>~ 1 = %, for p = 16. As a consequence
t€Bn n
under [A5], we get

> E(sup 7 5(1)]) <

meM,, t€Bm

(25)

s1Q

Study of v, 1. We apply the Talagrand inequality (see Lemma 8.1) to v, 1 conditionally to X.
Using that ¢ — v, 1(t) is linear and the Cauchy-Schwarz inequality, we get

(E(sup |yn,1(t)|x>>2 < E(sup 2 ) ZEV 2 1 ()IX]

tEBm, tEBm,
1 m—1 N
= =2 Var((fue (1) = frur (V1)L a0y 95 (Y1) X]
§=0
1 =y n 2 2
s - E[(fm= (Y1) = for (Y1) Layy) w5 (Y1)[X]
§=0
< C%L(m) = H12
n

Next, note that sup, , \(fm () = fnr (%)) 1a(@)t(7)| < cosup, , [t(z)| < coy/L(m) := by and
SupVar((fm (Y1) = finr (V1)) Laqry 1 (¥1)IX) < gl = 07

Applying Lemma 8.1 with 6 = %, it follows that

(g oo 242 < (oo ()
+K10427£zl/2) exp <—ch7(1/2)\/ﬁ>) .

Since the latter bound does not depend on X, the inequality holds unconditionally in expectation.
Therefore under [A5] and as L(m) > 1 for m > myg, we get, for C a positive constant, and using

(23),
o, IfIZL(m)
E sup |vp1(t)|" —4
> [( D lvn1(0) . )+

meM,, t€EBm

C
< Z.
n

(26)
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Study of v, 3 Similarly to v,,; we apply the Talagrand inequality

m—1 m—1
1
<E<sup [V, 3(t >) E E[v n3<p] EE Vari//% (X1))
j=

m—1 TYL *—1 2 1 m—1 m*—1 2
< - Z E <Pk (X1) <<Pk,¢j9>> = /(Z @k(u)<€0k7@j9>> f(u)du
=0 k=0
m—1m*— m—1
< Ml [fllscllgl*L(m) _ [/ lloc llglloo L(m)
< Z ok 0i0)° <7D gl < ; < ; = HZ.
=0 k=0 =0

Next, note that sup,, [y ox(@) (9, to)] < 2¢/Lm*)Eg]? < 2yllgloc := bs and

m*—1

sup Var ( > %(Xl)<<pzc,tg>> < flloollgllZ = v3.

k=0

Applying Lemma 8.1 with § = %, it follows that

L(m 4llgl%, L(m
| s b el ™) | < S (pcenp (<)
teB,, noJ), 1 n 2[lglloo
49 x 4 KC 1/2 VI f oo
+ —————exp VL

K1C%(1/2) ( 19100

Therefore under [A5], we get, for C' a positive constant,
L
Z E (sup |l/n73(t)‘2 _4||f||00||g||oo (m)) < Q (27)
meM., t€Bm " + "

Study of v, 4 Again we apply the Talagrand inequality, similar computations enable to derive
H2 = || flloollgllcc L(m)/n. To obtain v3 we first write

sup Var(fm- (YHY1)) < sup E(f2.(V)E(V1)) = sup / P ()24(0)g ()
teB,, teB,, tEBm

It remains to bound || fy+||co. Under [A4], we have

| for (@) = Jao(Hpo(@) + Y a;(Nes(@)| < Cp | laol + Y la;(f)

j=>m* j>1

Then using [A3], we have

e (@) S Co | Cot [ 3%a2(£)D 57| <Cp | Cot [Cad = | :=Cla, ) < 00
j>1 j>1 Jj=1

since a > 1. Thus, we can set v := ||g|lC?(a, ). Similarly, we derive

SUp [ fimet = (fmes tf)loo <2 sup || finetllsc < 2l frns [loo v/ L(m) < 2C(a,p)v/ L(m) =: bs.

tEBm, t€EBm
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It follows, by applying Lemma 8.1 with § = %, that

m ) 2 a, m )
| sup ) - 41l 2 ) ]s“ (M=) o (g )
! +

Kl ' 202(0’7 (P)

L B9xACy) <_ch<1/2> VIl ﬁ» |

K1nC2(1/2) 14 Cl(a, )

m

Therefore under [A5], we get, for C' a positive constant,

2 IfllsollgllocL(m)
Z E l(sup [Vn,4(t)] _4n)

meM,, t€Bm

<

%. (28)

+

As a consequence, gathering (25)-(26)-(27) and (28) gives the result of Lemma 6.1 for C a
positive finite constant, depending on a, || f|l, ||9llec and Cy,. O

7 Proofs of Section 3

7.1 Preliminary tools
In the sequel we make an extensive use of the following:

e The Young Inequality: for u € LP and v € L4, 1 <p,q <1 < 00,
1

. (29)

1 1
[ux vl < [Jullpllv]lg, - +1= 5 +

e The Bernstein inequality: For ii.d. random variables Z;, set S, = 1 Yo (Z; —E[Z)]). If
E[Z?] < v and |Z;] < b a.s. then with probability larger than 1 — 26‘7\, for any A > 0,

2
152 < /22 4 2o, (30)
n n

e Deriving a bound in expectation from a bound on probability: If P(Z > %) < n2e? for all
A > 0, then it holds

log(n)

]E[Z+] S C

(31)

Indeed, for all positive A we have

E[Z4] :/0 P(Z > z)dr = E/O P(Z > m\)d)\ < % (A+2n%e™4),

n n
and A = 2log(n) gives the result.

7.2 Proof of Proposition 3.1

First we note that
E ((f0)nn, (2)) = E(fn, (1) ER(Yi = 2)) = (f,9) % Kin(2).
Then, write the bias variance decomposition:

B (19, ~ F9l) = [ (o) Kanta) = Fo(@)Pdo+E (1(Fo)u s, — ()« Kal?).

=B =T
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Let us first study 9. We have

B <2 [[(f1,9) « Kn(o) ~ (F9) « Kn(a)Pds + 2 [ () Ki(a) ~ fofa)Pde =28, + 285,

The term 2%, is the first rhs term of (13). Next, we have

B = /[(fho = £lgl* Kn(x))?dz = |[[(fn, = £)g] * Knll* < [|(fa, = Hgl* I Knll}

by applying Young Inequality (29) with r = p =2 and ¢ = 1. We get

%, < / (i, — F)2(2)g? ()dda( / K ()| du)? < (g2 | K] fu, — FI?

which gives the second term of (13). Next, we split ¥ = Uy + Lo where
n 2
1 ~ ~
0, :=E {/ l > Fn, (VD) EW(Y; = 2) = (fa,9) *Kh(:c)l dx}
"=

0= &{ [ (7o, = fr)0)+ K (0)] o}

First, we have

0y = %/Var (fho(yl)Kh()ﬁ - x)) dz < %/E |:(ﬁlo(yl)Kh(Y1 B x))Q] .

Then, we write that

| (F 000~ )| =B [(F, - £)200)KE0 - )] + B [, () KR = )]

where
[eioKim -0l = [ [ K@ ogtduds = [ Kpwo [ 17, (g
K 2
< B ygis s
K 2 K 2 K 2 2 o
and

[E[G - s ro0mi - 0] do = [ [E[(F - )] Kiw - 2)g(duda

= 1P [ [, ~ 2] gu)d

K12 s 1K1 1K
S h ||g||00 Var(fho(u))du: h ||g||00 nh
o
4
< I L

h ||g||00 as nho

As a consequence,
K112 lglloo (KNI + HE(IFIA112)

<
U= nh

18



Next, we bound U5 as follows.

mg = / Var

=3, (X~ o) *Kh@)] do = [ Var (K, (X0 = )g) = Kin(w) do

i=1

< 1/E[((Kh (X1 — )g) % Kn(x // (Ko, (1 — )g) % Kn(2))?] daf(u)du
= 1 )+ K (i

< /|| Ky ( YOI EKR]I?f(w)du by the Young Inequality (29)

< K / (lgllol 2, 12)2 (et = HENE e

Finally we get,

2 2 20| £112
g < IEIElglloo (IK1" + 2 K7/ )7
nh
which is the last term of Inequality (13) and ends the proof of Proposition 3.1 . O

7.3 Proof of Theorem 3.1

For simplicity we write in the sequel (f/\g/) ha = Knox (f/\g/) - The proof starts by decompositions
which are standard when studying Goldenschluger and Lepski (2011) methods and bounds. For
k' > Kk, we get (see Comte (2017), sec 4.2)

E (I(Fo)s — f9l1*) < 3E(I(Fa),, — Foll*) + 65V () + GE(A(R). (32)

Recall that uj, = u* K, and set also uy, j, = ux Kj, % Ky = up . Then, to start the study of A(h),
we write

(£ 9)n — (FD el < 3U1F9)n — FDu 2+ 1 Dn — FDnar 2+ 1D — FDnnrlI?)-
The bound on the middle term

IGF g = FDnwll® < IENTI(f)n — (fo)l®

refers to an adequate bias term. Next

1(F)ne = 1 < 201(F ) — (Fra @)1 + 1 (Fio ) = (F)wr[I?)

and we have the bound ||(fh,9)n — (f9)n > < [ K[[Z[lglloc | fn, — f]|*. Now we notice that |[(fg), —
(frog)w? = SUP;eB(0,1) v2(t) where B(0,1) is a countable set of square integrable functions with
It]l = 1 and the empirical process is defined by

vn(t) = <(fg)h/ — (fr,9)n,t).
Therefore we have

||(7g/)hf—(fg>hf2§2< sup v, (t) + | K13 llgl% fho—f||2>-
teB(0,1)

s

Analogously for the last term we get ||(fa, @) — (f@)nn > < IK g2l fr, — fII*. More
generally, all h, h’ terms are handled like the h or A’ terms with an additional factor ||K||? in all
bounds. Therefore

1) pe = (F)nw|* <2 < sup 7y () + 1K | |gl% | fn, — f||2>

teB(0,1)
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with -
Un(t) = {(fDpn — (fro@nnw,t)-
Reminding the definition of A(h) given by (14), we have

E(A(h)) < 6E[ sup sup v2(t)— iV(h’) +6E | sup sup DA(t) — iV(h’)
h' €M teB(0,1) 12 h' €M teB(0,1) 12
+6[ K1 9l3 N fn, = FI? + 61K (T(F9)n — (f)II- (33)
Thus, the result of Theorem 3.1 holds if we prove that, for two constants ¢y, ¢3, we have
2 / C —9 ’ C
Z E|l sup vi(t)—aV(R)| <— and Z E| sup 7;(t)—cV(h)| <—. (34)
Wen teB(0,1) n WeH teB(0,1) n

Indeed, plugging (34) in (33) and the result in (32) is the result of Theorem 3.1.

We prove the first bound of (34), the second one can be checked similarly (with additional factors
|K|?). Define B(y) := {|fn,(y)| < bo} and by = 2| f||s || K||1, We split vy, (t) = Zle V. i(t) where

Un,a( th Dlpv) (Kn(Yi — ), t) — ([fa, 1] * K, t),
Una(t th Dy (Kn(Yi — ), t) — ([fn,1Beg) * Kn, 1),
Vn3(t) = ([fn, = fn,)g) * K, 1) Zwt )s e(Xi) = ((Kn, (Xi — ) = fn,) g, t % Kn).

Note that, as K is even,

(fh (Y1) (Kn(Yi — ), t) \X) = ([fn,15g]* Kn,t) = ({fn,15g].t x Kp).

The terms being similar to the model selection case, we only give a sketch of proof concerning
the key bounds associated to the three terms.

Study of v, ;. First, we compute the bounds required to apply Talagrand Inequality conditional
to X. Recall that by = 2| f]|co || K]|1-

1 —
E (teztzgl)lfig(t) |X> < E/Var (fho(Yl)lB(Yl)Kh(Yl —) |X> dv
<. / </(f’:( ) 1) Kiily - )g(y)dy) dv
< /Kh —v)g )dd<b2|7|li||2_H1.

sup| fa, (4) 15y (Kn(y =), )] < bol Knll = bol K[| /v/h := by.

y,t

IN

sup Var ((f;(n))%g(yl)mh(yl _ -),t>2|X) b supE (Kn(Ys —),1)2)

IN

B3l o sup | 26 ]

IN

bgllglloc 1K 1T := 1.
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Then Talagrand Inequality implies that, under [B4],

b2 K 2 bQ K 2 C
E| sup sup v2,(t) —4-2 ol K] < Z E( sup v2,(t)—4 ol K] —
heHn teB(0,1) " nh hen teB(0,1) nh N n’

Study of v, 5. First, by noticing that | fu, ()] < |fr, (z) — fr, (@)] + || fllco|| K||1 we get
P((B())%) = (| fn, (@) > bo) < P(|fn, (@) = fa, (@)] > || flloc | K1)
and by Bernstein Inequality

~ b2 7p
F(lfin. (@] > bo) < 2exp ( S FTTKTE & ||K||ocbo>> =2n (35)

for nhg > b1log(n) and b1 > 3p||K||oo/ (2| f]lco || K1), which is ensured under [B3]. Then

]_ ~
E( sup ufi,g(t)) < lg ( / 72 (0) L0 / K,%@u)dug(y)dy)
teB(0,1) n
K 21K]2 / K 21K
== hnii—= oo PBC 7°°<
nhoh (BW)g(y)dy < —, - —n2’

for card(#H,,) < n and h=! <n, h;' < n, provided that p > 3. This implies

C
E| sup sup v2,(t)] < Z E| sup 12,(t)] < —.
heHn, teB(0,1) her, teB(0,1) n
Study of v, 3. We apply Talagrand Inequality with respect to the X;’s. We have
2

(i, #0) < B {[FRen -0 san
1 & ’
= E /{nZ[(Kho(Xi')fho)g]*Kh(u)} du
- %/Var([Kho(Xl—.)g]*Kh(u))du
< 28| [ (180, (30— g B0
< La i, 6 - el ) < LKAy

Next we have

sup u(a)| < sup (K, (=) = fu g} Kl < sup [[(Kin (o =) = fu gl I
2 9 )
< s ([ o0 - frolgwaa) B < e1rtglo2

so that by = 2/|K |1 |gllocl| K]l /VA. Lastly

2
D ({861,055~ .t K] = sw [ ( [ Ei e~ gt i >du) F()dz
sup o 1563, * gt )
s o 1, [l > K)? < sup 7 el I 6

1 £lloo g3 N 111 = w3

The conclusion follows as for v, ; and gathering the previous bounds implied inequality (34) and t
Theorem 3.1. O
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7.4 Proof of Theorem 3.2
Following the first step in Lacour et al. (2017), we write

1(F9)5 — Fall* < (F9)n — fgll* + (pen(h) = ¥u(h)) — (pen(h) — n(R)) (36)

with - .
Un (b, huin) = ((f9), — f9. ([, — f9)-
As in Comte and Marie (2021), we decompose v, in

"/}n(hv hmin) 1/11 n(h hmm) + /¢2 n( mln) + w3 n( mm)

First,
Kn, Kn. ) = = U(h, homin U(h, hmin
wln( mln) :%Z‘fﬁo(x)+%:penl(h)+%a
where _
Un(h 1) = > (Fng V) Kn(Yi =) = (f9)n, Fro (V1) Knr (Y5 — ) = (fg)w)- (37)
1<i#j<n
Indeed,
Bl R0 = 5 . =) (V) K (Vs = ).
i=1 i=1
Second,
¢2,n(h7 hmm = ni <Z min ) (fg) > <ﬁbo(Yz)Kh(Yz - ')7 (fg)hm|n>>
i=1 i=1
+g<(f9)h7 (f D) homin) (38)
and lastly
s, n(hy hgin) == Vi (b, hanin) 4 Vi (Pwin, ) + ((f9)n — f9, (f9) hunin — f9)
with

Va(ho0') = ((f9)n — (fO)n, (FO)n — f9)-

We state a series of Lemmas that permit to establish Theorem 3.2.

Lemma 7.1. Under the assumptions of Theorem 3.2, E (supy, prcpy, |2.n(h,0')|) < C/n, where
C=C(f,g,K) is a positive constant depending on f, g, K.

Lemma 7.2. Under the assumptions of Theorem 3.2, for every 9 € (0,1), it holds

1
<sup{|v (h. 1) = 9w — Ia] }) S T el 0

Lemma 7.3. Under the assumptions of Theorem 3.2, for every 9 € [0,1], it holds
U, (h, hmin col(f,9, K C'log(n

2
heH, n

We deduce from (36) that

1(f9); — fal> < 1(f9) — fall* + 2 (peny (h) — 9 (R)) + 2pens(h)
—2(pen, (7) — () — 2peny (R). (39)
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We have for all positive h

n ha hmin
¢n(h)*PeH1(h) = %+w2,n(ha hmin)+Vn(ha hmin)+vn(hmin7 h)+<(fg)h7fgv (fg)hlninifg>'

We note that for all positive 6

0
(9~ 9 (Pt — £ < SIFO)n — Tl + 55 (P, — ol

Applying these for h = h we get
E(

< g

~ 0 ~ 0
48 (Vi) = 1D, = F01?) +E (Vi lhoins O = 5 170y Fol? )
1
>

Gn(B) = pen; (1) — pens (h) )

Un(}i7hmin) GCO(fagaK)
n? nﬁ

42 (000); — 1ol + 0~ 2 LLED) 4 204 Do, folP+

where we used Lemma 7.1. Now, using Lemmas 7.2 and 7.3, we get

E( L

Unl) — pem, ()]~ pens() < 50+ 5D, — Foll> + (S0, KO, — I

CO(f,Q,K)> + Clog(n)

K

+0 (1(70)5 — fall + (1= 5)

Observe that [|(fg),, — fal* = 1(£9);, — (fOnll* +1(f9),, — fgll*> +2Va(h, k). Tt follows that for all
0 €(0,3),

(1=20) (791, 1ol + (= ) 2L2ED) 7, — gl
= 2 (Valh. ) + 01 (fa)y — Foll?) + (1200~ 5 OIB oy g,

< =2 (Va(h.h) + 0l(f9)y, — folI*) < 2([Va(h, h)] = 0ll(f9),, — foll*)

provided that 1 — x/6 < 0. Therefore we choose k > 6 and apply Lemma 7.2 again. We obtain

B(

UnlR) = pem, ()]~ peny(®) < 50+ G, — Foll* + ealf g, LS, — 11

0 — 1
+2 B (I - fal?) + 0™,

Similarly, we get

E (|9 (1) — peny ()] + peny(h) < 30+ I (F D — Tl + ea(F. 9, K)o, — I

2
+0 (100 = soll + 10+ 5y 020 KDY | ologln)

Plugging the last two bounds in the expectation of (39) implies

(1- 255 ) E (10 - 1al?) < B (10— sal?) +20 (10 — ol? + 1+ fy 2LLEED)

1
204 DG — ol + dea(F 0. B o, — £+ O,
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Now applying Proposition 3.1 with a rougher bound on the variance (the constant is larger), we
get for 0 € (0,1/4), and k > 0,

CO(f7gvK)

(1- 125 ) E (I~ 7al?) < 20+ 000 — folP +201+0-4 ) 20

2004 DIt — ol +dea(F. 0. BV o, — £+ O,

We conclude that for £ > 1/4 and all § € (0,1/4) the result given in Theorem 3.2 holds true. O

7.4.1 Proof of Lemma 7.1

For the study of g 5, note that [((fg)n, (fg)n )| < [|fg* Knllll fg* Kn|| < | K3 fg]|*> and observe
that

E( 7, (VDD < VEGE (1) < /gl (K12 + K] 7]2).

As a consequence, for all positive h, h’,

( sup Z ')7(fg)h’>> < E(Iﬁlo(Yl)lsupKKh(Yl~),(f9)hf>>
hoh/ €H | T TS h,h

< E(lfn, VODIKIENF 9l

< \/Ilglloo(llK||2+IIKII?HfIIQ)HKH?IIfgIIOO.

From the definition of s, given by (38), il follows that the result of Lemma 7.1 holds with
C = 277V llglloe (IKIZ + [KTFN1) + lglloo) [ folloc 1. O

7.4.2 Proof of Lemma 7.2 and study of V,,(h, k')
We decompose V,,(h, ') =V, 1(h, k') + Vi 2(h, &) + V;, 3(h, A') with

Vaa(h 1) = ((F9)y — (Fn,@)ns (fO)n — fa),
Vio(hB') = ((fro@n — (frans (fOw — fa),
Vas(h,h') = ((fn,9)n — (f9)n: (f9)n — fg)-

We have for all positive 6

9
Vouss (s KON = [{(fno 9D = (fOns (F)w = Fo)l < SI(Fo)w = Fall* + %\\K\\fllglléllfho - 12,

implying that

E <sup{|w3<h W)l = Sl - fg||2}> < o IK Rl o = SI7 (40)

h,h’

Next, we write

n

V2 (h, ') = %Z(Zi —E(Z)),  Zi = E(Zi) = {[(En, (Xi =) = [, (Vg O)] * K, (fg)n = f9)

=1

and apply Bernstein Inequality. Using that K is even, the variance bound is obtained by

Varz, < E(Z2) = / ((En (1 — ) O] Ky (Fgdne — F9)>F (w)du
- / K, % (9 1K * ((Fo)e — Fo))(w)]? £ (w)du
< I fllsollEn, * (9n % ((Fa)uw — fa) ||2 < ||f\|oouKho||%||<gKh*<<fg>h/ )P
< 1l lglPlE NI Fah — S = 02
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On the other hand, we have

21 < swp
z

/ K, (2 — 2)g(@) (fg)w — fg) % Kn)(x)da

< gl supl((Fohw = f9)+ K)@)| [ 15, )]z

IN

lollel KTl sup (e = £ )| [ 1K)

< Ngllso I KT+ KD fglloo = banr-

Therefore, Bernstein Inequality (30) implies that with probability larger than 1 — 2e~*

2202, )
[Vaa(h, )| < B
n n
0 A [2qF
< 1G9 = Fa)l* + Sl oo lglZ IR @™ + 1+ 1K ).
This together with (31) and |H,| = n leads to
v log(n
B <sup{|vn,z<h,h’>| =2l - fg||2}> < oetn), (a1)
hh! n

For V,,1, we write V1 (h, ') = V,2 | (h, 1)) + Vg (h, h') with

Vi) = 23 [ (R0 —0) = (Rg)* Ka(@)) (ol — o))
i=1
where _ _
fgo(x) = fho(x)lﬁho(z)\gco co = 2| flloc I K]

We apply Bernstein inequality conditionally to X, with bpn = || flleo | f9lleo [ K|IZ(1 + || K1)
and vf. = |12 9l K F](f9)n — fgl*>. The orders of b ps and vy p being the same as for
Vn,2 and independent of X, the result for V,? | is :

E <su, { Vs ()] = 21 g — fg||2}> < e, (12)

h,h
Lastly, by noticing that | fy, ()| < [fa,(x) = fa, (@) + [l | K1, we get
P(|fh, (@) > co) S P(|fn, (®) = fa, (2)] > [ fllool | K]l1)
and by Bernstein Inequality

@ ) 2n~" 43
TR + [Klwe) ) =" (43)

for nho > ¢y log(n) and ¢1 > 3p[|Klloo /(2| flloo [ K1[1)- Then as [|(fg)n—follco < [[fglloo (1K ][+
1), we get that

E( sup |v;;,1<h7h'>|>
h,h'€H

P o] > o) < ex (=

IN

> ol + 1) [B05, @)1 > @@

hoh' €Ha
Clg. KL _ C
nPh, - n’

IN

Note that the last bound is obtained using |H,| < n, 1/h, < n and p = 4, which holds under
assumption [B3](4). Gathering this with (40), (41), (42) gives the result of Lemma 7.2. O
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7.4.3 Proof of Lemma 7.3 and study of U, (h, )

Warning. For the study of this term, in order to avoid burdensome technicalities, we assume that
fro is bounded by 2||K||1]|f]lcc. We proved in the study of V;, (see (43)) that that the probability
of the complement is 1/n* under [B3](4).

Recall that Uy, (h,h') is defined by (37). We write that

oy (V) En(Yi =) = (fg)n
= [ (V)KL (Y =) = (fr,9) * En + (fn,9) * Kn — (fn,9) * Kn + (fa,9) x Kn — (f9)n

(Dn (2)n 3)n

so that U, (h, hmin) can be splitted into 9 terms, denoted with obvious super-indices (k, £) for k, ¢ €

{1,2,3}. These 9 terms can be reduced to 6 by symmetry arguments, denoted by AN )(h, Pomin)
fori < je{l,2,3}.

e Treatment of Uél)’(l) (h, hmin) we have, by analogy with Lemma 6.2 in Comte and Marie (2021),
that, for every ¥ € [0, 1],

(1).(1) ' ol 1211 12
E<Sup {wn (e i) O] ||K||1||f||oo}X> _ Clog(n) "

hetH, n? nh n

and it is easy to see that all bounds do note depend on X so de-conditioning is straightforward.
e Treatment of UT(LB)’(S)(h, hmin) it is easy to handle thanks to the equality

U (hy hanin) = n(n — D){(fn,9) * Kn — (f9)ns (Fro9) * Knpw = (f9) huns)

leading to the bound

|U?g,d)7(3) (h7 hmin)

5 | < W(fro = N)gl* Enlll[(frn = F)a]* Knpiall < KT 9N 2N R, — I (45)

n

o Treatment of U\ (h, huim) first note that US2"®) (B, hunin) /02 = [(n — 1)/n)((2)n, (3)n.n)
where ((2)p, (3)n,...) is equal to

((fro9) = Fro@)] * K ((Frg = 1)9) %K) = ((Fno9) = (Fna@)s (fro = £)9) % Ky * Kn)
= ([(fn9) — (fn9)), (Fn, — £)g) * EKn % Kp)
= ([(fro9) = (fno9)] * Knss (o — £)g) * Kn)

and thus ((2)n, (3)h.) = ((2hos (3)n), so that Uff)’(g)(h,hmin) = £3)’(2)(h,hmin). Now, the
process can be written as

n

1

n D (2P —E(Z7%), 277 = (Kn (Xi = )9, [(fn, = [)g) % Kn * K,,,)-
i=1

To apply Bernstein Inequality, we need to bound the variance and infinite norm of the ZZ.2 5. For

the moment of order 2, we have

E[(Z7%)?]

[ 160 ([ Koo —ndslts — ) Ko i i)

1 oo 1, * [9[(fr, = F)g)* K * Ky, ]I
1 oo 1, 1N [9L(fry — £ % Kb % K]
£ lloo g3 NS 1, = F1I* = .

2

IA A IA
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For the upper bound, it holds:

/ K (& — wg(@)[(f — fn,)g) % Kn* Kn, (u)du

sup
< IIQIIOOSHPI[(f—fho)g]*Kh*Khmi,,(U)lsup/IKho(x—U)\du
< lgllsoll K1 Supll[(f—fho)g]*Kh(v)lsup/IKhmin(U)ldu

<

g2 MK f oo + sup | f % Kn, (w)]) < IgllZIENTQ + [ K)]flloo = b

Then Bernstein Inequality implies that with probability larger than 1 — 2e~*, A > 0, for any

9 € (0,1),
200 A A
(OS2 (s hawin) |10 < (D B )| <3/ =+ Z0 SIS = P + (K, £,9) -

As a consequence, we obtain

(2),(3) /
b (Sup <‘U<hh>

h,h' n?

A _
- ﬁ”f - fho||2> > C(Ka f7 g>197’l> < 2|Hn|2e A'
Then it follows from (31) and |H,| = n that
E (sup
hh!

o Treatment of U™ (h, hyin) write that U™ (b, huin)/n2 = [(n = 1)/n){(1)n, (3)n,...) and
((Dns (3)hpnin) 18

U®R:G)(h, ')

< c’ log(n)-
n2

_ﬂf_fho||2> <— (46)

n
+

n

S DKLV )~ () Ko [, — gl * K-

i=1

We apply Bernstein Inequality conditionally to X, recalling that we consider fho bounded by
2[| flloo [ K |]1-

E ({Fn, KN (Y: = ), [, = F)g] % Knpn)* X))

-/ ( [5 Ky = 0, ~ o]+ i, <u>du) o)y

< KRN gloo 1R 51 (Fry = gl % 1K 1P < ALK 129112 10 — FI,

by iterative application of Young Inequality. Next for the infinite norm

Sl;p |(Fro @) EnR(y =), [(Fry — £)9) % K|

IN

2[[ fllooll K12 Sl;p/lKh(y—U)H[(fho = 1)l Ky ()|

IN

2||f||oo||K||1/|Kh(v)\dvsgp|[(fho = gl * Ky (u)]

< 2||f||o<>||K||“?sgp |(fro = D(2)g(2)] < 20 F 1% Nglloo I NT (L + [ K]]1).

A

The bounds do not depend on X, it holds:

UDLG) (b k!
E (sup 7( h')
h,h!

n2

—ollf - fho|2> < olost) (47)

n
+
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for a constant C' > depending on f, g, K. Moreover, the bounds do not depend on h, hy;, so the
same bound hold for UT(L‘S)’(I)(h7 Pnin) /1.

o Treatment of UL (h, huin) write USY® (B, hin)/n? = [(n — 1)/n){(1)n, (2)n.,.) where
((Dns (2)hmin) 18

S (VKR =) = (o) Ko [ — F1)0] % K

=1

First, we apply a Bernstein Inequality conditionally to X. The variance term is:

E ({Fn, KR (Y = ). [(Fay = Fu)0) % Knn)?) < 41F o lglloc | KIS K 5 [(Fa, = )l = .
For the upper bound, we get

sup (P @) KRy =), [(Fry = Sro)9]* K i) < 61K (11 F112 [l glloo := b

with usual tricks. Now, we can notice that

lglloo I K11 K112
< —.

E (|| K * [(Fa, = fr,)g)l?) < 2= (48)

So we write

E | sup

he€Hn

< ]E{IE

LOE [ sup (nKh G — gl — 4
heH,

nh

(zf,s”-@(h, i) _MngnmnKn%nKH?)]
Tl2

sup
heHn,

(1),(2) , ~
<U7§hh‘“) = K [(Fn, fha>g1||2> |X] }

lglloo 1K1K
nh

The first term is bounded by taking the expectation of the conditional Bernstein, where constants
are independent of the X;, which writes with the terms b, v:

U@ (h, hyin) log(n)
n2

E [sup ~ O * [(Fa, fhow)] <cE, (49)

heH,
For the second, we use Talagrand Inequality, relying on the linear process

vn(t) = (Kn* [(fn, = fn,)g]st)

which fulfills sup,ep(0,1) V2(t) = |Kp * [(fn, — fn,)g]l|* where B(0,1) is a countable dense subset
of {t € L2(R),||t||> = 1}. To apply Talagrand inequality, we compute H?, v,b. We have from (48)

that ) )
_ lglloo|I KT

H2
nh

Then we compute v2.

|\i\1|l£1 Var (/ Kp(z —u)Kp, (X1 — u)t(m)dwdu) < |\§\1|1£1E l(/ Kp(x —u)Kp, (X1 — Uﬁ(m)dmdu) 2]
= s E [(Kho Ky % t(X1))°
<

[1flloo Sup 1K, * Knx ] < || flloo | KI1 = v*.
t||=1
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Next, for b, we find

1/2
sup sup |Kp, x Kp xt(y)] < sup sup [/t2(x)dz/(Kh*Kho(y—x))2dx} = ||Kp *x Kp,||

ltl=1 ¥ =1 vy
LI,
- Vh

Talagrang Inequality gives

E lsup (15w (. — a2 — aL21=LE IR ]
.

h€Hn nh

< ¢ ( Z exp(—c1/h) + card(H,) eXp(_C”/ﬁ)) '

n
he€Hn

As a consequence, as under [B4], >, 5, exp(—ci/h) < ¥ < +oo and card(H,) < n, we get

(1),(2) . 2
<Un (hyowin) o 9l K IFI K | )] < oloaln)

E
n? nh n

sup
heHn,

(50)

e Treatment of U,(LQ)’(Q)(hﬂmin) write UL )(h,hmin)/n2 = [(n = 1)/n){(2)n, (2)n,,,) where
<(2)h’ (2)hnlin> is _ "
((Fro = fno) gl % Ky (g = Sno) g % K-

The decomposition of this term involves first a U-statistics related to X:

UX(thmm RS / </(Kho (Xi —u) — f x Kn, (u)g(uw) Kn(z — u)du)

n
1<175_7<n

x ( [0 =) = 2 Ki (0)g0) i o - v)dv) as

and terms corresponding to ¢ = j that are studied separately:

% g/ </(Kh°(Xi —u) — fx Kp,(u))g(u)Kp(z — U)du)

[0 = 0) = o K (00K o = )0 )

First, developing the latter product leads to the study of the four following terms. Two cross-terms
that are are bounded by

fx (Kn,g) * Kn o Kpy, (2)Kn, (X; — 2)g(x)dx
< ngl‘oo sup|f* Kpn,g)x KpxKp,, (x |/|Kh )|dz
< DolloelBUE o 1 (1, w H (o) < PV G 1, )
= UfllclglZ

n
The product of last terms can be written

1 1
- /(f*Khog)*Kh(x)(f*Khog)*Khmm(af)dx < N0 * Knog) x Kullll(f % Knog) * K |
1
< Rl Bl 9151 f * K, 1®
< K g1z LA

n
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Finally, the product of the first terms is

n2 Z/// K, (Xi —u)Kp, (X = v)Kp (2 — u)Kp,,, (2 — v)g(u)g(v)dudvdz

< ”9” Z/\K | [ (X — 2) K| % | Ko |(X; — 2)da
_ ||g||
- K| % 1Kl (2) [ E, | % || (2)dz
ol
< = sup [Kp, | % [Kp[(2) | |Kn,|* [ Khp, |(2)dz
LI B e
<

nh ’
implying that

Z/// Kn, (X — u)Kn, (Xi — v)Kn(x — u) K, (x — v)g(u)g(v)dudvdz| — WM”) <o0.

sup (

Let us deal with the U-statistics UX(h, hmin). We follow the line of the proof of Lemma 6.2 in
Comte and Marie (2021) and write UX (h, hmin) = do1<izi<n Ghohin (Xis X;j) where

G hnin (Xiy X)) = ([(Kn, (Xi =) = [, )g] % Ky [(Kny (Xj =) = fro)g) % Knpni)-

Indeed, G i (Xi, Xj) = Ghopn 1 (Xi, X;) as for all functions u, v it holds

<U*Kh7U*Khmin> (u U*Kh Kh>:(u,v*Kh *Kh>:<u*Kh U*Kh>.

min min min

We apply the deviation inequality for U-statistics of order 2, as in Lacour et al. (2017), see Theorem
3.4 in Houdré and Reynaud-Bouret (2003). Following the notations of the aforementionned papers,
we have to compute four bounds a,, b, ¢,, 0p.

o First a,, is a bound on sup, ./ |Gp hy, (2, 2)]-

SUD |G i (2, 27)] < sup (SUPH(Kh (z—)— fho)g]*Khmin(l“N/|[(Kho(Xz‘—')—fho)g]*Kh(xﬂdl”)

< s (1 I (=) = el [ 1053, =) = fr)al@)ds [ 1863l )
LK o2 K31
< ol gy ey gl = 4l e
hmln Pmin
Thus ) 5
8 _ el I e
n

o Next b2 is a bound on nsup, E[G3 , (2, X1)], we write

stmin

nsupE[G} ), (2, X1)] < nsup|[[(Kn,(z =) = fn,)g] x KnlPE(|[(Kn, (X1 =) = fa,)9] * Knll?)

< N ERIP K 2sup I[(Kn, (2 =) = fu ) TEU[(En, (X1 =) = fa,)dllI})

2

< IIKII IKIHlgll5 ty

- hhmln "
We obtain

3/2 2 2 2 20112 3
b, A%/ SQXo,/zllKll \IK\\lljgllm SQIIKII K117 g]l5 X |K” HKHl
n? Vhhpinn3/2 nh 0  n2hmin
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o We compute ¢2 which is a bound on n’E [G%’h (X1, Xg)] Decompose

min

E [Gh (X1, X2)| = E [([(Kn, (X1°) = fn,)g] * Kn, [(Kn, (X2 =) = fa,)9] % Knpia)?]

into four squared terms. First,

(fnog * Ky fn,9 % Knoin)® < 1K1 a9l < NglBNE TN < gl S IE T3

Second
2
g B (1, (X2 = Jg) e K < {sup g e K32 [ 1080, (X = 9) o i (2
2
< LIl |G [ K5 (6~ gl
< IR elllloe > Il KIFY = (17 clolZ 11

The twin term in Apiy, b has clearly the same bound. Lastly

E [((Kn, (X1 = )g) * Kn, (Kn,(X2 = )g) * Kn,.)°]

_ // (/ Ko, (= )g % (@) Kn, (v — -)g*Khmin(ac)dx)2f(u)f(v)dudv

2
< gl / / ( / |Kho|*|Kh|<u—a:>|Kho|*|Khm|<v—a:>dx) F(w) £ (v)dudv
= eIt / / K| % VK] % 1K | % | K] (1 — 0)]2 £ () f (o) dudo
< Mg A | 1Kk % | E | 5 K 2
ot e e K
< gl sy B

We get
2
n
= gl\g\\ﬁonlliollKII? (K117 + 3[1K117) -
Thus , for all positive 8, A it holds

VA _ gl IS | ANE +31K]13)
<46 + .
n? nh 4n 0

¢ Lastly, the term 9,, is a bound on

sup B [Ghp, (Xi, Xj)ai(X)b (X;)]

where ax(-), be(-) for k = 1,...,n is such that E(3;_, a?(Xx)) < 1 and E(};_, b2(Xy)) < 1.
Using the independence for ¢ # j between functions of X; and functions of X;, we get that the
term inside the sup is less than

n

O B (Kn, (Xi = )g = frogl* [Knllai (X)), Y B (1Kn, (X5 =g = fo, gl * Ky,
=1

i=1

105 (X))

(51)
First we have

IN

n n 1/2
> E(|Kn,(Xi =g — fa,gl* | Knllai(X;)]) vn {Z [E (| Kn, (Xs — )9 — fr,g]* |Kh||ai(Xi)|)]2}

i=1 i=1

IN

n 1/2
Vi {ZE (1K, (X3 = g = Fogl * 1 Kn])?] E(af(&))}

i=1
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As
E [(lKho (Xi = )9 = Frogl ¥ 1ERD?| < F ool g2 TE R, | % [EKAl1Z + [ fr, * [E]]1?]

we get

Y E (K, (Xi = )g = fa,gl % 1Knllai(X)]) < V2] flloo g oo 111 ] K.
i=1

Plugging this in formula (51), we get

<Z]E (S, (X = )g = frogl > [ Knllai(X3)[) 7215 (o (X5 = )9 = Fho gl % a0 (X5)1))

< Vol K] Khnzﬂa(/ K (X, = )9 — gl [ K (1 >|dubj<xj>>
< VIl gl LT Enll % 21K gl | 3 B (X))
j=1
< 2/l Tmllgl 2 K1 x Vi
Therefore,

n
o 1= 2\/2||f||oo”g”goHKH%”K”ﬁ'

It follows that

2 2
A _ IS Ngls I ETRE® )2
n? nh n’
Applying the deviation inequality for U-statistics of order 2 (see Lacour et al. (2017) and Theorem
3.4 in Houdré and Reynaud-Bouret (2003)) leads thus to

X ) 2 4 4 2
g {sup (VU UESISISIKIKITY Y  loso)

het, n?2 nh n
Therefore
U (R, hagin 2 gl I KK )12 1
E {Sup< (i) _ g 1P WSl LK) | o logt) (52)
hEH, n nh n

The result of Lemma 7.3 follows by gathering the bounds (44), (49), (50), (52), (47), (46), (45).0

8 Appendix

The Talagrand inequality. The result below follows from the Talagrand concentration inequality
given in Klein and Rio (2005) and arguments in Birgé and Massart (1998) (see the proof of their
Corollary 2 page 354).

Lemma 8.1. (Talagrand Inequality) Let Y1, ...,Y, be independent random variables and let F be
a countable class of uniformly bounded measurable functions. Consider v, the centered empirical

process defined by
1 n
=5 310 B 0)

for f € F. Assume there exists three positive constants M, H and v such that

sup || flleo < b, E|sup|vn(f)|| < H, sup Var(f
sup 1 [sup (1) WZ
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Then, for any § > 0 the following holds

E[sup v () =20+ 20)H?] < gt (5 exp (~K102E ) + gl exp (KoLt ))
feF

)

with C(0) =146 —1 and K; =1/6.

By standard density arguments, this result can be extended to the case where F is a unit ball
of a linear normed space, after checking that f — v, (f) is continuous and F contains a countable
dense family.
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