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Abstract In this paper, our aim is to revisit the nonparametric estimation of
a square integrable density f on R, by using projection estimators on a Her-
mite basis. These estimators are studied from the point of view of their mean
integrated squared error on R. A model selection method is described and
proved to perform an automatic bias variance compromise. Then, we present
another collection of estimators, of deconvolution type, for which we define
another model selection strategy. Although the minimax asymptotic rates of
these two types of estimators are mainly equivalent, the complexity of the
Hermite estimators are usually much lower than the complexity of their de-
convolution (or kernel) counterparts. These results are illustrated through a
small simulation study.
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1 Introduction

Consider an i.i.d. n-sample X7, ..., X, from an unknown density f. The non-
parametric estimation of f has been the subject of such a huge number of
contributions in the past decades that it is difficult to make an exhaustive list
of references. Roughly speaking, there are two main approaches to estimate f,
kernel or projection method. In the projection method which is our concern
here, for f belonging to L?(R), considering an orthonormal basis in L?(R),
estimators are built by estimating a finite number of coefficients of the devel-
opment of f € L?(R) on the basis. Fourier and wavelet bases, for instance, are
commonly used. Bases of orthogonal polynomials are also used for compactly
supported densities (see e.g. Donoho et al. (1996), Birgé and Massart (2007),
and Efromovich (1999), Massart (2007), Tsybakov (2009) for reference books).
For densities with a non compact support included in R, recent contributions
use bases composed of Laguerre functions (see e.g. Comte and Genon-Catalot
(2015), Belomestny et al. (2016), Mabon (2017)).

To our knowledge, for densities on R, the use of a Hermite basis is only
considered in Schwarz (1967) and Walter (1977). In this paper, we are go-
ing to revisit the nonparametric estimation of f € L?(R) by using projection
estimators on a Hermite basis. To find the minimax asymptotic rates of con-
vergence, authors generally assume that the unknown density belongs to a
function space specifying some regularity properties of f. Here, we consider
the Sobolev-Hermite spaces which are naturally associated with the Hermite
basis and are defined in Bongioanni and Torrea (2006). It turns out that the
Sobolev-Hermite space of regularity index s is included in the classical Sobolev
space with same index. Therefore, we are led to compare the performances of
the projection estimators on the Hermite basis with those of the deconvolution
estimators which are projection estimators on the sine cardinal basis. Decon-
volution estimators have been widely studied mainly for observations with
additive noise and also for direct observations (see e.g. Comte et al. (2008)).
The optimal L2-risk for density estimation on a Sobolev ball with regularity
index s is of order O(n~=2%/(25%1) see Schipper (1996), Efromovich (2008) and
Efromovich (2009). For densities having a fifth-order moment belonging to a
Sobolev Hermite ball with the same regularity index s, we obtain the same
rate. Therefore, from the asymptotic point of view, no difference can be made
between these two classes of estimators at least for non heavy tailed densities.
Apart from Sobolev spaces, we consider a class of Gaussian mixtures where
Hermite based estimators also achieve the minimax convergence rates. Finally,
we study Hermite projection estimators in a different context, the estimation
of the Lévy density of a Lévy process in the pure-jump case.

While most papers focus on deriving minimax convergence rates, the com-
putational efficiency of the proposed estimator is not often considered. This
issue is especially important for densities with a non compact support. We
prove that the Hermite estimators have usually a much lower complexity than
the deconvolution estimators, resulting in a noteworthy computational gain.
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The plan of the paper is as follows. In Section 2, we present the Hermite
basis, and the L2-risk of the associated projection estimators is studied to-
gether with the possible orders for the variance term. A data-driven choice of
the dimension is proposed and the associated estimator is proved to be realize
adequately the bias-variance tradeoff. In Section 3, results on deconvolution
estimators are presented. Section 4 is devoted to the study of asymptotic rates
of convergence. From this point of view, the two approaches of the previ-
ous sections are proved to be equivalent, except in some special cases. Then,
we compare the complexity of the procedures and conclude that the Hermite
method has a substantial advantage from this point of view. Section 4.6 is
devoted to numerical simulation results, and aims at illustrating the previous
findings. In Section 5, the estimation of the Lévy density is considered in the
same framework as Belomestny et al., 2015, Chapter ” Adaptive estimation for
Lévy processes”. A short conclusion is delivered in Section 6 and proofs are
gathered in Section 7.

2 Projection estimators on the Hermite basis.
2.1 Hermite basis

Below, we denote by |.|| the L2-norm on R and by (-, -) the L2-scalar product.
The Hermite polynomial of order j is given, for j > 0, by:

() = (1)t L s
Hy(w) = (-1 (),
Hermite polynomials are orthozgonal with respect to the weight function e~
and satisfy: [ H;(z)Hy(x)e ™ do = 27 j1\/76; 4 (see e.g. Abramowitz and Ste-
gun (1964)). The Hermite function of order j is given by:
—2?/2 N
hj(z) = c;Hj(x)e™™ 2, ¢; = (275!V/r) (1)
The sequence (hj,j > 0) is an orthonormal basis of L?(R). The density f to
be estimated can be developed in the Hermite basis f = > .5 a;(f)h; where
a;(f) = Jp f(@)hj(z)dz = (f, hy).
We define S,,, = span(hg, h1,. .., m—1) the linear space generated by the
m functions hog,...,hy,_1 and f,, = Z;.T;Bl a;(f)h; the orthogonal projection
of f on S,,.

2.2 Hermite estimator and risk bound

Consider a sample X1,..., X, of i.i.d. random variables with density f, be-
longing to L2(R). We define for each m > 0, f,, = Z;r:Ol ajh; a projection

estimator of f, with a; =n=' )" | h;(X;), that is, an unbiased estimator of

F =300 ai(f)hy.
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These estimators are considered in Schwartz (1967) and then in Walter
(1977). As usual, the L2-risk is split into a variance and a square bias term.
We give a more accurate rate for the variance term than in the latter papers.
Indeed, we have the classical decomposition

m—1 m—1
E(lfm = fIP) = If = ful® + D Var(ay) = If = fll + % > Var(hi(X1)
j=0 j=0

< Hf—fm\|2+:—m, (2)

where

Vo= [ [0 ) ) stwrae = B 20, ®)

The infinite norm of h; satisfies (see Abramowitz and Stegun (1964), Szegd (1975)
p.242):
Ihilloo < Po, Py = 1,086435/'/* ~ 0.8160. (4)

Therefore, we have V,,, < ®2m, as usual for projection density estimator, see
Massart (2007), Chapter 7. However, more precise properties of the Hermite
functions provide refined bounds:

Proposition 1
(i) There exists constant ¢ such that, for any density f and for any integer m,

Vi < em®/8.,

(ii) If E|X |5 < +o0, then there exists constant ¢’ such that for any integer m,

V,, < m'/2.

(iii) Assume that there exists K > 0 with

1

——— for|z| > K and a > 0,a > 1.
(1 + [z[)e

[f(@)] < g(x) = a

a+42
Then, there exists ¢’ such that, for m large enough, V,, < ¢'m?@+D

Proposition 1 (i) shows that V,, is at most of order mb/6, a property

obtained in Walter (1977). However (ii)-(i4i) show that this order can be
improved depending on additional assumptions on f. At this point, it is worth
stressing that, under the moment assumption of (i7), the rate of variance term
Vi /n is not m/n as usual but m'/2/n. This means that, in this approach, the
role of the dimension is played by m!/2. This fact, together with the regularity
spaces introduced below to evaluate the rate of the bias term, allows to prove
that the Hermite projection estimators is asymptotically equivalent to the sine
cardinal estimators.
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In the next paragraph, we make no assumption on the regularity properties
of f. Moreover, because the variance order depends on assumptions on f, we do
not want to consider it as given unlike in most model selection strategies. Our
proposal of data-driven m leads to an estimator whose L2-risk automatically
realizes the bias-variance trade-off in a non asymptotic way without knowing
the regularity of the function f nor knowing the rate of the variance term.

2.3 Model selection

For model selection, we must estimate the bias and the variance term. Define

M, ={1,...,m,}, where m,, is the largest integer such that md/% < n/log(n)

and set

. ‘7 . 1 n m-—1
i =arg min {~|fulHpe(m)},  pen(m) = KT Ty = p h3(X)),
1= J=
(5)

where « is a numerical constant. The quantity —|| /|2 estimates —|| fm ||?
lf = fmll®> = I f]|?>, and we can ignore the (unknown) constant term || f||%.
Usually, the penalty is chosen equal to xk®2m/n, which is the known upper
bound of the variance term, where @ is defined by (4). Here, we know that
this rate is not the adequate one and the fact that the order of V,, varies
according to the assumptions on f justifies that we rather use V,,,, an unbiased
estimator of V,,,. We can prove the following result.

Theorem 1 Assume that f is bounded and that inf,<,<p f(z) > 0 for some

interval [a,b]. Then there exists ko such that, for k > kg, the estimator fm
where m is defined by (5) satisfies
~ V C/
E(|fn— fI?) <C_inf — ol
1= 11) <€ g, (17 =l 4

+77
n n

where C' is a numerical constant(C = 4 suits) and C' is a constant depending

on || flloo-

The estimator fm is adaptive in the sense that its risk bound achieves
automatically the bias-variance compromise, up to a negligible term of order
O(1/n). It follows from the proof that ko = 8 is possible. This value of kg is
certainly not optimal; finding the optimal theoretical value of x in the penalty
is not an easy task, even in simple models (see for instance Birgé and Mas-
sart (2007) in a Gaussian regression model). This is why it is standard to
calibrate the value x in the penalty by preliminary simulations, as we do in
Section 4.6. Actually, the assumption inf,<,<p f(x) > 0 is due to the fact that
the proof requires the condition

VYm > mq, Vi > 1, and Va > 0, Z e~ WVVm < A < too. (6)
meM.,,

Condition (6) holds, as we can prove:
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Proposition 2 Ifinf,<,<y f(z) > 0 for some interval [a,b], then, for m large
enough, Vi, > ¢'m'/? where ¢’ is a constant.

3 Deconvolution estimators.

As we want to compare the performances of projection estimators on the
Hermite basis to those of projection estimators on the sine cardinal basis, we
recall the definition of the latter estimators, i.e. the deconvolution estimators.
Let ¢(x) = sin(mx)/(mz) which satisfies ¢*(t) = 1{_x ] (t), where ¢* denotes
the Fourier transform of ¢. The functions (¢ ;(z) = Vlp(lx — j),j € Z)
constitute an orthonormal system in L?(R). The space %, generated by this
system is exactly the subspace of L?(R) of functions having Fourier transforms
with compact support [—mf,7f]. The orthogonal projection f; of f on X
satisfies fg = [*"1_r¢,rg- Therefore,

- 1

If = Fel® = 5= 5 (8)[dt. (7)
27 Jyo)>me

The projection estimator ]?g of f is defined by:

n n

s _ 1 m —ite L itX e 7y 1 sin(ml(Xy — 7))
f@(z)—%[ﬂze ﬁkZ:le dt_ﬁkzz:l—ﬂ'(Xk—x) . (8)

This expression corresponds to the fact that:

~ 1 g4 )
7 / efzta:f* (t)dt — Z ag,jPe.; (CL’), Qg5 = <fa @Z,j>'

27wt JEL

Contrary to fm, the estimator fg cannot be expressed as the corresponding
sum with the estimated coefficients a¢; = £ 71| ¢ ;(X}) as this sum would
be infinite and not defined. To compute it in concrete, one can use (8) or a
truncated version

n . 5 1 ¢
; (@) = Z ar,jpej(), g = ZW,;‘(XI@%
[FI<Kn k=1

which creates an additional bias but is comparable to the previous Hermite

estimator. We give the results for fg and }7L).

Proposition 3 The estimator fg satisfies
- o
B~ %) < I = Fl+ £
If moreover My = [ 2% f?(x)dx < +o0, then the estimator f}") satisfies

" 7 14 02(My +1
E(IT™ ~ 17 <20f - flP + -4 4502 HL
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If ¢ < n and K, > n? the last term is of order O(¢/n) and can be associ-
ated to the variance term ¢/n. Note that condition K, > n? implies that the
computation of a large number of coefficients is required for j?g"), for large
n. In practice, we take K, even smaller than n in order to keep reasonable
computation times.

As in the previous case, we can define a data-driven choice of the cutoff pa-
rameter £ and build adaptive estimators:

- ~ 14 ~ l
. s 2 ~ L _ s r n) 2 =t
O=argmin{=| L +&5) G = argmin{—| [V P+ 7L (9)

where £ is a numerical constant. Note that

~ 1 sin(ml( X, — X n -
T = Y R e = S

(X — X;
1<j,k<n (Xk = X5) i1 <Kn

We give the result for A}n) only, as ||fzn) |2 is faster to compute if K, is chosen
in a restricted range, K,, < n, see Section 4.5 and Section 4.6. The following
result holds.

Theorem 2 If K, > n? and My = [ 2?f?(z)dzr < +oc, then there exists a
numerical constant Ko such that, for & > Ko, the estimator f}") where Zn 18
defined by (9) satisfies /

)

" - 0 UMy +1 C
B (1727 - 12) < 0 jut (1 = P+ 7+ 2E) 4

where Cy is a numerical constant and Cy is a constant depending on || || co-

For f;;, an analogous risk bound may be obtained, without condition My < +o00
and without the term ¢(Ms + 1)/n in the bound. For Theorem 2, we refer to
Comte et al. (2008), Proposition 5.1, p.97.

4 Comparison of rates of convergence and discussion.

In this section, we compute the rates of convergence that can be deduced from
the optimization of the upper bounds of L2-risks. This requires to assess the
rate of decay of the bias terms || f — f,,||? in the Hermite case, || f — f¢||? in the
deconvolution framework. The latter is usually obtained by assuming that the
unknown density f belongs to a Sobolev space. For the former, we consider
the Sobolev-Hermite spaces which are naturally linked with the Hermite basis.
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4.1 Sobolev and Sobolev-Hermite regularity

For s > 0, the Sobolev-Hermite space with regularity s may be defined by:

W?e = {f € LQ(R)v ||f||§,sobhe7'7n = Z nsai(f) < +OO}? (10)
n>0

where a,(f) = (f, hy,) is the n-th component of f in the Hermite basis. We

refer to Bongioanni and Torrea (2006) for a definition using operator theory.

Let F = {>_,c;ajh;,J CN, finite } be the set of finite linear combinations of

Hermite functions and C2° the set of infinitely derivable functions with com-

pact support. The sets C2° and F are dense in W¥. As the Fourier transform
of h,, satisfies

hi = V2mi"h,, (11)

f € W?# if and only if f* € W*. We now describe W* when s is integer. Let
Avf=f+af, A_f=-f +zf

The following result is proved in Bongioanni and Torrea (2006). For sake of
clarity, we give a simplified proof.

Proposition 4 For s integer, the Sobolev-Hermite space W* is equal to:
We = {f € LAR), f admits derivatives up to order s,
I Wsssovherm = D NAg - Ay fll 4+ ILFIl < +o0}.

1o im € {—, +},
1<m<s

Moreover, the following statements are equivalent: for s integer,

(1) fews,

(2) f admits derivatives up to order s which satisfy f, f',..., f&), as=¢fO) ¢ =
0,...,58—1 belong to L?(R).

The two norms || f||s,sobherm and ||| f]l]s,sobherm are equivalent.
Now, we recall the definition of usual Sobolev spaces. The Sobolev space with
regularity index s is defined by

W = {f € L2(R), I£1I% s = /R(l HE)fFO)PdE < +oo0}.  (12)

If s is integer, then

W* = {f € L*(R), f admits derivatives up to order s
such that [||f[[12 oo = IIFI7 + /17 + ..+ [F)? < +o0}.
The two norms |||.|||s,s0p and ||.||s,sop are equivalent. Therefore, for s integer,

WS C W#. Morevover, the following properties are proved in Bongioanni and
Torrea (2006): for all s > 0,

- W ¢ Ws. If f € W?* has compact support, then f € W5,

fews =z f e LAR). (13)
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4.2 Rates of convergence.

Now, we look at asymptotic rates of convergence. We first consider rates for
Hermite projection estimators. We already studied the variance rate V;,, /n (see
the bounds for V;,, in Proposition 1). If f belongs to

W*(L) = {f € L*(R), Y _n"a(f) < L},
n>0
then ||f — fm||> < Lm~*. Plugging this and the bounds of Proposition 1 in
Inequality (2) gives the following rates of the L?(R)-risk.

Proposition 5 Assume that f € W*(L) and consider the three cases (i), (ii),
(i) of Proposition 1.

Case (i) (general case). For mop, = [nt/(sTG/0)] Ilil(||fmopt —fI» <

n~ SFGE

Case (ii). For mops = [0/ T2 E(|| fin,,, = fI7) S 0”072

Case (iii). For mepy = [}/ (s+(a+2)/(2(a+1))] E(||fmomff\|2) < N~ SFEFD /@I,

Case (it) gives the best rate. In view of the constraint on m, in Theorem
1, the adaptive procedure reaches this best rate if mi{)? < n/log(n), that is
s > 1/3. Note that the rate in case (ii7) is strictly better than in case (i) as
(a+2)/(a+1) < 5/3 as soon as a > 1/2. Cases (ii) — (i74) improve the results
of Schwarz (1967) and Walter (1977).

Now, we can compare the rates to those of projection estimators in the sine

cardinal basis. The following result is deduced from Proposition 3 and (7).

Proposition 6 If
feW (R) ={f e L’(R), [IfI3 s = /R(l + )| f*()]dt < R},

and Loy = /@t we have E(||fo,,,
K, >n2 E(|f™ — f2) < n=2s/@s+D),

opt

— fII?) < n=2/CHD I moreover

In Schipper (1996) it is proved that this rate is minimax optimal (with exact
Pinsker constant) on Sobolev balls (at least for an integer s), see also Efro-
movich (2009) for s < 1/2. Rigollet (2006) uses the blockwise Stein method
to build an adaptive deconvolution estimator, which reaches the optimal rate
with exact constant for any s > 1/2.

Let us compare results of Proposition 6 and of Proposition 5. As W* C W*,
see Section 4.1, the comparison is relevant. In case (i), we see that the es-
timator ﬁopt has a better rate than fmopt. In case (i), the estimators have
the same rate. In case (iii), the estimator fgom is slightly better than fmopt.
In view of case (i7), the Hermite method is competitive. Indeed the moment
condition for (i7) is not very strong. In this case, sine cardinal estimators with
cut-off parameter ¢ and Hermite projection estimators on the space S, are
asymptotically equivalent when ¢ = m!/2,
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4.3 Rates of convergence in some special cases.

When the density f belongs to W* for all s, we must obtain directly the exact
rate of decay of the bias term. This is possible for Gaussian and some related
densities as one can make an exact computation of the coefficients a;(f). Let

fula) = = exp (5o = ). (14)

and
2

1
— p( 202)

x%P

0’2pc’2p

fpo(@) = and  Cy, = EX?P,

(15)
for X a standard Gaussian variable. The distribution f,,(z)dz is equal to
£G'/? for £ a symmetric Bernoulli variable, G a Gamma(p + (1/2),1/(202))
variable, independent of e.

folz) with  f,(z)

Proposition 7 Assume that f = f,. Then for mopy = [(log(n)/log(2))+eu?],

we have .
E(l finepe — full?) S Vogn/n.

N
Assume that f = f,. Then for mepy = [(logn)/\] where A = log (" H) , we

02—1

have A

E(|| fnope = fo1%) S Viogn/n.
The same result holds for f = f,, , or any finite mixture of such distributions.
For f = f,, the estimator f, satisfies,

B(IF, ~ /1) S exp (- /20%) + 07t

For €ope = 0v/2logn, the rate of f@opt is v/log n/n. The rate is identical to the
one obtained in Proposition 7. The result is analogous for f = f, ».
Finally, the Cauchy density will provide a counter-example. Let

1
fz) = (1 +x2)’
From Proposition 1, case (iii), we take a = 2 and obtain for the variance term
Vi < m?/3. Using Proposition 4, we check that f € W', f ¢ W?2. Moreover,
by (13), 2°f ¢ W* for s > 3/2. Therefore, f ¢ W3/2, so the best rate we can
obtain is n=*/*+(2/3) with s < 3/2, for mep; = [n'/ =+ /3],

For the sine cardinal method, f*(t) = exp(—|t|), so that ||f — fe|| <
exp (—2m¢). Therefore, for £op; = logn/2m, the estimator ﬁopt has a risk with
rate logn/n. This is much better than for the Hermite estimator.

This discussion on rates of convergence points out the interest of the adap-
tive method. Indeed, it automatically realizes the bias-variance compromise
and thus the previous rates are reached without any specific knowledge on f.
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4.4 Rates of convergence for Gaussian mixtures.

Kim (2014) provides optimal rates of convergence for estimating densities that
are mean mixtures of normal distributions, that is for densities f in the class

F={f: fle)=oxII(x) = / 6(x —w)dI(u), IT € P(R)}

where ¢ denotes the standard normal density and P(R) the set of all probabil-
ity measures on the real line. The minimax optimal rate for the mean square
risk is y/log(n)/n. Moreover, the sine cardinal estimator f; reaches the upper
bound for the L2-risk on the class F, for £ o< y/log(n).

We study Hermite projection estimators for mean mixtures of Gaussian
but also for variance mixtures. We consider, as suggested in Kim (2014), the
subclass Feup(R) = UosoFsun(C),

Funl©) = {F s f(a) = x 11(2) = [ (o~ widlI(w), IT € Puus(C))
where
Poup(C) := {IT € P(R), II(Ju| > t) < Cexp(—t*/C) for all positive t}.

Proposition 8 For f € Fsu,(C) and mop, = [log(n)(eC+1/1og(2))], we have

E(| frnp. — fI?) S V1og(n)/n.

Now we define the class of variance mixtures that we consider: let v > 1,

u

() = {1+ 1) = /;OO P atr . (1 jwo]) =1}

In other words, f € G(v) is the density of ¢ X with X ~ AN(0,1), o ~ II,
o € [1/v,v] with o and X independent.

Proposition 9 For f € G(v), let

pOZ(U2_1)2<1. (16)

v2+1

For mopy = [log(n)/|log(po)|], we have

E(|| fngp. = %) S Vog(n)/n.

In the class of variance mixtures of Gaussians, the lower bound rate is not
known. However, in Ibragimov and Has’minskii (1980), Ibragimov (2001), the
estimation of a density on a compact set [a, b] which is analytical in the vicinity
of [a,b] is considered. The authors prove that the rate log(n)/n, is optimal in
this class. The restricted class given by G(v) considered in Proposition 9 gives
a slightly improved rate, which is coherent with the result of Proposition 7.
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4.5 Complexity

In this paragraph, we compare the Hermite and deconvolution estimators from
another point of view: the computational efficiency.

Consider an estimator f,, of a function f whose L2-risk can be evaluated
on a ball B(L) of some functional space. Define its complexity C; (¢) as the

minimal cost of computing fn at the observation points X7, ..., X,,, given that
sup E(|[fn — fI?) <&
feB(L)

Let us compute the complexity of the estimate ﬁopc on the Sobolev ball

W?#(L). As we need to evaluate the function bmfrid) at all points (X — X;),
1 < k,j < n, the cost of computing f,_. is of order n?. Thus g2 =< n—25/(2s+1)

opt
yields n < e =271/ 50 that Cy, ) (6) < e7*7%/5 as ¢ — 0. So even in the case of
infinitely smooth densities, thoep complexity of the deconvolution estimate can
not be (asymptotically) lower than e~*. A natural question is whether one
can find an estimate with lower order of complexity. Note that the complexity
would be the same for a kernel estimator on a ball of a Nikol’ski class with
regularity s, see Tsybakov (2009), at least for kernels with a non compact
support used in Ibragimov and Has’minskii (1980).

For the truncated estimator ﬁ(:))t, the cost is of order nK,,: indeed, one must
compute the ¢, ;(X;) for i =1,...,n and |j| < K,,. Consequently, compared
to the previous one, this estimate is competitive in term of computational cost
as soon as K, < n (however this choice would contradict Theorem 3.1 where
K, >n?).

Now, let us look at the projection estimator fmopt for f € W#(L). The
cost of computing a projection estimator fm at observation points Xq,..., X,
corresponds to the cost of computing h;(X;) fori =1,...,nandj =0,...,m—
1, i.e. is of order nm. Thus we derive the following proposition.

Proposition 10 Assume that f € W*(L) and consider the three cases (i),
(ii), (iii) of Proposition 1. The the complexity of the estimate fp,, . is given
by Cs(e) ~ e=2= 25 with o = 5/6,1/2,(a + 2)/[2(a + 1)], respectively.

Proof of Proposition 10. Taking €2 =< n~=2%/(23s+1) hence n =< ¢=2-/* and
the three values of mopt given Proposition 5 yield the result. O

As can be seen, the complexity order of the Hermite-based estimate fmom

is lower than the complexity order of the deconvolution estimate ﬁcpt provided
s > a. So in the case of densities with finite fifth moment already for s > 1/2,
our approach leads to estimates with much lower complexity. The difference
between the estimates fmopt and fy, . becomes especially pronounced in the
limiting case s — oo, where Cfmopt (e) < 72 while Cfeopt () x e tase — 0,

resulting in a huge computational gain.
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Projection estimator | Projection estimator | Deconvolution estimator

on a compact set A on R on R
Besov ball Sobolev-Hermite Sobolev ball
of B2 s 00(A) ball W#(L) W#(L)
5—2—2/5 6_2_3/S 6_4_2/S

(best case a = 1/2)

Table 1 Complexity for density estimation in different contexts.

For any projection estimator, the cost of computation if of order nmgpt
where mqp¢ is the optimal dimension. In the case of a density with compact
support A, if we evaluate the L2-risk of a projection estimator on a Besov ball
of By s.00(A) , we have €2 x n=25/ (254D with mgp, < n!/ 25+ thus a cost of
order €272/ see Barron et al. (1999) for rates and definition of Besov spaces.
All these results are summarized in Table 1.

4.6 Simulation illustrations

In this Section, we propose a few illustrations of the previous theoretical find-
ings. To that aim, we consider several densities, fitting different assumptions
of our setting.

(i) A Gaussian N(0,1),

(i) A Gaussian N(0,02), o = 0.5,
) A mixed Gaussian density 0.4N (=3, 02) + 0.6N(3,02), 0 = 0.5,

(iv) A Gamma v(3,0.5) density,

(v) A mixed Gamma 0.4v(2,1/2) 4 0.6(16,1/4)

(vi) A beta density 5(3,3),
)
)
)

(iii

(vii) A beta density 3(3,6),
(viii) Laplace density f(z) = e~1%l/2,
(ix) A Cauchy density, f(z) = 5/[r(1 + (5x)?)].

Density (i) is proportional to the first basis function hg and should be
perfectly estimated in the Hermite procedure, densities (vi) and (vii) are com-
pactly supported and density (ix) does not admit any moment (in particular
no fifth moment, so it does not fit case (i7) of Proposition 1). Hermite functions
are recursively computed via (34) and with normalization (1).

We plot in Figure 1 the representation of m ‘7,,,/ v/m for 1 and 10
samples drawn from densities (i), (iv), (vi), (ix) (see (5)). It seems that the
ratio is stable along the repetitions, and converges to a fixed value, which is
the same in the first three cases. On the contrary, m + V,,,/m®/6 given for (i)
and (ix) seems to decrease and to tend to zero in any case. It is tempting to
conclude from these plots that the order of Vj,, is O(m'/?) in a rather general
case.
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e i sy
04 04
0.35 0.35

Fig. 1 Left: m — Vp,/+/m for 1 sample of densities (i) (blue line), (iv) (cyan stars), (vi)

(red dashed), (ix) (green x marks) and m +— Vp/m3/6 for 1 sample of densities (i) (blue
dashed) and (ix) (green dash-dot). Right: the same as previously for 10 samples.

We have implemented the Hermite projection estimator fm with m given
in (5), ]?;7(") with £, given by (9) and the kernel estimator given by the function
ksdensi‘gy of Matlab. For the model selection steps of the first two estima-
tors, the two constants k and & of the procedures have been both calibrated
by preliminary simulations including other densities than the ones mentioned
above (to avoid overfitting): the selected values were k = & = 4. We considered
two sample sizes n = 250 and n = 1000, but as the sine cardinal procedure is
rather slow, we only took Kas0 = K1900 = 100. The theoretical value K,, = n?
is unreachable in practice (the computing time becomes much too large), and
our choice of K, is consistent with the complexity considerations of Section
4.5.

For m,,, we should take (n/log(n))%®, which is of order 100 for n = 250
and 400 for n = 1000. We took mos0 = mig00 = 200 as a compromise. The
cutoff /7 is selected among 100 equispaced values between 0 and 10. For each
distribution, we present in Table 2 the MISE computed over 200 repetitions,
together with the standard deviation. In the three cases, we provide also the
mean (and standard deviations in parenthesis) of the selected dimension (Her-
mite), cutoff (Sine cardinal) or bandwidth (kernel).

We can see from the results of Table 2 that the Hermite and sine cardinal
methods give very similar results, except for the N'(0,1) where the Hermite
projection is much better as expected, as the procedure most of the time
chooses m = 1. The kernel method seems globally less satisfactory. The note-
worthy difference between the first two methods is the computation time: as
the models are nested in the Hermite projection strategy, all coefficients can be
computed once for all, and then the dimension is selected. In the sine cardinal
strategy, each time ¢ is changed, all the coefficients have to be recalculated.
For instance, when the maximal dimension proposed m,, is 50, and K, is 100,
the elapsed times for 100 simulations is: for n = 250, around 0.5s for Hermite,
41s for sine cardinal; for n = 1000, around 1.2s for Hermite, 137s for sine
cardinal, all times measured on the same personal computer to give an order
of the difference. This is coherent with the lower complexity property of the
Hermite method.
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n = 250 n = 1000

f Hermite [ Sin. Card. [ Kernel Hermite [ Sin. Card. [ Kernel

@) 0.5(1.4) 2.0(1.8) 2.90.1) 0.1(0.4) 0.6(0.5) 1.1¢0.6)
1.08(0.32) | 0.77(0.08) | 0-35(0.03) || 1.08(0.53) | 0-87(0.08) | 0-27(0.01)

(i) 4747 4.74.9) 6.0(4.2) 14¢1.3) 1.4¢1.4) 2.1(1.3)
8.87(3.69) | 1.46(0.21) | 0.17(0.01) 11.6(5.1) | 1.65(9.24) | 0.13(0.005)

(iii) 4.9(2.6) 5.5(2.5) 24.2(14 5) L.5(0.9) L.5(0.9) 11.1(3.1)
116(15) 1.28(0_13) 0.51(0'12) 143(20) 1.53(0‘10) 0.39(0‘04)

(iv) 5.6(3.4) 5.3(3.4) 4.6(2.9) 1.8(1.0) 1.8(1.0 1.9(1.0
6.283.64) | 1.2500.19) | 0.27(0.02) 11.9(4.5) 1.7(0.25) 0.21(9.01)

(v) 7.2(3.6) 6.6(2.8) 17.1(2.6) 2.4(0.9) 2.7(0.8) 10.2(1.9)
15.12.0) | 1.13¢0.20) | 0.74(0.07) 18.20.6) | 1.67(0.27) | 0.57(0.02)

(vi) 7.2(7.2) 7.3(7.4) 12.8(3.3) 3.2(2.6) 3.3(2.7) 4.8(2.7)
46.5(10.5) | 3-14(0.209) | 0.07(0.005) || 63-3(27.3) | 3.6(0.65) | 0-05(0.002)

(Vii) 17‘2(11_3) 19'3(156) 19‘4(12_2) 58(31) 63(41) 70(40)
104(25.5) | 4770.901) | 0.05(0.004) || 143(13.5) | 5-89(0.85) | 0.04(0.002)

(viil) 7.4(2.0) 6.7(3.0) 5.5(3.2) 2.6(0.8) 2.5(0.8) 2.3(1.1)
2.502.96) | 1.03(0.25) | 0.36(0.04) 7.8(4.4) 1.429.32) | 0.27(0.01)

) [ 21.6(01) | 21503 | 186006 || 69 6:9(3.0) T6(3.0)
65(25) 3.70.7) 0.10¢.01) 9721) 4.710.77) | 0.08(0.004)

Table 2 Results after 200 iterations of simulations of density (i) to (ix). For each density
(i)-(ix), first line: MISEx 1000 with (std x 1000) in parenthesis; second line: mean of selected
dimension (Hermite), cutoff (sine cardinal) or bandwidth (kernel) with std in parenthesis.

Table 2 also provides the selected dimensions, cutoffs and bandwidths.
As could be expected, m , £ vary in opposite way, compared to h. Without
surprise also, the selected dimensions and cutoffs increase when the sample
size increases. What is remarkable is the values of the selected dimensions for
[B-distributions, which are very large. Globally, we can see that these values are
very different from one distribution to the other. Contrary to the theoretical
result, the Cauchy density is estimated with similar MISEs in the Hermite and
sine cardinal methods.

In Figure (2), density and 25 estimators are plotted for models (iii), (vii)
and (ix). Risks and standard deviation for the 25 curves are given above each
plot, together with the mean of the selected dimension, cutoff or bandwidth.
The methods are comparable, even for the Cauchy distribution, except for
the mixtures, where the kernel method fails. The first two lines illustrate the
improvement obtained when increasing n. We note again that the selected
dimensions in the Hermite method are possibly rather high (see the beta and
the Cauchy densities). However, computation time remains very short.

5 Pure jump Lévy processes

We now look at projection Hermite estimators in a different context, namely
the estimation of the Lévy density of a Lévy process.
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5.1 (3.8) m =112 5.6 (3.4) ml = 1.26 25.6 (13.2) h = 0.52
o7 o7 o7
ool ol el R ]
0

0.4

1.3 (0.1) i =142 1.3 (0.8) 7l = 1.52 18.2 (10.5) h = 0.40
0.7 0.7 o5
0.a5f
0.6 1 o6
o.af
0.5 A 1 0.5F 0.35}
o4t g o.af o-3r
0.25f
o-3r A 1 o2 :
o2k 1 o.as|
o1
o1 1
0.05f
95 o 5 95 o 5

16.9 (11.3) 7 = 94.0 19.8 (14.2) h = 0.05

6.3 (2.1) m = 97.5

1.8

Fig. 2 True density f in bold blue for Model (iii) (first two lines), Model (vii) (third line)
and Model (ix) (fourth line), together with 25 estimates (green/grey) with n = 250 (lines
1 and 3) or n = 1000 (lines 2 and 4). First column: Hermite; second column: Sine cardinal;
third column: kernel. Above each plot: MISEx 1000 and std x 1000 in parenthesis, followed
par the mean of selected dimensions, cutoffs and bandwidths (all means over the 25 samples).
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Let (Lt,t > 0) be a real-valued Lévy process, i.e. a process with stationary
independent increments with characteristic function of the form:

¢i(u) = E(expiul;) = expty(u), u) = /(emm — Dn(x)dx (17)
R
where we assume that the Lévy density n(.) satisfies

(H1) /R|x|n(x)dx < 00.

Uner (H1) and (17), the process (L;) is of pure jump type, has no drift compo-
nent, finite variation on compacts and satisfies E(|L¢|) < 400 (see e.g. Bertoin,
1996, Chap.1). The distribution of (L;) is entirely specified by n(.), which de-
scribes the jumps behavior. We assume that the process is discretely observed
with sampling interval A and set (Z), = Z2 = Lga — Lix—1ya,k=1,...,n)
which are independent, identically distributed random variables with common
characteristic function ¢a(u). In Belomestny et al. (2015), second chapter,
” Adaptive estimation for Lévy processes”, methods of estimation of the func-
tion

g9(x) = an(x)
in this context are presented and studied under the asymptotic framework of
high frequency data, i.e. the sampling interval A = A,, tends to 0 while n and
the total length time of observations n4,, tend to infinity.
In here, we consider the same framework and propose estimators of g using the
Hermite functions basis. For simplicity, we omit the index n in notations and
denote A = A,,, Z), = ZkA”, k =1,...,n. The following additional assumptions
are required.

(H2) The function g belongs to L2(R).
(H3) [ |z[n(z)dr < cc.

Assumption (H2) is obviously needed for the projection method. Assumption
(H3) implies that E|Z;|” < +00. Let Px denote the distribution of Z;. In the
above reference, the following property is proved (Proposition 3.3, p.84): the
measure

pa(de) = %xPA(dm) = ga(x)dx (18)

where ga(z) = Eg(z — Z1) = [ g(x — 2)Pa(dz) and pa(dz) weakly converges
to g(z)dx as A — 0. In view of this property, the measure

fin (dz) = i > Ziz, (d) (19)
k=1

will play the role of empirical measure for the estimation of g. By (H2), the
function g can be developped in the Hermite basis:

9= a;(gh;,  a;lg) = / g(2)h;(x)dz = (g, hy).

Jj=0
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We define, for m > 0, the projection estimator g,, of g on the space S, by:

m—1 n

. . . 1

dm = Z ajhj, a; = nj ZZ]JLJ(Z]C) (20)
j=0 k=1

Now, @; is no more an unbiased estimator of a;(g). For ¢ a function, we set
when it is well defined,

1
R() = 3EZ02) - [ @)g()ds e
Thus, we have Ea; = a;(g) + R(h;). The following holds:

Proposition 11 Assume that (H1)-(H3) hold. Consider for m > 0, the esti-
mator G, of g and denote by g., the orthogonal projection of g on S,,. Then

R Vi
E(lgm = l1%) < llg = gm* + % + llgll30, 2 (22)
where
m—1
1 E(Z2 E(|Z,|7
Vm = E(Z7h3(Z1)) <(Al)\/ﬁ+ % 10g(m)> . (23)
j:O
and

2£A2 if C:= /uz\g*(u)|2du < 00,
i

Pim,a =
8]|g/|?A%m otherwise

(lglli denotes the LL*-norm of g).

First, let us recall some small sample properties of moments and absolute
moments of 77, see e.g. Belomestny et al. (2015). Under (17), (H1) and (H3),
it holds that
E(Z?
(Tl) _ /xQn(x)dx—i—o(l) and /|x|7 2)dz + o(1), (24)

where o(1) means that the term tends to 0 as A tends to 0 (see Proposition
3.1 and 3.2 p.82-83). Now, let us compare the projection Hermite estimators
(gm,m > 0) to the estimators studied in the latter reference. In Section 4.1,
p-87, a deconvolution estimator is studied, given by:

sin(ml(Zy, — x))
€ nAZ N r(Ze—1) Zk—l‘) '

Looking at Proposition 4.3, p.90 and Proposition 4.4, p.91, we see that the
sine cardinal estimators and the projection Hermite estimators are equivalent
for £ = m'/? with the same optimal rates of convergence. Then, in Section 4.2,
p-105, the estimation of gl where A is a compact subset of R is considered
by a projection method on finite dimensional subspaces of L2(A4). Here, on
the contrary, the Hermite method gives better results as can be seen from
Proposition 4.6, p.110. The difference lies in the additional bias term p_, ,
which is smaller.

|Z1
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6 Concluding remarks

This paper is concerned with the nonparametric estimation of the density of
an i.i.d. sample. Although there is an ocean of papers on this topic, it seems
that the method developped here has not received yet much attention. Un-
der the assumption that the unknown density belongs to L?(R), we build and
study projection estimators using an orthonormal basis composed of Hermite
functions. Usually, for projection estimators, the variance term of the L2-risk
is proportional to the dimension of the projection space. The special feature
of the Hermite function basis is that the variance term is governed by the
square root of the dimension. Moreover, we introduce specific regularity func-
tion spaces to evaluate the order of the bias term, namely, the Sobolev Hermite
spaces. This allows to prove that Hermite estimators are asymptotically equiv-
alent to sine cardinal estimators. From the practical point of view, Hermite
estimators are much faster to compute.

Adaptive estimators are studied, using an appropriate data driven choice
of the dimension.

This paper is only concerned with L2-risks, but LP-risks have also been
studied by many authors (see the classical reference Donoho et al. (1996)).
Moreover, the L'-approach is especially developped in Devroye and Gyorfi (1985).
In this setting, adpative estimators have been constructed by Devroye and
Lugosi (2001). The study of LP-risks with the Hermite approach would be an
interesting field of further investigation.

7 Proofs
7.1 Proof of Propositions 1 and 2
We start by proving Proposition 1.
1). The following bound comes from Szegd ) P- where an expression
}). The following bound f Szegd (1975, p.242) wh i
of C is given:

Ve € R, |hj(x)] < Cu(G+1)"12 0 j=01,.... (25)
Therefore, V,, < CZ 3" 5 +1)~/0 < 8CZm

(7i). Now, as in Walter (1977), we use the followmg expression for the Hermite
function h,, (see Szegd (1975, p.248)).

hJ(l') = >‘j CcOos ((2] + 1)1/21- — J;T) + ij(x) (26)

where \; = |h;(0)] if j is even, A\; = \h;(O)\/(Z] + 1)Y/2 if j is odd and

&(z) = /0 sin [(27 + 1)Y2(x — t)] t2h;(t)dt. (27)
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By the Cauchy-Schwarz inequality, &7 (x flz‘ t4dtf|I| h3(t)dt < % x .
Moreover,
\ (25)11/2 V2i+1
2 =

e AR VP VP A
2ijlpt/Ar TR TN 5 R

By the Stirling formula and its proof, Ag; ~ n—1/25-1/4, A2jp1 ~ n1/25-1/4
and for all j, there exists constants ci, cy such that, for all j > 1,
C2

C1
< )‘j < 7T1/2j1/4'

7r1/2j1/4 = (28)

Therefore, h?( x) <2 1/2 ﬁ@ This yields:

2
1
2 <9 2 E|X|°
/hj(x)f(a:)d:c_ 7rj1/2+5(2j+1) | X7,

which implies V,,, < m!/2.

Now we study case (zii). The following bound for h; is given in Markett
(1984, p.190): There exist positive constants C,~, independent of  and j, such
that, for J =25 + 1,

hj(2)] < C(JY? + |22 = J|)~V4, a? <24,
< Cexp(—vz?), a*>2J.

Consider a sequence (a;) such that a; — 400, a;/v/j — 0 with J = 2j +1
large enough to ensure L < 1/vV2,a; > K. As [h3(@)de =1, ay < Vi,
ay > K and g is decreasing,

agy
/h2 z)dx < 20|\f||oo/ (JYV3 + 0 —2®)"Y 24z + g(ay).
0

Set « = (J/3 4+ J)'/2y in the integral. This yields:

1/2

ayp/(T3+DY2
/ S — / B Arcsin( aJ
0 VIS4 J 22 0 V1—y?
as for 0 < x < 1/4/2, Arcsinz < 2z. Now we choose the sequence (a;) and

consider a; = /2T We deduce [ h2(z)f(x)de < j~*/ @) which
leads to

ay
— L ____y<a-L
(J1/3+J)1/2)— Vo

Vip < m¥ern .0 (29)
Now we turn to the proof of Proposition 2 and we look at the lower bound.
We have, setting ¢ = inf,<,<; f(z), and using (26),

/h?(x)f(z)d:c > c/ab h2(x)dx

b .
> c)@/ cos? ((2]’ +1)Y2% — ];)d:r

2\ b ) T
+ CW/ cos ((2] +1)V2z — g)fj(x)dx.
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We have j_3/4cl/ﬁ < ﬁ < j73/%/2/mey and

b ~ b (.15/2
|/a cos ((2]' +1)Y2 — g)fj(x)dx < /a % dx :=C.

Thus, the second term is lower bounded by fC’j’3/4cl/ﬁ. For the first term,

A2 > j=Y2¢3 [ and

/ cos? ((Qj +1)Y2z — 2)dm = E(b —a) +/ cos (2(2j +1)Y2z —jﬂ)dm
a a

1
7

1

Therefore, [ h3(x) f(x)dx > cj~ V2 n [1’77“ + O(jl%)} —Cj=3/4¢; //m. Con-

sequently, for j large enough, fhf(x)f(x)dm > /712, This implies, V,, >
d'ml/2. O

7.2 Proof of Theorem 1

Let S, be the space spanned by {hq,...,hm—1} and B, = {t € S, ||t|| = 1}.
We have f,, = argmines,, 7, (t) where v, (t) = [|t[|* —2n~1 31", ¢(X;) and
Yn(fim) = —=||fm|[2. Now, we write, for two functions ¢, s € L2(R) ,

Yu(t) = n(s) = [t = fI? = lls = fI* = 2vn(t — 5)

where
n

vlt) = = SIHX) — (8, ).

n
i=1
Then, for any m € M,, = {1 <m <my,}, m, <n/logn, and any f,, € Sp,,

This yields || fs — fII2 < ||f — fnll? + Pen(m) — pen(in) + 2v,, (fi — fin). We
use that

~ 1 4
2Vn(f7h_fm) §4 sup Vi(t)+*||fm—me2,
tEBmvm 4

and some classical algebra to obtain:

%Hfm - fI? < g”f — fml® + pen(m) + 4 (teSBLS)WL vE(t) — p(mV m))
+(4p(m v i) — pen(rn)) + (pen(rn) — pen(m)). (30)

We can choose p(m) such that

Z E( sup Vi(t)p(m\/m')> <

m'eM,, teBm\/WL’ +

Sle
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Indeed, for this, we apply the Talagrand Inequality (see Klein and Rio (2005)):

n 2 2 n
E ( sup v2(t) — 4H2> < G (v%% i MleCsM’{>
tEB, + n n

where E (sup,c 5, v2(1)) < Y i= H2 sup,c 5, Var(t(X1)) < sup,ep,, E(2(X1)) <

[flloe = v* and supic, sup, [t(x)] < \fsup, S h3w) < CLm™12 <
Cl \/n:= M (see (25)). Therefore we obtain

Vin C ,
E ( sup v2(t) — 4) <t (”f”oo ~C3Vim efCS\/W) .
t€Bm n + n

Therefore, with the choice p(m) = 4V,,/n, (31) holds under condition (6)
which is ensured by Proposition 2.
Taking expectation in (30) yields

S~ F17) < S1F = Sl + pen(m) B )~ pent)
FE(pen(i) — pen(m)) + (32)
Let us define

y o 5 1l ym
m th Vm*E;Yim,

and the set inspired by Bernstein Inequality {2 :=

\/W Crms o8 |y 5/6log<n>}
3

n

n

S ™ Ry <

i=1

1
{Vm eM,, —
n

with C” := (C’,)? and C’_ is the constant appearing in M; above. We split
the term to study in (32) as follows:

E(pen(ri)—pen(rm)) . < E[(pen(1h) — pen(r)) 1 1o]+E [(pen(ri) — pen(ri)) + 1oe]

On {2,

Vi — Vinl < 2V CLri?/5 log(n) /r + AT 105/ log(n) / (31)

< lv chl m5/6 log( )
=9 m n ’

using that 2zy < 22 + y? applied to V2VA = 2,/V/2V/A < V/2 + A with
V = Vy, and A = C” ,m®/%log(n)/n. Thus, by definition of M,,,

E [(pen(r) — pen(in)) + 1] + < JE(pen(in)) + ©.
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On the other hand, E [(pen(r) — pen(m))+1ne] < 26P(£2¢). Now, by ap-
plying Bersntein inequality, we get

P(QC) < Z 2672log(n) < %
meMy,

Indeed, we have P(|S,,/n| > \/2v2z/n+bz/(3n)) < 2¢~° for S, = > 1, (U; —
E(U;)), Var(Uy) < v2, |Ui| < b. In our case U_Y,"™ and v? = V,,,C'.m?/6
b= C”m®/6 and we took x = 2log(n).

So Equation (32) becomes

SE(Ifa — FIP) < 217 il + pen(m) + E(4p(m v 1) — penrin)
+§H«:<pen< N+E
<217 = full+ pen(n) + Edptm v ) Spen(in) + =

Now we note that, for £ > 8 := kg, 4p(m V 1) — ipen(rh) < pen(m). Finally,
we get, for all m € M,,,

E(|fr = FI7) < 31 = funll® + 4pen(m) + =,

which ends the proof. O

7.3 Proof of Proposition 3
The first inequality is standard. Let us study }n) (). We write that

A = F12 = 1A = EAVI2 + IEF™) — £
< =B 4+ 20E(F) - foll? + 201 fe — FI>

The term || f, — f||? is the usual bias term. moreover

E (177 ~EF ) = 3 Var(a) =~ 3 Var(ees (X))

‘]|<Kn |]‘<Kn
| , ‘
. Z Efp7 ;(X1)] < -
l7I<Kn

because ;7 |oe.;(z)[* < £. This is the standard variance term order.
The new term is

_ 2 .
IE) = Fell? = > lanyl? <28upljaey\ > i <K*SU_P|J%J'|2~
51> Kn J>Kn noJ

(33)
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We write that jas; = jV/Z [ p(lx — j) f(x)dz = VI(I; + I2) where

hzqﬁwwawmm,bz—ﬂw—MMwwwa

and we bound I; and I5.

|| < E\// lp(bx — j)\de/ﬁfz(;v)d:r = V0\/M,, where My = /m2f2(x)dx.
On the other hand, |I] < sup,cp lup(u)| [ f(z)dz < 1. We obtain:

[jaej| < 0/ My +VE < 0(/ My +1).

Plugging this in (33), we find the bound: ||E( }n)) — foll? <4 (My + 1)/ K,,.
This term is O(¢/n) if £ < n and K, >n?. O

7.4 Proof of Proposition 4

Using the relations (see e.g. Abramowitz and Stegun (1964)):
22H,(z) = Hy1(x) + 2nH, 1 (x), H)(z)=2nH,_1(z), n>1, (34)

we get:
A+hn = \/ﬁhn—la A—hn = 2(71 + 1)hn+1'
We deduce:
V2B, = by =V T, 20 by = /2004 1) gt V20

(35)
Assume first that f € L?(R), f admits derivatives up to order s, and for
Jiseooyim € {—+}and 1 < m < s, A;, ... A; f € L?(R). We prove that
Y sonfai(f) < +oo. We do the proof only for f compactly supported and
refer to Bongioanni and Torrea (2006) otherwise.

For the proof, set A_; = A_, A1 = Ay so that, for n —j > 0, A;h, =

\/2(n+dj)hn,j,dj:01fj:1, dj :11f]:—1 .ThUS, forn—jl—jg—
= G >0,

Ajl . Ajmhn = 2(’]1 + djl) X oooo X4/ 2(n -+ d-'m,)hn_jl_j2_---_jm,'
Now, for f compactly supported,
<Ajf7hn>:<f7Afjhn>: 2(n+d*j)<f7hn+j>'
Iterating yields, for n + 71 +jo+ ... + jm > 0,
(Ajy o Ay fohg) = (f, A A, ... Aj hy)

= H \/ 2(” + d*jk><f7 hn+jl+j2+"'+j’!n>.

1<k<m
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Therefore, Y7, 50((Aj, .- Aj, f,hn))? < 400 is equivalent to

m 2
E , N Gty ot () < 0O
n+ji1+ja+...+jm >0

Now assume that 3, -, na 2(f) < +oco. We have f = 2050 @n(f)hn. We can
write for n; large enough:

ni+ns ni+nz ni+ng 1/2 ni+nsz
DIPIRETE S SELLETIEED SRR ) ol

n=mniy n=mni n=mni n=ni

Thus, the series for f converges uniformly, f is continuous and satisfies for all
z, f(z) =>_,50an(f)hn(z). Therefore, we have:

Zan / R (t

n>0

= ao(f)(ho((z) — ho(y)) + 271/ Za / (V1 hp—1(t) — Vi + 1h,qq(t))dt

n>1

Set Sn (1) = 32,1 an(F) (VA ha1 () =V F Thaea (1)) and S(8) = 3,51 an(F)(V2 o (8)=
V1 + 1hyy1(t)). The function S(t) is well defined by assumption and Sy con-

verges to S in L?(R). Therefore, as N tends to infinity, [¥ [Sn(t) — S(t)|dt <

Vy—z||Sy — S|| = 0. We have proved that

1) = 5@ = aolr) [ my(oyae+ [ o

Thus, f is absolutely continuous and f’ = S belongs to L?(R). Analogously,
we prove that zf belongs to L2(R). Thus, Ay f, A_ f belong to L2(R).

Next, by the same reasoning as above, using that Y n?a, (f) < 4oco the series
for f/(t) = S(t) is uniformly convergent and f’(¢) is continuous. We proceed
analogously to prove that f’ is absolutely continuous and that zf’ and f”
belong to L2(R). Iterating the reasoning, we obtain that f admits continuous
derivatives up to s — 1 and that f¢~1 is absolutely continuous and that
Foflsoo f@) gh=mfl=m) py — 0, ... s —1 all belong to L?(R). This shows
that, for ji,...,5m € {—,+},1 <m <s, A;, ... A; [ belongs to L*(R). O

7.5 Proof of Proposition 7

Let f,, be the density N(u, 1), then

Cl(g—p? dT Ci _7_796 )
) = Uk >:/th(x)e 8 ’)E:\/Q?/RHJ‘(”C T da
R ] —(x—,&)2 G _ﬁ/ ‘ Hy g2
= =¢ T | Hi(a)e T2 de = —=em T | H(v+ T)e d.
Vor /R i() N i i( 2)
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Now we use the following formula, obtained by the Talyor formula and the
recurrence relation H), = 2nH, _1:

$+y=2n:< > Hy 1 (y).

k=0

) = e ; (2) 0 [ e

and [, Hk(v)e’vgdv = (1/(crco)){hi, hoy = 0 if k # 0. Therefore we get

This yields

Cs 7 a2 7 a2
aj(fu) = =B e = o' (36)
0

V2 ¢ \/2mw1/227 5!
Then
e—H/2 p2 o eh 2/2 p2+m)

Hf/l«_(fu)m”2: Za?(fﬂ) 2ﬁ ZQ]er +m

jzm

Using Stirling’s formula, we get

1y = Gl S o (-mlon(2)).

Therefore mop, = [(log(n)/log(2))-+ep?] yields || fu—(fu)mop: I? S 1/(ny/log(n)).
Combining with Proposition 1, we obtain the first result.
To prove the second result, we use the following proposition.

Proposition 12 Recall that a;(f) = [ f(z)h;(x)dz. For j >0, we have:
1 \Y2 @) (o2 -1}
oay () = e (5 +O_2) ﬂ (Ug - 1) - anp(fe) =0
Forn>p, 7>0,
2j) |o2 =177
|az;(fp,o)] < C(paaz)%m ol o ) =0

We can now deduce the risk of fm when f = f,. We have:

. 1 (o2—1\¥
i~ () o
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Therefore, setting A = log [(giﬂ) ] yields || f—fml* < f exp (—Am). Com-

bining with Proposition 1, we obtain E(|| fm—f]12) < ﬁ exp (—Am)+n~1y/m,
and thus Proposition 7. O

Proof of Proposition 12. We first compute the coefficients of the centered
Gaussian density. As Hermite polynomials of odd index are odd, the coefficients
with odd index are null. We compute the coefficients with even index. Let

0.2

— 38
14 02 (38)

=1+ t=

Note that if 262 =1, i.e. 02 = 1, the coefficients are null except for n = 0.
We have

(2p)!

2vp!

/xQPfﬁ(x)dx:@p&QP with C2, =3x5x7Tx...x(2p—-1) =

Using that (see e.g. Lebedev (1972), formula (4.9.2) p.60)

H _ 2j—2k
(@ Z 23—% (22~

we obtain:

2 o 2
i 2L (262 — 1))

Q\Q\

_ 7
U ) —
a,2j(fa' 2] CQJO_ E J _Qk. 22,7 2k02 k)02(7 k) _ = 3
k=

0
1/2 o — 1\’
(w) v (71)

Note that |(¢? —1)/(1 + 02)\ <1l

Analogously,
azj(fp.0) = (2]'];)!023' C)Q”“kio - 1}3!'6(32‘;2_23'2]:’;;3;2(2’“) Caj-k+p)
_ (2{)162j (§>2p+1zﬂ: X —1)ky (25 25~ k Col—hip)
J! a = k() - ) Co(j—k)C2p

0

3
I

Now, we use the following result which is proved in Chaleyat-Maurel and
Genon-Catalot (2006, Lemma 3.1, p.1459):

P or

:Zm(m—l)--%m—f“)(f)czr'

r=0

Co(mp)
CZmCQp
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After some computations, we get:

2j)! 5\ 20+ 4
431{fps) = (J'(—] ;)10” (9 (20% —1)77"S,  where
p 1 97
) p! _o\ri9=2 _ 1\p—
;0 o) —r)'cy@“) (262 — 1)

Therefore,
|Sp] < elp) (2% + 257 — 1])",

which allows to bound |as;(fp+)| and ends the proof. O

7.6 Proof of Proposition 8

Let f € Fsup(C). We have from (36),
a;(f) = (hj, f) = E(h;j(X + M)) where X ~ N (0,1),M ~ II, and X, M independent,

1 . M2
=EEMh;(X +M)M)) = —=E(M’e” 5
(B0 (X + M) = B )
Therefore
_ M2 1 ;M2

2Vm Z ai(f) = Z @E%M] ) < Z ﬁE(M% 7 1arz2<am) + E(Lar2 /25 am)

j>m jZm j>m
Let us look at the first term of the sum above.

M2 2 M2\ a2 1 M2\’

E e Z lyzocnm | =E <> ez — () a2 2<am
_]'Zz'rn ]'2] /27 2 jZ (] +m) 2 / =
(M)m . WY (L

2 _ M2 2
<E et Zﬁ <2> arzjo<om | = 1arz/2<om

Jj=0

where we used that 1/(j + m)! < 1/(j! m!). Now, gathering the two terms
again, we get

Z a(f) < b <()‘:Z')1n + I (|u| > m)) < ﬁ <()\:;L!)m +Ce_2”"/c> .

- 2xl/2

jzm
By Stirling’s formula

(Am)™
m!

~ (Am)™/(V2rm(m/e)™) = (Ae)™ /V2mm.

We choose A\ = 1/(2e), thus the decrease of the square bias term is exponen-
tially fast. The choice mopy = [alog(n)] with a = eC' + 1/1og(2). Combining
this with Proposition 1 gives the rate y/log(n)/n for the L?-risk of the esti-
mator. O
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7.7 Proof of Proposition 9
From Proposition 12 and formula (37), we have

11 1 [(e2—1\¥
E 2 <77§:7 c -

Jjzm

Now for f € G(v), we get

v u? — 2j
Hf—famllzslzL ! < 1) AT (u)

ﬂ—jZm\/j 1o L+u? \u?+1

11 Y 14u? (u2—1\"" 11 )
< (YT adw) < ———(1 m
T rym )y, 4du? (u2+1> (u)_4 m( + %) 7%

T
where pg is given by (16). Therefore choosing mqp; = [log(n)/|log(po)|] gives
a squared bias of order 1/(n/log(n)) and a variance of order \/log(n)/n, thus

a rate of order \/log(n)/n.

7.8 Proofs of Proposition 11

Using notation (21), we have:

E(|gm = g1*) = E(1gm = Egmll*) + IE(Gm) = gmll*) + llgm — glI*

m—1 m—1
=" Var(ay) + > R¥(hy) + lgm — gl
=0 =0

FiI’St7 Z;n:_ol R2 (hj) = SUD¢cgs,
from the following Lemma:

Lemma 1 Lett € S, and assume that (H1) and (H2) hold.
1) If C == [u?|g*(u)Pdu < +oc, then

[R(1)| < Allelllgl 0/ /v/2m.

1t)=1 B?(t) and the bound for this term follows

m

2) Otherwise:

[R()] < 2v2[|g]l1 lglll[t]|Av/m. (39)
On the other hand, we have:
m—1 1 m—1 1 1
a;) = — —Z1hi(Z < —Vp.
;Var(aj) - ;)Var(A 1hi( 1)) < —Vn

We need to bound z%h3(z). To that aim, we use relation (26) for ;. We bound
&;(z) given by (27) as in the proof of Proposition 1 by: |¢;(z)|* < |z|°/10, and
using (28) we obtain for j > 1,

2c2 22 2 |27

212
I R .
hiR) S Tt s

S
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As a consequence
2 E(27) 2 E(zl)

1 212
[ lhg( 1)] 262 + 5(2] 1) A

The bound on V,, given in (23) follows. O

Proof of Lemma 1. For case 1), we refer to Comte and Genon-Catalot (2009),
Proposition 4.1 p.4099.
For case 2), we have (see (21) and (18)) for t € Sy,

R() = 3BZi(20) ~ (t.9) = [ e)nald) — (t.g) = [ t2)Bg(z — 20)dz ~ (1.9
_ E(/ He+ Z1) — t(2))g(2)dz = E <21 /O du(/g(z)t’(z + uZl)dz)) .

Thus,
[R(t)| < E|Z1|l|gllI'[l
Under (17), (H1), we have

BZ) <4 [ lein(z)de = Alg|h, (40)
(see Proposition 3.2 p.83 in Belomestny et al., 2015). Now, by Lemma 2 below,
[I1']] < v/2m||t]| so the proof of Lemma 1 is complete. O
Lemma 2 Vm >0, Vte S,, [t'|*<2m|t|*

Proof of Lemma 2. A function t € S, can be written ¢t = Z;;f ajh;. Thus,
=37 ajh We use hj(x) = —hi(z)/v/2 and Formula (35) to obtain:

-1

\/ﬁt/(.’ﬁ) = —aoh1 -|— aJ fhj 1 — \/j =+ 1 hj+1(£[,’))

7j=1

m—2
= arho(z) + (V2az — ag)ha (z) + Z Vi + a0 = Via;1)h(@)
=2

S

_am—2mhm—1(aj) - @m—lmhm(x)-

This implies, for m > 2

1 s :
[#']* = 3 +(V2a3 —a0)* + > (Vi + laj — Vjaj1)* + (m — )aj,_o + mal,_,
Jj=2
1 L —
<3 (af + 24 + 4a3)) Y Z ajpq +ajy) +an, st an, g
m—1
<2m Y a) =2m|t|*.
§=0

For m = 0,1, the same inequality holds obviously. O



Sobolev-Hermite nonparametric density estimation 31

References

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

. Abramowitz, M. and Stegun, I. A. (1964) Handbook of mathematical functions with for-

mulas, graphs, and mathematical tables. National Bureau of Standards Applied Mathe-
matics Series, 55 For sale by the Superintendent of Documents, U.S. Government Print-
ing Office, Washington, D.C.

Barron, A., Birgé, L. and Massart, P. (1999) Risk bounds for model selection via pe-
nalization. Probability Theory and Related Fields 113, 301-413.

Belomestny, D., Comte, F., Genon-Catalot, V., Masuda, H., Reiss, M. (2015) Lévy
matters. IV. Estimation for discretely observed Lévy processes. Lecture Notes in Math-
ematics, 2128. Lévy Matters. Springer, Cham.

Belomestny, D., Comte, F. and Genon-Catalot, V. (2016) Nonparametric Laguerre es-
timation in the multiplicative censoring model. Electronic Journal of Statistics, 10,
3114-3152.

. Bertoin, J. (1996) Lévy processes. Cambridge Tracts in Mathematics, 121. Cambridge

University Press, Cambridge, 1996.

Birgé, L. and Massart, P. (2007). Minimal penalties for Gaussian model selection. Prob-
ability Theory and Related Fields 138, 33-73.

Bongioanni, B. and Torrea, J.L. (2006). Sobolev spaces associated to the harmonic
oscillator. Indian Academy of Sciences. Proceedings. Mathematical Sciences, 116 (3),
337-360.

. Chaleyat-maurel, M. and Genon-Catalot, V. (2006). Computable infinite-dimensional

filters with applications to discretized diffusion processes. Stochastic Processes and
Their Applications, 116, 1447-1467.

Comte, F. and Genon-Catalot, V. (2009) Nonparametric estimation for pure jump Lévy
processes based on high frequency data. Stochastic Processes and Their Applications,
119, 4088-4123.

Comte, F. and Genon-Catalot, V. (2015) Adaptive Laguerre density estimation for
mixed Poisson models. Electronic Journal of Statistics, 9, 1113-1149.

Comte, F., Dedecker, J. and Taupin, M.L. (2008). Adaptive Density Deconvolution with
Dependent Inputs. Mathematical Methods of Statistics, 17, 87-112.

Devroye, L. and Gyorfi, L. (1985) Nonparametric density estimation. The L1 view. Wiley
Series in Probability and Mathematical Statistics: Tracts on Probability and Statistics.
John Wiley & Sons, Inc., New York.

Devroye, L. and Lugosi, G. (2001) Combinatorial methods in density estimation.
Springer Series in Statistics. Springer-Verlag, New York.

Donoho, D. L., Johnstone, I. M., Kerkyacharian, G., and Picard, D. (1996). Density
estimation by wavelet thresholding. The Annals of Statistics, 24, 508-539.
Efromovich, S. (1999) Nonparametric curve estimation. Methods, theory, and applica-
tions. Springer Series in Statistics. Springer-Verlag, New York.

Efromovich, S. (2008). Adaptive estimation of and oracle inequalities for probability
densities and characteristic functions. The Annals of Statististics, 36, 1127-1155.
Efromovich, S. (2009). Lower bound for estimation of Sobolev densities of order less
1/2. Journal of Statistical Planning and Inference 139, 2261-2268.

Ibragimov, I. (2001) Estimation of analytic functions. In State of the art in probabil-
ity and statistics (Leiden, 1999), Institute of Mathematical Statistics Lecture Notes -
Monograph Series, 36, Institute of Mathematical Statistics, Beachwood, OH, 359-383.
Ibragimov, I. A. and Has'minskii, R. Z. (1980) An estimate of the density of a distribu-
tion. (Russian) Studies in mathematical statistics, IV. Zapiski Nauchnykh Seminarov
Leningradskogo Otdeleniya Matematicheskogo Instituta imeni V. A. Steklova Akademii
Nauk SSSR (LOMI) 98, 61-85, 161-162.

Kim, A. K. H. (2014) Minimax bounds for estimation of normal mixtures. Bernoulli,
20, 1802-1818.

Klein, T. and Rio, E. (2005). Concentration around the mean for maxima of empirical
processes. The Annals of Probability, 33 1060-1077.

Lebedev, N. N. (1972) Special functions and their applications. Revised edition, trans-
lated from the Russian and edited by Richard A. Silverman. Unabridged and corrected



32

Denis Belomestny et al.

23.

24.

25.

26.

27.

28.

29.

30.

31.

republication. Dover Publications, Inc., New York.

Mabon, G. (2017). Adaptive deconvolution on the nonnegative real line. Scandinavian
Journal of Statistics. Theory and Applications, 44, 707-740.

Markett, C. (1984). Norm estimates for (C, §) means of Hermite expansions and bounds
for defr. Acta Mathematica Hungarica, 43, 187-198.

Massart, P. (2007) Concentration inequalities and model selection. Lectures from the
33rd Summer School on Probability Theory held in Saint-Flour, July 6-23, 2003. With
a foreword by Jean Picard. Lecture Notes in Mathematics, 1896. Springer, Berlin, 2007.
Rigollet, P. (2006) Adaptive density estimation using the blockwise Stein method.
Bernoulli 12, 351-370.

Schipper, M. (1996). Optimal rates and constants in L2-minimax estimation of proba-
bility density functions. Mathematical Methods of Statistics, 5, 253-274.

Schwartz, S.C. (1967). Estimation of a probability density by an orthogonal series. The
Annals of Mathematical Statistics, 38, 1261-1265.

Szegd, G. (1975) Orthogonal polynomials. Fourth edition. American Mathematical Soci-
ety, Colloquium Publications, Vol. XXIII. American mathematical Society, Providence,
R.L

Tsybakov, A. B. (2009) Introduction to nonparametric estimation. Springer Series in
Statistics. Springer, New York.

Walter, G.G. (1977). Properties of Hermite series estimation of probability density. The
Annals of Statistics, 5, 1258-1264.



