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ABSTRACT. We study non parametric drift estimation for an ergodic diffusion process
from discrete observations. The drift is estimated on a set A using an approximate
regression equation by a least squares contrast, minimized over finite dimensional sub-
spaces of L?(A,dz). The novelty is that the set A is non compact and the diffusion
coefficient unbounded. Risk bounds of a L?-risk are provided where new variance terms
are exhibited. A data-driven selection procedure is proposed where the dimension of the
projection space is chosen within a random set contrary to usual selection procedures.
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1. INTRODUCTION

Non parametric drift estimation for ergodic diffusion processes whether from contin-
uous or from discrete observations is a widely investigated subject and to some extent
thoroughly known. Nevertheless, gaps in this field remain and the aim of this paper is to
fill some of these. T'wo approaches are classically investigated. First, one can estimate the
drift function by kernel. This is done, for instance, by Kutoyants (2004), Dalalyan (2005)
or more recently by Aeckerle-Willems and Strauch (2018), Strauch (2015, 2016), Nickl
and Ray (2020). With this method, the estimation of the drift is not direct: one has to
estimate the product of the drift by the invariant density of the process and then divide
the resulting estimator by an estimator of the invariant density. There are no support
constraints with kernels but authors rather study pointwise risks than global L2-risks thus
getting around some difficulties. The second approach is based on least-squares and sieves.
An estimation set A is fixed and a collection of finite-dimensional subspaces of L?(A, dx)
is chosen. This leads by minimization of a least-squares contrast on each subspace, to a
collection of estimators of the drift restricted to the estimation set, indexed by the di-
mension of the projection space. The estimators of the drift are defined directly but here,
there is a support constraint as the drift is not estimated outside the estimation set. This
method was initiated by Birgé and Massart (1998), Barron et al. (1999), Baraud (2002),
for regression models, by Hoffmann (1999) and Comte et al. (2007) for diffusions. The
estimation set A is assumed to be compact and the drift function square integrable on
this set. This is a drawback of this approach. Moreover, on a compact set, the diffusion
coeflicient which is a continuous function, is obviously bounded.

In this paper, we investigate the sieves method approach relaxing the compactness con-
straint on the estimation set. The estimation set may be equal to R or the whole real line.
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More precisely, we consider discrete observations with sampling interval A, (X;a)1<i<nt1,
of the one-dimensional diffusion process (X¢)>0, solution of

(1) dXt = b(Xt)dt + U(Xt)th, X() =1,

where (W;) is a Wiener process and 7 is a random variable independent of (W;). Assume
that model (1) is in stationary regime with marginal distribution 7 (z)dz and exponentially
B-mixing. The asymptotic framework is that, as n tends to infinity, the sampling interval
A = A, tends to 0 while the total length time of observations nA, tends to infinity
(high frequency data). The functions b, o are unknown and we are concerned here with
nonparametric estimation of b. We only assume moment assumptions for b(Xy), o (Xy)
and in particular, these two functions need not be bounded.

Drift estimation for diffusion models in high frequency framework share some features
with heteroscedastic regression function estimation. Setting

X _ X

(2) Yia = %&, Zin = %U(Xi ) (Wiirna — Wia)

yields Y;a = b(X;a) + Z;a + residual term, where the expression of the residual term is
obtained using equation (1). This approximate regression equation is used to build a least-
squares contrast leading by minimization to a collection of estimators on an unrestricted
estimation set. Because the estimation set is unrestricted, the method quite differs from
the one in Comte et al. (2007). Estimators are expressed using non compactly supported
bases and the dimensions of the projection spaces are subject to a constraint which does
not exist in the compact case. A similar constraint was introduced by Cohen et al. (2013)
in the homoscedastic regression framework to obtain accuracy of regression function esti-
mators. We study L2-risk bounds for our drift estimators on a fixed projection space and
then propose a data-driven choice of the dimension by means of a random penalty. It is
noteworthy that decomposition (2) is not the same as in Comte et al. (2007) (see Remark
3.1). This allows us to obtain novelties especially in the variance terms of the L2-risk
bounds and in the penalty terms of the model selection procedure. Indeed, the penalty
involves no longer upper or lower bounds of unknown functions, but only terms which can
be more easily estimated.

Section 2 gives the framework and assumptions on the model. Section 3 concerns the
estimation of the drift function and is divided in several subsections. First, the approxi-
mate regression model is precised. Then, the projection estimators of b1 4 are built using a
collection of finite-dimensional subspaces of (A, dz) where the estimation set A is a gen-
eral Borel subset of R. Risk bounds are obtained based on the expectation of an empirical
norm and of the L2(A, 7(x)dx)- norm. The variance term is completely new and differs
from the one obtained in Comte et al. (2007). Rates of convergence are discussed showing
that, in the case where ¢ is a bounded function, for an appropriate choice of the projection
dimension, our estimator is optimal. Comparison is done with respect to existing results
in the litterature. A data-driven procedure to select among the collection of estimators is
proposed. In the selection procedure, the dimension is selected via a penalization crite-
rion within a random set which is non standard in these methods and induces difficulties
in proofs. Section 4 is devoted to a simulation study. The examples of non compactly
supported bases that we propose are the Laguerre bases for A = RT and the Hermite
bases for A = R which have been used in various contexts for nonparametric estimation
(see Comte and Genon-Catalot, 2015, Belomestny et al., 2016, Comte and Genon-Catalot,
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2020a-b, Comte et al., 2017, Mabon, 2017). Some concluding remarks are given in Section
5. Proofs are given in Section 6.

2. ASSUMPTIONS ON THE DIFFUSION MODEL

Consider discrete observations with sampling interval A, (X;a)i<i<n+1, of the diffusion
process (X¢)¢>0, solution of (1) where (W;) is a Wiener process and 7 is a random variable
independent of (W;). The drift function b(.) is unknown and our aim is to propose non-
parametric estimators for it, relying on the sample (X;a)1<i<nt+1. The diffusion coefficient
02(.) is also unknown and our estimation procedure will not depend on it. The asymptotic
setting is: A = A, tends to 0 and nA,, tends to infinity as n tends to infinity. Without loss
of generality, we assume log(nA,) > 1. To simplify notations, we only write A without
the subscript n. However, when speaking of constants, we mean quantities that depend
neither on n nor on A. We consider the following assumptions.

(A1) b,0 € C'(R) and there exists L > 0, such that, for all z € R, |¥/(z)| + |¢'(x)| < L.

(A2) The scale density
5(z) = exp {—2/095 :2((“3) du}

satisfies [___s(2)da = +00 = [T s(x)da and the speed density m(z) = 1/(o?(z)s(x))
satisfies fj;o (x)dz = M < 4o0.
(A3) X, = 1 has distribution 7(z)dz given by 7(x) = M ~1m(x).
Under (A1), Equation (1) has a unique strong solution adapted to the filtration (F; =
o(n,Ws,s <t),t >0). The functions b, o have linear growth:
(3) JK,Vz € R, |b(z)| + |o(x)| < K(1 + |z|).
Under the additional assumption (A2), Model (1) admits a unique invariant probability
m(z)dz. And under (A3), (X;) is strictly stationary and ergodic.
(A4) (X;) is geometrically S-mixing: there exist constants K > 0 and 6 > 0 such that:

(4) Bx(t) < Ke ™,

where Sx(t) f+°° x)dx|| Pi(z,dx’") — 7(2")dx'||7v denotes the S-mixing coef-
ficient of (X;). The norm ||.|7y is the total variation norm and P, denotes the
transition probability.

(A5) ||7loo < 400 (||7||oc = sup,ec4 7(z) denotes the sup norm on A).

In Veretennikov (1988) or Pardoux and Veretennikov (2001), sufficient conditions ensuring
(A4) may be found. Assumption (A5) is only used in Section 3.6. The following result
is used below (see Proposition A, in Gloter (2000)):

Proposition 2.1. Assume (A1)-(A3) and let f : R — R be C' and such that there exists
a constant v > 0 such that, for all x € R, |f'(x)| < ¢(1 + |z|?). If, for k an interger,
E|n|*1+7) < +o0,

(5) E( sup |f(Xs) = f(X0)[F) < chF2(1+Elp/H).
SE[t,t+h]

In particular, Proposition 2.1 applies for b and o with v = 0, under (A1).
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3. DRIFT ESTIMATION

In what follows, for a function h, we denote hy := hly, ||.|| denotes the L2-norm, ||.||x
the norm in L2(7(z)dx) and ||.||2,m the Euclidian norm in R™.

3.1. Approximate regression model for the drift. Consider Y;a, Z;a defined in (2)
and set R;A := RO) + R@)

1 (i+1)A 9 i+1)A
RY = / — o(Xia))dW,, R = / (0(Xs) — b(Xia))ds.
A ' A Jin
The process (1) satisfies the following relation:
(6) Yin = b(Xia) + Zin + Rin.

Equation (6) is close to an heteroscedastic regression equation where Z;a plays the role
of the noise and R;a is an additional residual term to take into account. This leads us
to apply part of the tools proposed for regression function estimation on non compact
support in Comte and Genon-Catalot (2020a-b) to the present diffusion context.

Remark 3.1. Decomposition (6) is slightly different from the one used in Comte et
al. (2007) which was Yia = b(X;n) + Zia + Rina, where Zia = AL [{FD2 6( X )aw,.
The "new” noise Z;a has simpler structure than Zm- This is important for the technical

tools used in the proofs (Talagrand deviation inequalities with coupling method instead
of direct martingale deviations).

3.2. Definition of the projection estimator of the drift. In this section, several
definitions and notations are common or close to the ones used in Comte and Genon-
Catalot (2020a-b) inducing some unavoidable repetitions for the text to be self-contained.
Consider model (1) with observations (X;a)i<i<n+1 decomposed as in (6). Let A C R and
let (¢;,5 =0,...,m—1) be an orthonormal system of A-supported functions belonging to
L2(A, dx). Define S,, = span(e,...,Pm_1), the linear space spanned by (©g, ..., Pm_1)-
The ¢;’s may depend on m but this is omitted in notations for simplicity.
We will use further on the following assumption:

(A6) For all j, [@3(x)m(x)dz < +oo, thus S, C L*(A, 7(x)dz), and the collection of

models S, is nested, i.e. m <m/ = S,, C S,

Define an estimator of the drift function b on A, element of S,,, by:
by, = in v, (t
m = arg min ,(f)

where 7, (t) is a least-squares contrast given by

n

(7) Yn(t) = %Z [*(Xia) — 2Yiat(Xia)] -
i=1

For functions s, t, we set

1< 1<
Ht\’%:ﬁztz(){m% $,t)n EZS in)t(X;a) and (4, t)y, Z“Z
=1

=1
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when 4 is the vector (uq,...,u,)’, @’ the transpose of @, and t a function. Let

Dy = (9 (Xin))1<i<no<j<m—1,

and

~

1+, =~ ~
®) T = (25298 hcsnzns = 3B U = ([ ei@ernoIts)  —E(@),
0<j,k<m-—1

Set 7 = (Ya,...,Y,a)". Assuming that \flm is invertible almost surely (a.s.) yields
1

m—

X . e s 1o -
9) b= > @™oy, with @™ = (3,3,,) 718, Y = ~0,1,,Y,
i=0 "
where a(™ = (d(()m), ey &5;”_)1)’.

In what follows, the matrices (I\'m and W, play a central role for the comparability of
the norms ||.||; and ||.||,, uniformly over a space S,,. Key tools are deviation inequalities
proved in Cohen al. (2013, 2019) and Comte and Genon-Catalot (2020a) for independent
sequences of random variables. We extend these to a discretely observed diffusion process.

3.3. Risk bounds for the drift estimator.

Notations. For M a matrix, we denote by ||M||op the operator norm defined as the square
root of the largest eigenvalue of M M’. If M is symmetric, it coincides with sup{|\;|} where
A; are the eigenvalues of M.

Decomposition (6) allows to handle a not necessarily bounded volatility function. It in-
volves the empirical processes:

Ly Ly (®)
vn(t) = — Z;t(xm)a(xm)(w(iﬂm —Wia),  Rup(t) = Z;t(Xi )R, k=1,2
(Ry, 2 is the same as in Comte et al. (2007)). The following assumption is required:
m—1
(10) L(m) := sup <p§(:1:) < +o0.
€A =0

One easily checks that L(m) does not depend on the choice of the L?(dx)-orthonormal
basis of S, by taking two orthonormal bases and using the orthogonal matrix linking
them to obtain the same L(m). Note also that L(m) = supcg,, |1/=1 SUPzec 4 t?(x). Under
(A6), the spaces S,, are nested, and this implies that the map m — L(m) is increasing.
Assuming En? < 400 and using (3) and (10), we define

(1) U= [ es(ehorte)o@ma)as

To ensure the stability of the least-squares estimator, we must consider a truncated version
of by, given by

= s ~ 0(3log(3/2) — 1)
(12) b = b L1 () (1T lopv1) <A/ log2(m) € = Co

0<j,k<m—1

where Cj is a numerical constant, Cy > 72. Actually, on the set {L(m)(||\ffr_nl||0p v
1) < an/logQ(nA)}, the eigenvalues (\;)i<i<m of W, are such that infi<j<m Aj >
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L(m)log?(nA)/(enA); thus, the matrix W, is invertible.

The choice of ¢ is done in Lemma 6.1, using Proposition 6.1 (i). Due to 6, the constant
¢ is unknown. To avoid this problem, for n large enough, we can change cnA/log?(nA)
into €nA/log? ¢(nA) with ¢ > 0 and a known constant €.

We stress that, if ¥y, (resp. U,,) is invertible, then 1% Hlop = SUPye S, [t =1 1£]|? (resp.
195, lop = supses,, fji,=1 [It]]?)- Thus under (A6), m — [T lop (vesp. m — [[¥7|op)
is non-decreasing (see Proposition 2, Section 2.3 in Comte and Genon-Catalot (2020a)).
We prove:

Proposition 3.1. Let (X;a)i1<i<n be observations drawn from model (6) under assump-
tions (A1)-(A4) and (10), with A <1, A = A, — 0 and nA — +oo when n — +00.
Assume that E(n*) < 4+o00. Consider the estimator by, of ba. Then for m such that

(13) Lim)(|v: 1uopv1)_2kfg”(AA) and m < nA

with ¢ given in (12), we have

~ 64
E — 21 <7 inf —t]2 + —Tx[v 1 /2p 1/2+ A+ —-
[1bm, — ball;] < 7t1€%m [ba — ¢ A (W, m,o J+a A

Bl — ball2) < ol nf [lba — 012+ — W20, 20,1 + A,
where ¢y, co, c3 are positive constants.

Condition (13) is a stability condition analogous to the one proposed by Cohen et al. (2013,
2019). If m is too close to nA, the least squares approximation becomes inaccurate. Note
that, as for \flm, for m satisfying condition (13), ¥,, is invertible and its eigenvalues are
lower bounded by 2L(m)log?(nA)/cnA. The condition m < nA is actually included in
the first part of (13): indeed, if (6;,j = 0,. — 1) is an orthonormal basis of \S,, with
respect to L2(A, 7(x)dz), and K (m) = supxeA Zm ! 92( ), then K (m) > m and one can
prove that K(m) < L(m)||¥,,!{|op (see Lemma 4, section 6.3, in Comte and Genon-Catalot
(2020a)).

Under (A6), the bias term, infscg,, ||[ba—t||2 decreases when m increases. The terms c; A+

c2/(nA) are residual terms tending to zero under our asymptotic framework. The novelty is
the variance term Tr[¥,, 1/ Q‘I’m,cﬂ \I/;ll/ 2]. It is non-decreasing and can be upper bounded in
several manners (see Proposition below). Note that if o(z) = o, then \117711/2\1’,”“0.2 w2 =

021d,, and Tr[¥ 1/2‘11m o2 Um e/l ] =o?m.
Proposition 3.2. Let m be an integer. Assume that U, is invertible and En? < +oc.
(1) Under (A6), m +— Tr[V,, 1/2\11 \1171/2] is non-decreasing.
(2) If o is bounded on A, Tr[¥ 1/2\1' 2012 <o allZm
(3) Assume that (10) holds, then Tr[¥ _1/2\11m 02\11_1/2] < E[o4(X0)]L(m)][ ¥ op-

From (2), if o is bounded on A (compact or not), we recover the result of Comte et al.
(2007), see the penalty term in Theorem 1 therein (which has order ||o4|lcom/(nA)).
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3.4. Rates in the compact case. In this paragraph, we assume that A is compact.
Then we can work under

(14) 0<m<m(x) <m,VoeA,

where 7y and 7 are two unknown fixed constants.
Proposition 7 in Comte and Genon-Catalot (2020a, Section 3.3) implies that

||‘I'r_n1||0p < 1/mo.

In such a case, condition (13) contains all indices up to order nA/log?(nA).
When A is compact, we can also assume that by is square-integrable and that |[o4l|cc <
oo. Therefore

(15)  inf foa— o2 < m jinf o — o and TR0, 202 < floalm.
The result of Proposition 3.1 thus encompasses the result given in Proposition 1 of Comte
et al. (2007). Note that, in the latter paper, only the empirical risk is studied.

A benchmark for comparison with our framework is the result of Hoffmann (1999) and
we also refer to it in our paper Comte et al. (2007). Hoffmann considers a compact estima-
tion set A and a class of drift functions belonging to a ball of the Besov space By 2,00(A).
He proves that the optimal rate obtained for the usual L2 risk is (nA)=2¢/(e+1)  The
square bias has order D, 2% with D, the dimension of the projection space S,,. In our
case, if by belongs to a ball of the Besov space By 2 o0(A), it follows from the last bound in
Proposition 3.1 and from (15), that, if A = o(1/(nA)), and if mey = (nA)Y 22+ then
indeed, we obtain the optimal rate (nA)~2%/(2a+1) for the LL2(A)-risk, thanks to condition
(14); see also Inequality (16) in Comte et al. (2007). In this sense, we have optimality.

Note that other results exist; it is not always easy to compare our result with other
rates obtained as the class of functions involved to assess the bias rate is not the same
as ours and not comparable with ours. Moreover, the definition of the risk is not the
same as ours. For instance, for drift estimation in ergodic diffusion models continuously
observed throughout a time interval [0, 7], Dalalyan (2005) uses a weighted IL? risk, where
the weight function is 72 and not 7 and a class of weighted (by 72) Sobolev balls with
regularity s. In this framework, the square bias has order T2 yielding an optimal rate
of order T—2%/(25+1) (the correspondence here is T' = nA).

3.5. Rates in the non compact case. If A is not compact, we have to take into account
condition (13), study the risk bound obtained in Proposition 3.1 with the more precise
variance term Tr[W, W, 2]/nA and define an appropriate class of functions to assess the
square bias rate.

Following Comte and Genon-Catalot (2020a), we introduce the regularity set:

W2(A, R) = {h € L3(A, n()dz), ¥¢ > 1, |h — hf |2 < RC},
where hJ is the L2(A, n(x)dz)-orthogonal projection of h on S;. If by has a given (un-

known) regularity s in the previous meaning, that is, if b4 belongs to W2(A, R), the square
bias satisfies

Jof lba — tlz = 1lby, — ballz < Rm™.

Let us justify the definition of the regularity space above by making an analogy. If we
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consider an orthonormal basis (¢;,7 > 0) of L?(4,dx), it is rather standard to define
regularity spaces:

(16) W*(A,R) = {h € L*(A,dzx), > j*(h,¢;)* <R},
>0

which describe the rate of decay of the coefficients of the function on the basis. If
h € W3(A,R), then V¢ > 1, ||h — h||*> < R(™* where hy is the L2(A, dx)-orthogonal
projection of h on Sy.

In Comte and Genon-Catalot (2020a), in the homoscedastic regression model with n in-
dependent observations, Y; = b(X;) + €;, projection estimators of the regression function
are studied. The rate obtained for the L2(f(x)dx)-risk (f is the commmon density of the
X,;’s) is n~%/5F1 if the regression function belongs to W3 (A, R). This rate is optimal on
this class of functions as a lower bound is proved. This rate and its optimality is extended
to the heteroscedastic model in Comte and Genon-Catalot (2020b, Section 2.3), under the
previous conditions and for ¢ bounded from above and below.

In the simulation study below, the following non compactly supported bases are used
for implementation: if A = R, the Hermite basis and if A = RT, the Laguerre basis.
Definitions and elementary properties are recalled in this section and references are given
in the introduction. If A = R and (¢;,7 > 0) is the Hermite basis (resp. if A = R* and
(pj,7 > 0) is the Laguerre basis), then W?*(A, R) is a Sobolev-Hermite (resp. Sobolev-
Laguerre) ball. The index s (and not 2s) is directly linked with regularity properties
of functions (see Section 7 of Comte and Genon-Catalot (2015) and Appendix A.2 of
Belomestny et al. (2016)).

Here, we do not assume that by belongs to LL?(A4,dxr) as this would be too restrictive
for the drift function of model (1). Thus, the definition of WZ(A, R). Note that, if
h € W#(A, R) and moreover 7 is bounded, then h € W2(A, R||7||«) as

1h = RE 17 < lImlloo I — Pell*.

Now assume that by belongs to W32(A, R), then, the bound given in Proposition 3.1
becomes,
- Tr[U- 1w o2 1
E[||bn — ball2] S BRm™® + D Tno2] T;A m.o?] + X
If o is bounded on A (see Proposition 3.2) and if m* = (nA)Y/(+1) satisfies (13), we find
the rate
E[|bms — ballz] S (nA)~*/CFD,

This is coherent with the optimal rate obtained in the usual regression model. The con-
dition that m* = (nA)/(+1) satisfies (13) is actually mainly a constraint on , see the
discussion in Comte and Genon-Catalot (2020a), Section 3.2, 3.3, 3.4. Notes that these
rates are specific to Laguerre and Hermite Sobolev spaces.

In the general case, the best compromise between square bias and variance terms is
obtained defining m* by the implicit relation (m*)~° = Tr[\I’;f*\I/m*Jz] /nA and yields
a rate of implicit order (m*)~®. The order of the quantity Tr[\I/;llleﬁz] is empirically
illustrated in Figure 4 and seems to be close to ¢m, for ¢ a constant, in rather general
context.

In any case, the choice of m* is not possible in practice, as s and R are unknown.
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Note that, it is proved in Comte and Genon-Catalot (2020a), Lemma 3 and Proposition 8
(Section 3.4), that, with the non compactly supported Laguerre and Hermite bases,

a) for all A <1, for all m < nA, T,, is a.s. invertible;
b) for all m, W,, is invertible and there exists a constant ¢* such that, || ¥, ||(2)p > c*m.

Property b) enlightens that ||¥;!|,, may have a real weight and increase the variance.

3.6. Model selection. We precise condition (10) as follows:

(B1) The collection of spaces Sy, is such that, for each m, the basis (¢o,. .., @m—1) of
Sy, satisfies

m—1
(17) Lim) =) ¢}l <clm for ¢} >0 a constant.

j=0
This assumption is shared by most classical bases on a compact support (histograms,
trigonometric polynomials). For non compact support, we have in mind concrete examples
of orthonormal bases. First, for A = R*, the basis of L?(R*, dx) composed of Laguerre
functions (¢;,j > 0), and S,, = span({,...,ln—1); second, for A = R, the basis of
L*(R,dz) composed of Hermite functions (h;,j > 0), and S,, = span(ho, ..., hm—1) (see
Section 4.2 in Comte and Genon-Catalot (2018) and the simulation study below). Laguerre
and Hermite functions being uniformly bounded functions, condition (17) holds.
We define, for m upper-bounded on A by |||/ (that is under (A5)), the collection:

9 112 0 nA 0
U&'MM_{mGN%mw%”@v”§4m§mm}’a‘s%ﬂW@v1+b’
where 6 is defined in (4) and Cy > 72 is the same as in ¢. The choice of ? comes from
Lemma 6.4 and uses Proposition 6.1, (ii). Due to ||7]|« and 6, the constant 0 is unknown.
As previously, for n large enough, we can take €nA/log?t€(nA) instead of cnA/log?(nd),
with € > 0 and a known constant €. Note that the constraint on m in M, is stronger
than the one in (13) as m (¥, lop V1) < m (J¥,1]2, vV 1).

Introducing the random collection of models M\nA given by

— ~ A
19 Mpa = eN, Zm(|v 2 v <an},
(19 s = {m e Em(B1E, V1) < 0o
with 0 defined in (18), we define the data-driven selection of m by
R gl
(20) = arg min {—Hbm\?l + mcistH’nHOp} , s =E[o*(Xo))],
mEM\nA nA

where k is a numerical constant.

As usual, in (20), m is selected in order to realize automatically a bias-variance tradeoff.
Indeed, —||b,||2 is, up to a constant, an approximation of the squared bias. The second
part estimates an upper bound of the variance given in Proposition 3.2-(3).

The set .//\/\lnA is the empirical counterpart of My,a defined by (18), with constant
multiplied by 4. This is different from the usual selection procedures where the set of
possible values for choosing the dimension m is nonrandom. Note that for m € M\HA,
Em = Em, and these are the only m which are considered.
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Theorem 3.1. Let (X;a)1<i<n be observations from model (6). Assume that (A1)-(A5)
and (B1) hold and that En® < +oo. Assume that A = A, — 0 and nA — +oo when
n — +oo. Then, there exists a numerical constant kg such that for kK > kg, we have

- V| o log?(nA)
a—bal?)<C i i 412 4+ r2s2 ™I llop c2log"(na)
(21) E(||by —ballz) < Cmelf\ljﬂ[tgé'ﬁq”m tlz + res A | +alA+ A
and
. V| cylog®(nA)
L 2y . : L2 2 oMV llop / 2
(22) E(||by, —ballz) < Ch melj\l/fw[tle%i b4 —t]|7 + Keps A |+ A+ A

where C,Cy are numerical constants and c1,ca, ¢, ¢y are constants depending on 7, b, o.

Inequalities (21) and (22) show that the estimator by, automatically realizes the com-
promise between the squared bias and the variance bound. The results are a substantial
generalization of Theorem 1 in Comte et al. (2007). In Section 4, we explain how to
estimate s and how to fix k.

The constant « is a specific feature of this selection method. Theorem 3.1 states that,
for any drift function b satisfying the assumptions of the theorem, there exists a numerical
(universal) constant ko such that inequalities (21)-(22) hold for all k > kg. The proof
provides a numerical value g which is not optimal and actually much too large. Finding
the best value kg for a given statistical problem is not easy. For instance, this topic is the
subject of Birgé and Massart (2007) paper in the Gaussian white noise model where the
authors prove that k > 1 is required in this case. Thus, for practical implementation of
the adaptive estimator, it is standard and commonly done that one starts by preliminary
simulations to obtain a value of k as close as possible to the true one. Afterwards, this
value is fixed once and for all.

4. SIMULATION STUDY

Samples (X;a)1<i<n were generated for (n,A) = (100000,0.02) (nA = 2000), for
(n,A) = (50000,0.01) (rRA = 500) and for (n,A) = (5000,0.05) (nA = 250). The
following models are considered.

Example 1. Hyperbolic diffusion.

b(z) = —0z,0(x) = yV/1+ 22,0 =2,v=1/V2.

Example 2.
- 2 k " _ 7 2 : _ —
b(x) = (1 —2%) —§atanh(x) RVEIE o(x) = 5(1 — %), with k =2 and v = 4.
Example 3.

k 0a Vo
b(x) =x —§log(m) + <) o(x) = 2% with £ =1 and v =1/2.

Example 4. Square-root process.

d 2
b(x) = % —kx,o(x) =0vVa+,d=3,k=2,7=1.
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Hermite Basis Trigonometric basis

|Ex.1 Ex.2 Ex.3 Ex4
Hermite basis 0.95 098 0.29 0.78
Trigonometric basis | 0.71 0.60 0.20 0.49

Ficure 1. Plots: mean of m +— Tl“[(f/mﬂchl,;bl] over 200 paths in the
four examples (Ex.1 red-full, Ex.2 blue-dashed, Ex.3 green-dotted, Ex.4
magenta-dash-dotted) for the Hermite basis (left) and m = 1,...,10; for
the trigonometric basis (right) with odd dimension, m = 3,5,...39. In all
cases, nA = 2000. Table: mean value over m of Tr[\flmﬂa U-1/m for the
curves above.

The model of Example 1 is simulated by an Euler scheme with step § and started for
simplicity with Xg = 0. We keep one out of 10 observations i.e. A = 104. Assumptions
(A1)-(A2) hold for § > —~2/2. The invariant density is proportional to 1/(1+z2)+(#/7*)
and [zt (z)dz < +oo for § > 3v%/2. Setting V; = arsinh(X;) (where arsinh denotes the
inverse hyperbolic sine function), we see that the process (Y;) satisfies the conditions of
Pardoux and Veretennikov (2001) ensuring the exponential S-mixing property. Therefore,
(X}) satisfies (A4).

The other examples are obtained from a d-dimensional Ornstein-Uhlenbeck process in
stationary regime, (U;)i>0, with dynamics given by

(23) v, = —Xvae+ Laws, U AM0351)
t = 2t 2 ty 0 a4kd'

Exact simulation is generated with step A by computing

0 72(1 — eikA)Id)

’ 4k ’
Example 2 corresponds to X; = tanh(U;) where U, is defined by (23) with d = 1. Example
3 is X; = exp(U;) where Uy is defined by (23) with d = 1. The process of example 4 is
X; = ||U||2; where ||.|[2.4 denotes the Euclidean norm in R? and Uy is defined by (23)
with d = 3.
In Examples 2,3,4, the models are strictly stationary, ergodic and S-mixing but the func-
tions b, 0 do not satisfy (A1), and this would require a specific study (to get inequalities

_kA
U(p+1)A =e 2 Upa tEp+tnA,  EkA ~iid N(
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Example 1 Example 2

=1 05 [ 05 1

m = 5.2 (0.9), Mmax = 6.2 (0.5)

= ~05 0 05 1

m = 6.0 (0.6), Mmax = 9.9 (1.0)

Example 1 Example 2
2 o2 2

s S S 52

nA = 500 0.56(0_005) 0.57(0.004) 1'38(0.046) 1'41(0.048)
nA = 2000 0.55(0'003) 0.57(0_002) 1.33(0.021) 1.40(0.024)

FIGURE 2. Plots: 25 estimated curves in Hermite basis (dotted-green),
the true in bold (red), nA = 500, top and nA = 2000, bottom. Table:
Estimation of s? = E[0?(X)] associated with the paths in the plots (with
standard deviation in parenthesis).

of type (5), see Proposition 2.1). Nevertheless, we implement the estimation method.
Examples 3,4 provide nonnegative processes and allow to use Laguerre basis.

Implementation is done with the compactly supported trigonometric basis, and the
Hermite basis (A = R). For nonnegative processes, we also use the Laguerre basis (A =
RT). All these bases are easy to handle in practice, and we are more specifically interested
in the last two bases, which have non-compact support.

e The trigonometric basis on [a,b] is taken as fo(x) = 1/vVb—aljy(z), foj-1(z) =

2/(b— a) cos(n(~a)/(b—a)) Lo y(2). foy(2) = /2/(b— a) sin(x(z—a)/(b~a)) Ljoyy (@),
j = 1,...,m/2 for even m. Note that we should have 27 instead of 7 in the bases
functions, but this implies a periodicity which is not true in general for the functions
under estimation; we correct it by this ”half-period” strategy, which implies that the basis
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Example 3 Example 4
m = 3.4 (0.5), Mmax = 5 (0) m = 3.9 (0.3), Mmax = 4.1 (0.2)
m = 3.8 (0.4), Mmax = 5 (0) m =4 (0), Mmax = 5.2 (0.4)
Example 3 Example 4
52 $2 s? s2

nA = 500 0.07(0_004) 0.07(0.004) 0.37(0.01) 0.37(0_01)
nA = 2000 | 0.07(.002) 0-070.002) | 0-36(0.007) 0-37(0.007)

FIGURE 3. Plots: 25 estimated curves in Laguerre basis (dotted-green),
the true in bold (red), nA = 500, top and nA = 2000, bottom. Table:
Estimation of s? = E[0?(X)] associated with the paths in the plots (with
standard deviation in parenthesis).

is no longer orthogonal (but almost). The collection of models (S,, = span{ fo, ..., fm—-1})
is nested and it is easy to see that (17) holds with ¢, = 1/(b— a). We take in practice a
the 2%-quantile of the X;A’s, and b the 98%-quantile.

e Laguerre basis, A = R™. The Laguerre polynomials (L;) and the Laguerre functions
(¢;) are given by

J Nk
i\ . :
@) L@=Y0]) 5 b= VAL e i 20
k=0

The collection (¢;);>¢ constitutes a complete orthonormal system on L2(RT) satisfying
(see Abramowitz and Stegun (1964)): Vj > 0, Va € RT, |¢;(z)| < v/2. The collection of
models (S, = span{/{p,...,¢n_1}) is nested and obviously (17) holds with c?o =2

e Hermite basis, A = R. The Hermite polynomial and the Hermite function of order j are
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given, for j > 0, by:

C e d a2 . ~1/2

(25)  Hj(e) = (=1)e" —=(e™),  hy(2) = ¢;Hj(x)e™ 2 = (@vm) Y

The sequence (hj, j > 0) is an orthonormal basis of L?(R, dz). Moreover (see Indritz (1961),
Szegd (1959) p.242), [[hj]lec < Po, Po ~ 1/7'/* ~ 0.8160, so that (17) holds with 2 = ®3.
The collection of models (S,, = span{hq,...,hn—1}) is obviously nested. Laguerre poly-

nomials were computed using formula (24) and Hermite polynomials with Hy(z) = 1,
Hi(z) = z and the recursion Hy41(z) = 20H,(z) — 2nH,_1(x).

2

-1

w2, grows very fast.

When computing the set M,,, we observed that the value cimH\Tf
Therefore, to apply our theory, we took

—

(26) Mon = {m eN, Am(|[ ¥ M2 V1) < o:nA/log”f(nA)} :

with € = 0.05 and very large value for ¢: ¢ = 10'? for all bases. Numerically, we observe
that the resulting set (26) is Moa = {1,..., Mmax}, with mmax between 5 and 10 with the
Laguerre or Hermite bases, and 7,y of order the maximal dimension (nA)/log? ¢(nA)
in the trigonometric basis case (around 40 for nA = 2000).

Then we apply the selection procedure described in (20) and 77 is selected as the mini-

mizer of —||by, ||2 +peni(m) where the penalty is equal to pen(m) = /{cisAzmH\fl;Ll llop/ (RA).
Note that the term s2 := E[0?(X()] is replaced by an estimator, corresponding to residual

least squares associated with the estimator of b on the maximal dimension:
~ A .
82 = g Z[EA - bmmax (XZA)]z
i=1

In the Tables of Figures 2-3, we compare s2 with s2 = (1/n) Y.~ 0%(Xia), a pseudo-
estimator using the (unavailable) knowledge of the function o?. The comparison is done
for the 25 paths generated for Figures 2-3: we can see that the values of s2 are s? are
nearly identical.

The constant k is standardly calibrated by preliminary simulations and taken equal to
k = 5.1072 for the trigonometric basis and £ = 2.10~* for the Laguerre and Hermite bases.
It is not surprising that x must be chosen very small in these last cases: this is due to the
fact that ml||¥; ! llop is large, as noted above. In relation with the variance term obtained
in the risk bounds of Proposition 3.1, we computed the mean of values of Tr[\flmpz T
over 200 paths, for values of m going from 1 to 10 in the Hermite case, and odd dimen-
sions between 3 and 39 for the trigonometric case. The results, for the four examples,
are plotted in Figure 1: we obtain almost linear increase (which also holds path by path
for these values of m): this means that in all cases the traces are of order m with trends
estimated in the table associated to the plots, all between 0.2 and 1. In other words, the
product of the two matrices is rather stable and with reasonable orders, compared to the
ones obtained for || U} llop-The only exception is the Example 2 in the half-trigonometric
basis, and this is probaly due to the fact that the function looks also like trigonometric
function on a complete period.



DRIFT ESTIMATION ON NON COMPACT SUPPORT FOR DIFFUSION MODELS 15

MISE Selected dimension
nA = 250 500 2000 250 500 2000

Ex.1 Hermite 3.24(3‘44) 1.57(1.27
T‘I'lgO 3.55(2.95) 1.62(1.25
Ex.2 Hermite 15.4(9.41) 6'07(3.88 4.38 1.81) 4.28(0_45 4.25 0.44) 5-38(0.89)

0.49(0.40) 4.86(0.89
(
(
Trigo 724050.9) 7-84(439) 4-11(2.20) | 3-39(1.48) 5-33(047) 6.00(0.05)
(
(
(

0.52 0.38) 4.68(1_63

5.22(0.01) 5.95(0.53)
566 0_71) 6.05(0.50)

) ) (
) ) (
) ) (
) ) (
Ex.3 Laguerre 0.16('17) 0.10(0.12) 0.02 0.02) 3.24(0.43) 3.47(0'50) 3.95(0.21)
Hermite 0.20(0‘23) 0'13(0.16) 0.06 0.02) 2.99(0.09) 3.00(0.00) 3.00(0.00)
Trigo 0.24(0.22) 0'19(0.26) 0.05 0.05) 3.18(1_04) 4-09(1.26) 5-31(0.82)
Ex.4 Laguerre 1'97(2.82) 0'83(0.82) 0.29(0_47) 3.86(0_36) 3.95(0_21) 4.00(0.10)
Hermite 2.17(2‘54) 1.13(0.92) 0.410'25) 3.76(0.43) 3.97(0'17) 4.00(0.00)
TI‘igO 4.69(4.99) 2.72(2.32) 0.90(0.72) 5.15(1.13) 6.08(1.41) 8.23(1.59)

TABLE 1. MISE on the intervals of observations multiplied by 100 (with
standard deviation multiplied by 100 in parenthesis), for the four examples
with different bases. Mean of selected dimensions (with std in parenthesis)
computed over 400 repetitions.

We present in Figures 2-3 beams of 25 estimators by corresponding to 25 simulated
trajectories of each model using the Hermite basis for Examples 1 and 2 and Laguerre basis
for Examples 3 and 4. The intervals of representation are [a, b] with a the 2%-quantile of the
X;a’s and b the 98% quantile, the same which were chosen as support of the trigonometric
basis. We stress that the value of m is rather small: under each graph, we give the
mean 1 computed over the 25 estimators and the mean of the maximal value 7max, both
with standard deviation in parenthesis. It is noteworthy that the function is very well
reconstructed using a small number of coefficients. This is confirmed by Table 1, which
also gives the mean selected dimensions, but now over 400 iterations. Note that they have
comparable orders for all three bases, and slightly increase when nA increases, as expected
(asymptotically, the optimal dimension increases). The MISE obtained for 400 iterations
and the three sample sizes (n,A) = (100000,0.02) (nA = 2000), (n,A) = (50000, 0.01)
(nA = 500) and (n,A) = (5000,0.05) (nA = 250) are also presented; they are computed
for each path on the same interquantile 2%-98% (random) interval and for the same data,
and then averaged. As expected, the MISEs decrease when nA increases, and the results
have the same orders for all bases. We note that the Laguerre basis gives better results
than the two others basis. Example 2 for small nA seems to be overpenalized and would
be improved by plugging a much smaller penalty constant. On the whole, Laguerre and
Hermite bases are preferable to trigonometric basis. Their graphical representation and
the range for computation of MISEs have to rely on the range of data, but their support
is not random and the estimation procedure more intrinsic, which is not the case for
compactly supported bases, whose support is in practice random.
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5. CONCLUDING REMARKS

In this paper, we revisit the problem of nonparametric drift estimation for an ergodic
diffusion from discrete observations of the sample path. As in Comte et al. (2007), an
estimation set A is chosen. The drift function is estimated on A using an approximate
regression equation by a least squares contrast which is minimized over a finite dimensional
subspace S, of L2(A, dz). This yields a collection of estimators indexed by the dimension
of the projection space. A data-driven procedure is proposed to select the best dimension
using a penalization criterion. While in Comte et al. (2007), the set A must be compact and
the diffusion coefficient must be uniformly bounded, the novelty of the present paper is to
get rid of these two assumptions. This leads to considerable modifications in the method
of estimation and complicates the proofs a lot. First, we rely on a slightly different
approximate regression equation. This allows to modify the way of dealing with the
adaptive procedure. Second, the possible dimensions to define the projection estimators
are restricted to a set involving the inversion of a matrix which does not even appear
when the set A is compact. In the risk bounds, the variance term is different from the
case where A is compact and o(.) bounded; it is very relevant in those cases also, as it
provides a natural estimator of unknown quantities (infinite norm of o or lower bound
of the stationary density). Moreover, to define the adaptive procedure, the adequate
dimension is to be selected within a random set. This induces difficulties and a non
standard treatment of the classical method of penalization. The estimator obtained is
nevertheless adaptive in the sense that its L2-risk achieves the best compromise between
the squared bias and the new variance term.

An important question may be to look at rates of convergence and optimality in this new
setting. This is treated in the case of the simple regression model with independent data
on non compact support in Comte and Genon-Catalot (2020a) and is worth of interest in
the diffusion context.

Estimation of o2 could be investigated too under the same set of assumptions but leads
to rather lengthy developments.

6. PROOFS

We denote by = < y, < cy for some constant ¢ which does not depend on n, A, m.

6.1. Preliminary properties. Consider the set where the empirical and L?(A, r(z)dx)-
norms on S, are equivalent:

£l12

My,

117

@7 () = { .
tESm, t#0

We generalize to the diffusion context Proposition 3 of Comte and Genon-Catalot (2020a)(see
also Theorem 1 of Cohen et al. (2013) for part (i)).

Proposition 6.1. Let (X;a); be a discrete sampling of the process (X) given by (1) and
assume (A1)-(A4) (thus (X;a); is strictly stationary and geometrically S-mizing with (-
mizing coefficients satisfying B(i) = Bx (iA) < Ke™ %2 for some constants K > 0,0 > 0).
Consider a basis satisfying (10) and let 1d,, denote the m x m identity matriz.
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(i) Assume that U, is invertible. For U,, defined by Equation (8), for all u € [0, 1]
P(Qn(w)) = P[0, 200,12 = Tdnop > o]

nAf c(u) > n 0
121og(nA) L(m)(|[¥mtllep V1)) = 6(nA)>’

< 4dmexp (—

where c(u) = u+ (1 —u)log(l — u).
(ii) If in addition (A5) holds, then, for all u > 0,

~ Abu? /2 0
P [ @, — ‘l’mHop > U} < 4dmexp <_ nlou’/ > 6(

12L(m) log(nA) (7]l V 1 + 2u/3) nAy’

6.2. Proof of Proposition 6.1. For ¢ = Z;-n:_ol zjpj in S, [[tZ = FV,T, [t =
&'V, . Thus,

sup Z [t2(X;) — Bt (X;)]| = sup ‘f’@mf— 7V, &
t€Sm,|tl==1 | .7 FER™ || UL/ 2F]| 5. m=1
- sup  |@UMA(T,, — \Ifm)xlf;}/%‘ = U220, 02— Tdulop.
TIERm,Hﬁ”Zm:l
Hence,
(28) Qu (u)° = {qu,;l/%mw;ﬂ —Tdpllop > u}

Now, we consider the coupling method and the associated variables (X7,) with Berbee’s
Lemma, see Berbee (1979), with the method described in Viennet (1997, Prop.5.1 and its
proof p.484). Assume for simplicity that n = 2p,q, for integers p,,g,. Then there exist
random variables X4, 7 = 1, ..., n satisfying the following properties:

e For { =0,...,p, — 1, the random vectors
Xo1 = (X(atgni1)ns oo Xae11)gen) and X;p = (X(*zzan)A» -'-7X(*2£+1)an>,
have the same distribution, and so have the random vectors
Xo2 = (Xj@e1)gur1jar - Xer2)g,8) and Xjp = (X[*(ze+1>qn+1m» ---aX(*zeJrz)qna)/-
e For {=0,....pn — 1,
(29) P [£r £ Xia] < Blan) = Bx(aad) and P[ K # K7o| < Bx(aad).
e For each ¢ € {1,2}, the random vectors X’S‘ﬁ, e Xv;nq,é are independent.
Then let Q* = {X;a = X\,i=1,...,n} and write that
P [y — 05200 2oy > w) <P [{II1dyy — 02T 0 2 oy > w) 0 0]
(30) +P[(2)].
Using the definition of the variables X7\, we get P[(Q2%)°] < 2p,,Bx (gnA) < 2ppe 005,
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Choosing ¢, A = 6log(nA)/0, thus 2p, = n/q, = nAf/6log(nA), yields
OnA 0
31 P[(Q")°] < < .
(31) ()] = 6log(nA)(nA)6 — 6(nA)d
Now, we write S;, = (1/2)(Sy,,1 + Sm,2) where S,, is given by

~ 1 &
m=0-12y w12 _1q, == K,,(Xia) — E K (X;
S m m d nz{ (Xia) — E[Kn(Xia)]},

(32)  Kn(Xia) = U 2K (Xin) U512, Ko (Xia) = (0 (Xin)er(Xia))o<jk<m—1
with obviously E [K,,(X;a)] = Id,,. Here, S, is built with the X, ;:

n—1 dn
1 p
Sm,l Z Z{K (2lgn+r)A ) - E(Km(X(%qn-‘rr)A))}
DPn qn —l
and S,, 2 is analogously defined with the X ¢,2. We have
P {1y — 052000 2oy > u} 127 = P{ISm1 + Smallop > 2u} 1 07]
(33) < P[IShllop > u] +P[lISh2llop > u]
where Sm 5» 0 = 1,2 are built on the XZ(;. The two terms are similar so we only treat one.
We write
pn—1
m1 = Z Gi —1Idm  where ZK X (2tgur)a)-
pn qn —)

By (32), we have HGeHop < L(m)||[,)Mlop/Pn. Then, as in Theorem 1 in Cohen et
al. (2013), we use the Chernoff bound of Tropp (2015) and we get

P15 1 llop > ) <2mexp( m)

Using the definition of p,,, gives the result (i) of Proposition 6.1.
To prove (ii), we proceed similarly and bound P [{H\I' - \flmHOp >upnQ*|. We

write Sy, = (1/2)(Sim1 + Sm.2) where (K., is defined by (32)):
~ 1 ~ ~ ~
S = = Z{Kmo(m) ~E [Kn(Xia)|} = ¥ = W,
Sm,l - Z Z{K (2lgn+r)A ) - E(Km(X(%qn-i-r)A))}
r=1
is built with the X ¢,1 and gmg is analogously defined with the X ¢,2- As above,
(39 P[{1%n— Tmllop 2w} 1] < P18} allop = u] + P IS5, 2llop > 0],

where S* "o for 6 = 1,2 are built on the )Zg s- We treat only the first term applying

Tropp’s result to S m.1 Which is a sum of p,, independent matrices.
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It is clear that for all £, r, ||I~(m(X(*2zqn+r)A)”op < L(m) a.s. and thus

1 - . L(m) 24 L(m)log(nA)
Ko (X — E(K,, (X <2 = — = L.
| 2 Ko Kot r) = BB (Kt s lop <2772 = 520
Now, we must bound the variance of S7, ;. We have
1 1 an 2
v(Spa) = — sup E| = [Z(Km( ra) = E(Kpn( :A)))] z
Pn || z2,m=1 @ || 7=1 2,m
Next,
B 1 i N 2
Ei = E{ 5|2 EKu(Xia) - EXKn h)))] z
n r=1 2m
1 m—1 gn m—1 T
-z > Var @i (Xra)on(Xra)zk
nj=0 r=1 k=0 _
1 m—1 gqn m—1 b m—1 m—1
= —> > Var 0 (Xra)pr(Xea)zg | = D Var | > 0j(Xea)or(Xra )z
R k=0 =0 k=0
j=0r S
Therefore, for ||z|2m =1,
_ m—1 m—1 2] m—1 2
E, < Y E <Z goj(XTA)sok(XrA)xk) < L(m)E <Z sok<Xm>mk>
=0 k=0 | k=0

m—1 2
_ L(m)/(Z gok(u):vk> (w)du < L(m)||oo.
k=0

Thus, V(gjnl) < L(m) ||7]|co/Pn = (12/0)(L(m)log(nA)/nA) using the definition of g,.
Finally, applying Theorem 6.1 given in appendix and joining the analogous of (30), (31),
(34), the value of L and the bound on (S}, ;) gives (ii). O

6.3. Proof of Proposition 3.1. We define the sets

} and Q= Qn(1/2) = {

[
I1£11%

] nA
log?(nA)

Below, we prove the following lemma

. 1
Am:{L(m)(H\IJmlHop\/l)g —1‘ §2,Vt65m}.

Lemma 6.1. Under the assumptions of Proposition 3.1, for m satisfying (13), we have
P(A7) S 1/(nA)°, P(Q5,) S 1/(nA)°,
0(31og(3/2)—1)
for any ¢ < 06><712'
Now, we write
b = bally = llbm = ballala,, + [ball21ag,

(35) = b — ball21a00m + 10m — bal21a00s, + [[ba]l21Ac .
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We bound successively the expectation of the three terms.

o Study of E(|[by, — bal214,.n0)-
The following equality holds, for all functions s,tin Sy,:

(36) Yu(t) = yn(s) = It = bally = lIs = ball} = 2vn(t — 5) = 2Rp1(t = 5) = 2Rn(t — 5).

Thus v, (bm) < n(bm), for any function by, in S,,, implies
(37) b — ball2 < [[bm — ball2 + 20 (b — b)) + 2R 1 (b — byn) + 2R 2(by — bin)-
We first study the last term. We have

X 1. , 8 & (k+1)A 2
2l =) < gl = bl oxz 3 [ (XD = b(Xia))ds
k=1

Now, using (5) for f = b, we get

IA

(k+1)A 2 (k+1)A
E ( / (b(X,) — b(XkA))ds> A E[(b(X,) — b(Xpa))?]ds
kA kA

cA3(1 + En?).

IN

Thus, we have:

. 1. .
2E | Rua(br = br)1a,ne, | < SEllbn = bnl31a,r0,] +80A
1 7 2 1 2 /
— n - n m m i - m m :
(38) < L Elllbm = ballnLanne,] + ZEllba = bnllnLanne.,.] +8cA
For the two other terms to study in (37), we write

% [(v (b — brm) + Bt (b — b)) 10,000,

< E

1 .
gllbm = bmlZ1ann0, +8  sup [va(t) + Rn,l(t)]2]
teSm»HtHWZI

Then, by the definition of €2,,, we have

1, 1 .
B gl b2 lnsnn| < |l bulB1n,on,

1, - 1
(39) < |l balBancn,] + B[ 104 - balE100n]
Moreover
SE( swp )+ B OF) < 16E sp  s20 4+ swp  RE,(0)).
1St =1 1St =1 1S =1

Now the following result holds.

Lemma 6.2. Under the assumptions of Proposition 3.1, we have

1
(40) E sup V(1) | = —Te[U, 2T, o0, 12
£€ S [t m=1 nA ’
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(41) E( sup R2,(t)) <CA.
tE€Smyl[tla=1
Therefore, gathering (37), (38), (39), (40) and (41) we get, for m satisfying (13),

1 ~ 1

LE[lom = ballitanne,] < ZE [1Bm = ballZ1A,n0.] + %Tr [@;1/2\1/%2@;”1/2} + A

e Study of E(HbAHngA,cn)'

We use Lemma 6.1. By the Cauchy-Schwarz inequality, E(|[ba||21xc ) < cEV2[b4(X)] /(nA)5/2
with the bound on P(AS,) given in Lemma 6.1.

o Study of E(||by, — ball21a,.00¢ )-

We introduce the operator II,,, of orthogonal projection, for the scalar product of R”, onto
the subspace {(t(Xa),...,t(X(na)),t € Sy} of R™ and denote by II,,b4 the projection of
ba = (ba(Xa),...,ba(Xna)). We can write:

(42) lbm = ball7 = lbm — Tnballs + [Tnba = ballz < [1bm — nball? + [[ball5-

Recall that (see (6)) Yia = b(Xga) + Exa with Exa = Zgxa + Rra. Elementary compu-
tations yield:

m = 1= 12, >
Waba = (Y i (Xpa) k=1,...,0)  with  a™ =~ 18! by,
=0 "
while by, = (X7 a0 (Xpa),k = 1,...,n) with a0 = 19,13/ V. Therefore,
setting E = (RA + ZA, .., Rua + Zpa)', we have
2

n m—1
7 1 ~(m ~(m ~(m 2(mINT 2(m 2(m
b = Tbal2 = -3 Y@~ ei(Xia) | = @) = ) B @ - 3

i=1 \ j=0

1 =, = _ e — o~ ~ —
= SE%,9. (@) E < 9 ool (@) E/nl3

where Ha_c'||%k =zi4+- -+ ZL‘% denotes the Eucidean norm of the vector & = (z1,...,2%) in
RF,
On Ay, ||\/I\/;n1\|op < enA/(L(m)log?(nA)). Consequently,
R nA ~ —»
E[|[by, — Ibal?1 ] < e—— EY2(|(®,,) E/n|i, )PV3(QC
Vo = bl g ] < ety BB Bl )05,

We can prove the following Lemma:

Lemma 6.3. Under the assumptions of Proposition 3.1, we have for C > 0 a constant,
~ o A? 1
/ 4 2
E([[(®m) E/nll3,,) < CmL (m)(ﬁ + W)-

Using Lemma 6.3, the bound on P(€S)) given in Lemma 6.1 and the fact that m < nA,
we get B([lby — bal21n,005,) S 1/(nA)2, and E([ball21n,n0s) S EV2[6(Xo)] /()52
Gathering the three bounds and plugging them in (35) implies the first result of Proposi-
tion 3.1.
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To get the result in L?(7)-norm, we write analogously:
Nm - A T == A77’L - A T AmﬂQrm Am - A T Amﬂgfn A T A'?n
(43) b — ballz = |bm —ballz1 + [|bm — ball71 + [[ballz1

For any t € S,,, we have using (z + y)? < (1 +1/0)2% + (1 + 0)y? with 6 = 4,

A

. 5 .
b — ball21a,n0, < lebm — t||21a,,00, + 51t — ballZ1A,000

5 .
< 5libm - t5 a0, + 5]t = ballZ1a,.00,.;
by using the definition of €2,,. We insert b4 again and get:

b — ball21a,00, < 5llbm — ball21a.00, + 5l1ba — tI21A,0q,, + 5t — ball21A,.n00-

Therefore taking expectation and applying the first result of Proposition 3.1 yield
T [0, 20, 20

A + cA,

E (JIbm — ball2 1,00, ) <45 inf (|t = ball2) +5 x 64

for ¢ a constant. Next, we study E <Hl;m — bAnglAmegn> + E(||bal|21a¢, ). For the first
term, we write that [|by, — bal|2 < 2(||bm |2 + [|ba]|2) and
2

m—1
[y =/ > (@) | w(@)de = (@) W a0 < [T lop a3 -
j=0

First, under || Z;n;ol @3 loo < L(m), we get
2

m—1
[¥mllop = sup FV, 7= sup / ijcpj(u) m(u)du
j=0

”fHZ,m:l Hf”2,7n:1
< sup / Z x? cp?(u) m(u)du < L(m).
[Z]l2,m=1 ;

=0
Next, [|a™]3,,, = (1/n?)[95, 90, V|3, < (1/n?) W5 @[3,V [13,, and

(Rt m

= o (0180, 80 07" ) = (81 = 1l 97 o

Therefore, on A, we have L(m)(H\TJ;llHop V1) <cnA, and thus

e L8 oy (S g
b2 < S er (37 y2 ) <A (STVA ).
=1 =1

Then as E[(3 1, YA)? < n?E(YR), we get

E([[bm131a,.005,) < \/E(llgmlli)]?(@%@) S EVA(YA)nAPYA(Q5,) S 1/(nA)
as E[YA] < A% On the other hand E(|[ba|21lq:) < [|ba|2P(Q2,) < 1/(nA)5. Thus

E <||13m - bAH?T].Q’cn) < 1/(nA). Joining the bounds for the three terms of (43) ends the
proof of the second Inequality of Proposition 3.1. [J
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6.4. Proof of Lemma 6.1. We use Proposition 6.1, (i) for v = 1/2 and condition (10)

to get that

0(3log(3/2) — 1) log nA o _ 1
24¢/2 6(nA)5 ~ (nA)d

for ¢ < (6(3log(3/2) — 1))/(6 x 12), see also Cohen et al. (2019) for the change of the

constant 1 — log(2) into 3log(3/2) — 1. Besides, in Comte and Genon-Catalot (2020a),
Lemma 5, it is proved that P(AS)) < P(Q¢,). The proof of Lemma 6.1 is thus complete. [J

P(0,) = P((1/2)%) < dndexp |~

6.5. Proof of Lemma 6.2. e Proof of equality (40).

Write that
sup  vi(t) = sup (7,1)2
£E S, [[t|~=1 t€Sm U3 22, m=1t=3"""3" a0
where o2 is the n-dimensional vector with coordinates o(Xia)ei, t = 1,...n and g; =
(Wirnya—Wia)/A. Let t = 377" oL ajpj where @ = U, /%i, that is a; =S [\11%1/2]j7kuk
and ||@||2,,m, = 1. Then t = Zl o uk(zj o [ﬁh}lﬂbkcpj). By the Cauchy-Schwarz inequal-
ity, we have (a2,)2 < Y7 (o2 DYyl oo v 2] i ki), and more precisely,
m—1 m—1
sup (@& t)p = > (38 D> [0l ke0)n-
t€ S, | ! *ll2,m=1 k=0  j=0
Therefore,
m—1 m—1
E sup @ 0n | =Y E @D [V lwei)n
tESum, || W, 2|2, m=1 k=0 j=0

Then using that, for any bounded function v, Ele;ert)(X;a)1(Xka)] is equal to 0 if ¢ # k
and equal to E(v/%(Xp))/A if i = k, we get

2

m—1
E | (o2, Z Wt | = LB (X)W es(X)
=0
1 _ _
i D DR | 2 A | i AL 2 P
0<j,0<m—1
We thus obtain equality (40) as
1 _ _
E sup <0%’t>721 = niA Z [‘ljml/2]j,k[\Ijml/2]€,k[‘ljm,0'2}j,€
t€Sm || 2l 2,m=1 0<j,k,f<m—1

1
- T [\11;11/2‘1/771702\11—1/2 .

n m
e Proof of bound (41). Now write

2 2
sup  R; () = sup Ry ().
tE€Sm,||t]|l =1 1€ S |0 2 2,m=14=3"T"" a0
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Let t = ZT:_Ol ajp; where d = v, |@]|2,m = 1. Then (as above):

m—1 m—1 m—1 m—1
—1/2 2 2 —1/2
b= w (0 Pliwes | and RY (8 < Y Rpy (s
k=0 j=0 k=0 Jj=0
Therefore,
m—1 m—1
E sup R, | <D E (R, (02005

€S, || U 2 l|2,m=1 k=0 =0

Then using that the L(i+1)A(0(XS) — 0(X;a))dWs and Xja,j < i are uncorrelated and
the terms are centered, and that the process (X;) is stationary, we get

2
m—1 m—1
_ 1 _
E|Rpu | D19 kes || = -E RV (@) k4p5(Xo)
§=0 j=0
Therefore,
m—1
1 _ _
E( sup Ri,1<t>) < (05219 21k (05(Xo)e(Xo)(REV)?)
tE€Sm [[tll~=1 " k=0 0<jit<m—1
-1

< 1oy (v e ) E (s Koo X0 (BD)?
= 5 m . 15kl Ym " 14k @i lA0)@el A0 0

0<j<m—1 k=0

1 _
= =Y [ E (e (Xo)pe(Xo) (R)?)

0<j,f<m—1

L(m) 1%, op /A 1 = L)Y o

——m PR X,) — o(X, ) | < 2V Tlep

5 [ (o) — o (Xopaw, ) | 5 -

since by (5) for f =0, E [fOA(U(XS) - O'(Xo))zds] < A?(1 4+ En?). Now, for m satisfying

(13), L(m)[| ¥ op < enA/(2log?(nA)) < cnA.
Thus,

tevaut”ﬂ'zl

E ( sup R?%l(t)) <A
This ends the proof of (41) and of Lemma 6.2. OJ

6.6. Proof of Lemma 6.3. Set

m—1 n
N? =0 '@, El3,, =n> Y (O ¢i(Xia)Ein)®
=0 i=1
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where Ejn = & [{FD2(5(X,)—b(Xin))ds+4 [T 0(X,)dW,. We can write 7| ¢;(Xin) Ein =
S DA gD g 4 fO"“)A EYdw, with

HO) = 13 1 (901 () GO0 HXia))s KD = L1 (006 (Xin)o Xo).

=1 =1
Therefore,
1 272
m— (n+1)A ) (n+1)A )
NY = / HYds + / KW dw,
=0 \Jo 0
m—1 (n+1)A 4 (n+1)A 4
< g A / HDds | + / K9aw,
=0 0 0
m—1 4
m 1 (n+1)A 1 (n+1)A
< 8— — / HOY4ds + — / KW aw,
n4 =0 A 0 ( ) A4 0

La S [ o PRGN ’
RES [ @0y < 2emgeY [T 000 - bxs)ds

i=1 /1A
< LEm)nA?(1 +E(n?h).
Next, using the Burkholder-Davis-Gundy and the Cauchy-Schwarz inequalities yields

J=0 §=0
1 m—1 m—1 (n+1)A ()4 1 ) n (i+1)A .
S AL EX nA [ (D) S 5L (m)nAEZ/iA o4 (X, )ds
J=0 =0 i=1
1 5 1 )
S i LAm)(nAPE () S 57 Lm)(nA)*E(1 + 1)

Finally, EN* < mL?(m)(A%n=3 + (nA)~2), which is the result of Lemma 6.3. [J

6.7. Proof of Proposition 3.2. (1) The result follows from equality (40) and the fact
that the spaces are nested.

(2) For the second point, we use: Tr[¥,, 1/2\I/m702\11;1/2] < mH\I/;ll/Q\I/ _1/2\

lop- Then,

ma

—-1/2 -1 /I\y—1/2 —1/2
H\I]m / \Ijm,o‘z \Ijm /2 ||0P = Sup x \Ijm / \Ilm,a'Q \Ijm / T = Sup Y \Ilm,UQy'
ez, m=1 v ¥ yll2.m=1

Now, if o is bounded on A, y/¥,, ;2y is equal to

m—1
J(E wei@o@ns < o) i / Z i3 (@) () de =
=0
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Thus, Tr[\I/,;l/Qqu’Ug\I/;ll/Q] < m||o?]|co-
(3) Let us prove the other variance bound. We recall that ||A|% = Tr(4AA") = Tr(A'A).
Writing that \11;1/2‘11,%02 111%1/2 = (\11%1/2\117171/7202)(\117711/2\11717{’202)', we have

Tr (W20, 20 2] = (2w

Using | AB|[% < [AlE[IB2,,

_ — — 1/2 —
(49 TR, e W] < ORI = 0 o TH(W,, 02).

Lastly Tr(\V,, ,2) = ZT:_OI J (p?(x)JQ(x)w(:r)dw < L(m)E[0%(X0)] gives bound (3). O

6.8. Proof of Theorem 3.1. We follow the scheme of Theorem 2 in Comte and Genon-
Catalot (2020a). But here, the variables are not independent, the function o(.) is un-
bounded and there are two other main differences:

e the penalty

-1
— _ 2 2m|[Va flop
(45) pen(m) = rc,,s —
is random and has to be compared to its deterministic counterpart, pen(m) =
K s*m|| W lop/n,
e there are the two additional terms, R, 1 and R, 2.

We denote by ]\//TnA the maximal element of M\nA defined by (19), by M,A the maximal
element of M, defined by (18) and by M;’ A the maximal element of the set defined by

nA
log?(nA)

The value ]\/ZHA is random but thanks to the constants associated with the sets, with large
probability, we prove Mya < Mpa < MnJrA or equivalently My,an C M, C M;LFA.
Set

(47) RN {MnA C Mua C /\/l;rA} . QA = mmeMIAQm'

(46) M, = {m eN, cim(H\I/;Lngp V1) <40 } , with 9 is given in (18).

Lemma 6.4. Under the assumptions of Theorem 8.1, P(Q¢ ) < ¢/(nA)* and P(EE,) <
d /(nA)*, where ¢, ¢ are positive constants.

We do not give a detailed proof of this Lemma. As 40 < ¢/2, the first bound of Lemma 6.4
is a simple consequence of Lemma 6.1. The proof of the second bound is not immediate
but quite similar to the one of Lemma 7 in Comte and Genon-Catalot (2020a). The order
obtained is different due to larger constants ¢, 0 in the present problem. Lemma 6.4 relies
on Inequality (ii) of Proposition 6.1 and this is the only place where this inequality is
applied.

Now we write the decomposition:

bin—ba = (b —ba)lz, s + (bi — ba)lze

(48) = (b —ba)1lz,an0ua T (b — ba)lz, an0e, + (b — ba)lze

Lemma 6.5. Under the assumptions of Theorem 3.1, E {Hlam - bA||ﬂ < c(nA)?.
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Applying Lemma 6.4, we get
c

7 2
E | o5 = balln(Iz,aneg, +125,)] < K-

Therefore it remains to study E(||bs, — ba|21=, \nqa, ). We have

m = arg m£1 {’Yn(i)m) + ﬁ(m)}v
mEMpuA
with pen(m) defined by (45). Thus, using the definition of the contrast, we have, for any
m € Mpua, and any b, € Sy,

(49) Vn(biin) + Den(m) < yn(bm) + Pen(m).

Now, on the set Z,A = {MnA - ./T/l\nA - M;:A}, we have in all cases that m < ]\/J\nA <

M:{A and either M,A < m < ]\//.TnA < M:A or m < Muya < ]\/ZnA < MTTA. In the first case,
m is upper and lower bounded by deterministic bounds, and in the second,
m =arg min {v,(bn) + pen(m)}.
mGMnA

Thus, on =,4, Inequality (49) holds for any m € M, and any b,, € S,,. With decom-
position (36), it yields, for any m € M, and any b, € Sy, on E,A N A,

N 1 - — ——
b = bllz < llbm = bz + S llbs = binllz + 16 sup  wy(t) + peni(m) — pen(ri)
teBr  (0,1)

+16  sup  R2,(t)1z, . + 2Rn2(bs — b)
teBr, (01)

1 1,-
< (1 5) b = b2+ Sl — b2 +16( sup  w2(8) — p(m, 1))
2 2 teBr, ,.(0,1) +

(50)  +16 s% ﬁ&ﬂﬂ%A+ﬂ%ﬂ%—@@+@ﬂmﬂ&®WMM—ﬁmm)
teny (0,1

where Bf} /(0,1) = {t € Sy, + Sy, [|t]|r = 1} and p(m,m’) is defined by

(m Vv m’)||\ll_1 /HOP

mVvm

22
® nA ’

(51) p(m,m’) = Kps’c 5% = E[o?(X0)].

Then, for v a random index in M\nA, using (41),

E( sup R?L,l(t)lanA) < E( sup R?m(t)) <CA.

t65m+5m:||t||w:1 tes}\/1+)Ht”ﬂ':1
n

The bound on R, 5 is straightforward (see the proof of Proposition 3.1, non adaptive case)
and we get

E[||bs — b [?1=, ] + 8CA.

n—-=nA

oo =

(52) E [Rua2(bi — bm)1z,s] <

The main point is the study of v, (t).



28 F. COMTE AND V. GENON-CATALOT

Lemma 6.6. Let (X;a,i = 1,...,n) be observations from model (1) under (A1)-(A4),
with basis satisfying (B1). Assume that En® < 4+o00. Then there exists ko such that vy (t)
satisfies

log?(nA)

E nA

<C

( swp 22— p(m,i) 1z,5m0,
teBE, . (0,1) +

where p(m, m') is defined by (51).

For k' > 16kg, 16p(m,m’) < pen(m) + pen(m’) . Therefore, plugging the result of Lemma
6.6 and (52) in (50) and taking expectation yield that

Ll 7 log?(nA
ZE(Hb —bl|121z, an0pn) << |lbm — b2 + pen(m) + an(A) +C'A

+ E(ﬁe\n(m)IEnAanA) + E[(pen(r) — 5671( 1 ))Jrl“nAﬁQnA)

Lemma 6.7. Under the assumptions of Theorem 3.1, there exist constants c1,co > 0 such
that for m € Mua and m € My,

(53) E(ﬁ@?l(m)lgnAanA) < clpen(m) + %
(54) E[(pen(ih) — pen(m)) 41z, na.,) < nCzA

Lemma 6.7 concludes the study of the expectation of the empirical risk on =Z,A N QpA-
The proof of (21) is now complete. For the step from the empirical norm to the LL2(7)-
norm, we proceed as in the proof of Proposition 3.1 and get (22). O

6.9. Proof of Lemma 6.5. We start as in (42) with m replaced by . We have Hb
I1,; bAHn = (1/n?)E'®,;, V- 1<I>’ E < H\II ||0p||<I>’ E/n||2m Now as 1 € Mpa, ||\If Hop <

~

vnA. Moreover, m — Hfban/nHQm is increasing, so
I = Tabally < VoA @A E /0|5 -
Thus, using the bound proved in Lemma 6.3, we get E(||bs, — Mzbal|d) < (nA)2. O

6.10. Proof of Lemma 6.6. To apply the Talagrand Inequality (see Theorem 6.2 in
appendix), we make the following decompositions. Set u; = Witna — Wia, and let k,
and ¢, be integers given below (see formula (56) and (57)). Then, define

1) _ (2) _ (1)
wp ' = uily g R E[“il\u“gkn\/ﬂv Uy © = Uy — U 7,

and set 7(x) = aA(:n)lgi(I)gn\/Z and 0(z) = oa(z) — 7(x). We have v, (t) = vnq(t) +
Vn,2(t) + vn,3(t), where

n n

1
vu(t) = % Zt(XiA)T(Xm)ugl), vna(t) = — 3 H(Xia)0(Xia )l M and
' i=1

1 n
Un, 3 7A Z zA (2)-
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Then we write

2 . 2 .
sup  v,(t) —p(m,m < sup  3v, 1(t) —p(m,m
(te%m’l) (t) = p(m. 1)) (teBg’m(m) 2(6) = p(m. )

(55) +3  sup 1/2 5(t)+3  sup 1/2 3(t),
teBT (0,1) teBT (0,1)

m,m m,m

and we bound the three terms.

e First, we study the second term in (55). Recall that M, < 40nA/log?(nA) is the
dimension of the largest space of the collection ./\/l;fA. We proceed as in the proof of
Lemma 6.2, bound (41), to obtain:

M -1
£ >up vy 1:n < \1} o E V’?z j
KteBJr (0,1) 2 ()) A] I H P JZ_; [ ,2(%)]
A M+ op
_ ”\Ij ||0P Z Var A Zu 1)9 ZA QOJ( ZA)) nAQ E[(ugl))Q]E[ei(Xo)]

Now we use that E[(ugl))ﬂ < E[uf] = A and that M, isin M7, ie.

nA
log?(nA)

EMITL Jop = 2 M;AW:AWW 12, < 40

and we get

! E [|oa(Xo)|?+7]
<2~ E[s2 _
} sc Q(HA)]E[O-A(XO)la-i(Xo)>£n\/Z] <c, TN/

E K sup VZ72(t)>

teBr, (0,1)

c2 log?2(nA) 2 log?(nA)
< TZEUJA(XO)\QH] RO = %EHUA(XO)!G] oA
*
by taking ¢ = 4, and
(56) 0, = {c*;/ﬁ}
log®(nA)

where [z] denotes the integer part of = and ¢, is to be chosen later.
e Let us now study the third term in (55). We have, relying on similar arguments,

Mt -1
E[( s n2s01=,) [ <10 e Do E[s(e))
teB! (0,1 §=0
1 A M+ op
_ g-1 (2) Vo (X 2 (2)y2
= \IJM:AHOP ]Z% Var(m;ui oA(Xin)p;(Xia)) < A Elo (Xo)]E [(u;”)?]

2E[0? (Xo)] GEA(XOE[] _  log?(nA)

A TR —
Alog?(nA) o, va] < Alog?(nA) (ke vVA) ~ " 0A
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where the last line follows from the Markov inequality, ug = 15 = E[u$/A3] (sixth moment
of the standard gaussian) and the choices p = 4 and for ¢, to be chosen later,

) (&)

(57) b = 1 & log(nA)

e To bound the first term, we use the Talagrand inequality (see Theorem 6.2 in appen-
dix) applied to the process vy, 1. As the variables are not independent we must split again
this term into several parts.

We proceed by the coupling strategy used in the proof of Proposition 6.1, applied to
v; = (uj, X;a) which is also a [-mixing sequence with mixing coefficient such that g =
Bx(kA) < e %A as in Baraud et al. (2001). We denote by Q* = {v; = v¥, i = 1,...,n}.
We still have P((2*)¢) < pnBx(g,A) < 1/(nA)? for ¢, A = 5log(nA) /6.

On O, we replace the v; by the v} and split the term between odd and even blocks.
We have to bound, say

1
E sup y;’l 2(t) — Zp(m,m
(te%(m; D) gplm,i))

by using Talagrand inequality (see Theorem 6.2 in appendix) applied to mean of p,, inde-
pendent random variables

n—1 dn
15 1
*,1 ]. * * *
v (t) = o Z <2q A Zuéﬁ;n+rT(X(2€qn+r)A)t(X(QEqn+r)A)> :
" =0 n r=1

Note that the random variables inside the sum in large brackets are not independent but
uncorrelated.

Set Yy = (ué,ll)*’ X7 1) € RI"xR™, where Uéll)* = (u%;w)lgrgqn and X7y = (X, 4rya)1<r<qn-
Then we have vy (t) = = S22t [0 (V) —EfO ()], f©:R™ x R% — R with

1 qn
FO(z,2) = TN erl‘zr|§kn\/§t(xr)7'(xr), 2= (21,...,2¢,), & = (T1,...,2q,),
==

and F = {f(t)7t c Bgl,’m((), 1)}. Using analogous tools as above, we get

(m—1)V(m' 1)
_ 1 1)
E sup 1/;’1 O < vt Var(u( 7(Xo)p,; X0>
i) TOP] < 195 lop Z oz Var (w7 (Xo)es (Xo)
(m—1)v(m/—1)

1
-1
Nl 3 g

nA;;\/m’HOP Z E [7’2(X0)<,0§(X0)} S E[O‘i(Xo)]C?O
7=0

IN

<U§1)T(Xo)80j(Xo)>2

(m V) [ ¥ llop

mvm/’

= H?.
n/A
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Next, we have

1 &
sup  Var urt(Xon)oa( X}
. (%AZ (Xia)oa A>>

teBr. —

1 qn E 2
= Sup( )Var ( Zurt(X:A)UA(X:A)> (ng sup  E(t*(Xo)o?(Xo))
0,1 r=1

teBT wmA _ A teB™, (0,1)
E(e?
< SO BV [od(X0) B0 )
A e, (0,1)
< Cp E1/2 4x NE AR e —
= A [UA( 0)] (mvm/)| me’HOP =U
dn
1 &
Lastly sup sup — 2|1 o(xr)1,, t(x
teBr, (0,1) Z€Rn TeRIn QnArZ| T’ |ZT‘Skn\/Z’ ( T) | 2<M)|§Zn\/z‘ ( T)’
kn v/, kn/Cn

(mvm)||w, | Mop := M.

m\Vm

< sup  sup|t(x)| < cp——7r
Al/4 weBn, (01) = ANV

Therefore, by applying Theorem 6.2 (Talagrand Inequality) recalled in section 6.12:

v pnH? M? pnH
IE( sup  (vPDH2() — 2H2) < ( exp(—Co ) + —exp(—Cs
teBT (0,1) ol + Pn v P2 M

we obtain, recalling that 2p,q, = n and ¢, = (5/0)(log(nA)/A), and m* = m VvV m/,

E sup V;’l 2(t) — 2H?
<te3:n,,m<o,1>( D) 287

m*|| 1| k2 /T w1
< 0 [ Y el 0 o) + T e e (g e )

PrngnA p%\/Z VnAkp,

Now we use that, for the first right-hand-side term, y/ze~©2vV? < e~ (C2/2V7 and C?Dm* w1
4onA/log?(nA). For the second right-hand-side term, we use the definition (56) and (57)
of 4,, and ky,, the value of ¢, and cim*H\IJ;I}k lop < 40nA/log?(nA). This implies

opg

E( sup [V*’l]z(t)_(lsp(m,m')>+ S : (e—(0§/2) m*HlIIT_"l*HOPJrin\/K e_oé/log(nm)

wenr, 1) nA log*(nA)

where p(m,m’) = 12H2. Next note that [|[¥, op > 1/[|Wimllop > 1/||7]|ce, and choose
Cx, €, in the definition of k,, and ¢,, so that C¥ = 2. This yields

<exp(—c4\/n?) + nlogi(nA)> .
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By summing up all terms over m’ € ./\/ln A» We deduce

* 1 ~ *,1 1
E( sup un’l 2(t) — fp(m,m)) < g E( sup [ P(t) — ﬂ)(m,m'))
teB;hmw(O,l)[ ’1] 6 + — teBﬂ’;,’m((),l)[ ’1] 6 +
1
< =
(58) S X

It remains to bound E[(sup;epr  (9,1)(Vn, 1)?(t)—p(m, m))1(q)cl. We use the infinite norm

m,m

computed to evaluate M and the bound on P[(£2*)¢]. O

6.11. Proof of Lemma 6.7. First write that

L |
= < 2 2m” m m_|1op
pen(m) < kcy,s A

Moreover, for m € Mua and on =, (thusm € M\nA), 2m| 5 |op < (0/4)nA/log?(nA)
and 2m||¥;,|op < 9nA/log?(nA). Thus,

2, -1 -1 2 NG — -1
omlVy =V loplz,aneas = ml¥, — ¥, HOP]‘EnAanA1{“\/1\/7_”1_\117_”1||OPSH\IJ;11||OP}

2 1 1
|Vt = 0 lop Lz, anua L —wat oy 59 fon)
5 oA 1
Zm {”\Il:nliq}’_nl||0P>H\Ilf_nl||0p}

IN

C?OmH \IlT_rLl HOP]‘EnAanA +
We obtain:

. K 5) mA =_1 -1 -1
B0 12,400,4) < Zygpen(m) + iz (180 = W5 oo > 195, ln).

Now by Proposition 2.4 in Comte and Genon-Catalot (2018),
~ _ _ _1/95 o _ 1
P (18 = Wl > 195 ap) < P (105220051 = 1oy > 5 ) S 1/(0A)°

for m € Mya, by Lemma 6.1. This completes the proof of (53).
Now we turn to the proof of (54). Writing that || |op > |V lop — 5! — U2 |op, We
get

AT -1 1
pen(r) — pen(rm) < KCl s 27U, — Wi llop
S

2 2~ ia—1
R o
A + (k' — k) - .

Next we decompose similarly to previously, with a change in the cutoff,

2 A nE—1 -1 2 a—1 -1
e[V =V llopla,aneua = Ve = Vo lloplz,antua Lag-—u o< 100}

2 A 1 1
el = W llople,an@ua Lgig 1wt ly> 1w op)

| mA
R e e Ty (L e IO T PSS
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~ 'O . . 92 A -1 2
Now, 7 € M, C M, implies that c;m||V "o, < 40nlog”(nl). We get

mA
~ —— A 2 .2
(pen(1i) — pen(in))+ 1z, an0.s < AKCyS TogZ(nA) 15! =05 lop> 1105 op} 1En8N00s

Y o
2 n '

We choose k' — g < 0 that is kK > 2K/, so that the last term vanishes and then obtain:.

+(k' —

E [(pen(ri) — pen(m))+ 1z, sn0,a]

onA ~ _ 1, —
2 P (U = ¥l > 195 o) 1Z0a 8.

< 4k ——
77 log?(nA)

Now

~ _ 1 _
P (1185 - 5 p > 5195

- =_ _ Lo
) NZan0a) < X P (1F = Wl > 17

mEM:A
Then we use Proposition 2.4 (ii) in Comte and Genon-Catalot (2018), to get

~_ _ 1, _ /o _ 1
P (1 = W5 > 5195 e} 12080100 ) < P (1052280007 = g > 1 )

The choice of ? implies that this probability is less than K/(nA)®. This leads to
E [(pen(rn) — pen(m)) 11z, an0,4] S 1/(nA).
This ends the proof of (54) and we can set k' = /2 and take kK > 2 x 12 x 16. [J

6.12. Appendix. We recall the following result of Tropp (2015) and the Talagrand con-
centration inequality given in Klein and Rio (2005).

Theorem 6.1 (Bernstein Matrix inequality). Consider a finite sequence {Sy} of inde-
pendent, random matrices with common dimension di X dy. Assume that ES; = 0 and
ISkllop < L for all k. Introduce the random matriz Z =", Sy. Let v(Z) be the variance
statistic of the sum: v(Z) = max{Amax (E[Z'Z]), Amax (E[ZZ'])}. Then for allt >0

t2/2
P[l|Z][op = t] < (d1 + d2) exp (_l/(Z)+Lt/3) .
Theorem 6.2. Consider n € N*, F a class at most countable of measurable functions, and
(Xi)ie{17._.7n} a family of real independent random variables. Define, for f € F, vn(f) =
(1/n) >0 (f(Xs) — E[f(X;)]), and assume that there are three positive constants M, H
and v such that sup||fllec < M, E[sup|v,(f)|] < H, and sup(1/n)> ", Var(f(X;)) < v.
feF feF feF

Then for all o> 0, with C(a) = (VI+a—1)A1l, and b= %,

4 nH? 49M? VEbC(a)V/a n
(sup]yn(f)]2—2(1+2a)H2> ] < <”ebai’+e 2 J)
+

E
feFr b\n bC?(a)n?

By density arguments, this result can be extended to the case where F is a unit ball of a
linear normed space.
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