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1 Introduction

In this paper, we consider the stochastic volatility model (Xt,V);>0 with dynamics
described by the following equations:

dXy = \/thBh XO = 07 (1)
dVy = b(V)dt + o(Vy)dWy, Vo =n, Vi >0, for all t > 0,

where (Bt, Wi)¢>0 is a standard bidimensional Brownian motion and 7 is independent
of (Bt,Wt)>0. Discrete time observations of the X process are available whereas the
stochastic volatility V' is unobservable. Our aim is to propose and study nonparametric
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estimators of the drift function b(.) and the diffusion coefficient o2 (.) of the unobserved
volatility process V.

Statistical inference for stochastic volatility models is often parametric: the func-
tions b(.) and 02(.) are specified up to a few unknown parameters, see the popular
examples of Heston (1993) or Cox, Ingersoll and Ross (1985). General statistical para-
metric approaches of the problem are studied in Genon-Catalot et al. (1999), Hoff-
mann (2002), Gloter (2007), Ait-Sahalia and Kimmel (2007). A recent proposal for
nonparametric estimation of the drift and diffusion coefficients of V' can be found
in Rend (2006), who studies the empirical performance of a Nadaraya-Watson kernel
strategy on two parametric simulated examples. Our approach is new and different. It
is based on a nonparametric mean square strategy. We follow the ideas developed in
Comte et al. (2007, 2008), where discrete observations of the process (Vi) or discrete
observations of the integrated process (fot Vsds) are considered. We assume that (V)
is stationary and we consider discrete time observations (Xyg5)1<p<n+1 Of the process
(X¢) in the high frequency context: § is small, n is large and nd = T, the time interval
where observations are taken, is large. Such high frequency data of the process X can-
not be used directly to estimate nonparametrically the drift and diffusion coefficients
of the volatility process. In order to “eliminate” the effect of the Brownian motion
B, one must first compute quadratic variations based on the discrete observations of
X and then use these to estimate b and o2. This is done as follows. Given n = kN
observations of X with sampling interval &, groups of k observations are used to com-
pute quadratic variations. As it is usual, we define, for i = 0,1,..., N — 1, the realized
quadratic variation associated with (Xos)ip41<r<(it1)k

~ 1 k-1 2

Vi= w0 (X(ik+j+1)§ - X(ik+j)6) .

§j=0

Setting A = kd, \Z provides an approximation of the integrated volatility:

_ 1 (i4+1)A
‘/2' = Z /ZA Vsds, (2)

which in turn may be, for well chosen k,§, a satisfactory approximation of V; 4. One
may think that N is a number of “days” and k is the number of observations “per day”.
Then the basic idea is to regress changes (square changes) of the quadratic variation
of X from period (7 + 1) to period (i + 2) on the quadratic variation of period (i — 1)
to period (7), to get an estimate of the drift (diffusion) function. More precisely, we
obtain regression-type equations, for £ = 1,2:

Y,(_f)l = f(g) (‘Z) + noise + remainder,

where

1>

Vitr = Vi

f(l) =b, Y_(l) _

C 2
and f(2) _ 027 Yi(2) _ g(vi+1 - Vi)

—_—t 3
~ 3)
Choosing a collection of finite dimensional spaces, we use the regression-type equations
to construct estimators of the functions b(.) and ¢2(.) on these spaces. Then, we propose
a data driven procedure to select a relevant estimation space in the collection. As it
is usual with these methods, the risk of an estimator f of f = b or o2 is measured



via E(||f — flI3) where ||f — fII% = (1/N) S M5 — F)?(V;). We obtain risk bounds
which can be interpreted as n, N tend to infinity, J, A tend to 0 and T'=nd = NA
tends to infinity. These bounds are compared with Hoffmann’s (1999) minimax rates
in the case of direct observations of V. For what concerns b, our method leads to the
best rate that can be expected. For what concerns o2, no benchmark is available in
this asymptotic framework. Indeed, Gloter (2000) and Hoffmann (2002) only treat the
case of observations within a fixed length time interval, in a parametric setting.

The paper is organized as follows. Section 2 describes the regression equations,
the collection of estimation spaces, and the estimators, defined as minimizers of mean
square contrast functions. In Section 3, the assumptions on the model are explained and
the risks of the estimators are studied. Section 4 completes the procedure by the data
driven selection of the estimation space. Examples of models and simulation results are
presented in Section 5. Lastly, proofs are gathered in Section 6.

2 The mean square approach
2.1 The regression equations

Our estimation strategy is based on the idea that, if one observes (Y;, X;) with Y¥; =
f(X;) + &; where ¢; is a white noise, then nonparametric mean square contrasts lead
to a good estimation of the regression function f. Let us explain how to use this idea
for the case of the drift estimation.

Suppose we observe directly the (V; ), then, we can write:

Vigna —Via 1 [G+DA 1 DA 1 DA

G 1 DA
—oVia)+ g [ eam+ 5 [ ) —ovialas
1A 1A

noise Residual term

This regression of the (V(;;1)a — Via)/A on the V; 4 allows to estimate b (see Comte
et al. (2007)).
Suppose we observe the (V;), then, we can write

4 DA | DA s
=g f, ve=g [, (var [ av)a
| DA
- vm+2/ i+ 1)A — V.
1A

So we have

5o V. v (i+2)A (i+1)A

Vier = Vi _ Yarna = Via % / ((i +2)A — u)dVu + / (u—(i+1)A)dVy
A A A% Ji+na iA

Introducing

Yin(u) = (u —iA)I;A iy a[(w) + [(E+2)A —ulli11) A, (i42)A[(W) (4)

[



leads to
Viiq — V: 1 (i+2)A 1 (i+2)A
S = Via)t g [ dia@o(Va)dWa + 15 | dia(@)b(V) = b(Via)ldu

noise residual

The last step is to use the quadratic variations (\Z) built using our effective observations
(recall that we have set kd = A). We write:

‘Z' :‘7i+ui,k7

where

(ik+7+1)5 2 (ik+j+1)8
/ VVsdBs | — / Vsds
(

(ik+4)8 ik+5)6

o>

This yields
Yz’(l) _Vin=Vi _Vip -V n Uitlk — Uik

A A A
Finally, we obtain the development,
1 & 1 .
v =6V + 28, + RO+ 1), (5)

where Zi(i)l is a noise term (with martingale properties):

(1) 1 (i4+3)

Zi = Ag/( A Yrnya@o(Va)dWu + (uipe k — wiy1,k)/4,
and R(l)(i + 1) is a sum of negligible residual terms given by

(1) . ~ 1 (Z+3)
RV (i +1) = [b(Viigpnya) = b(Vi)] + Ag/( A Y1) A(8)(0(Vs) = (V1) a))ds

The lag in (5) is to avoid some cumbersome correlations. On the other hand, following
the same steps, we have, for £ = 2 (f(Q) = 02),

(Vz+2 - Vi+1)2

vif) = SR = () + 25 + B+ 1), ©)
with Z( )1 = Zz(ill) z(_?_f) + Zﬁ_l?’) and
(i+3)A 2 (i+3)A
(21 _ 3 / / 2 2
Z. = — . s)o(Vs)dWg — i s)o” (Vs)ds|
i+1 2A3 ( (i+1)A 1/)(z+1)A( ) ( ) > (41)A w( +1)A( ) ( )
22 (+3)A
zZy) = (V(z+1)A)/(ZH)A Yy a(s)o(Vs)dWs
=Y . / TR ) [0 V),
+— i u)au s Sy
2 Jiina \U, Y(ir1)A o) o

where ¥; A is given in (4), and

2,3
Zf+1) =3 (VerQ = Vit1)(Wip2k — Wit1 k)

The residual term R(?) (i 4+ 1) is detailed in Section 6.3.



2.2 Spaces of approximation

The functions b and o2 are estimated only on a compact subset A of the state space
of (V4). For simplicity and without loss of generality, we assume from now on that

A=[0,1], and weset by =bla, o4 =o0lg. (7)

To estimate f = b, o2, we consider a family Sy,,m € My of finite dimensional sub-
spaces of La([0,1]) and compute a collection of estimators fm where for all m, fm
belongs to Si,. Afterwards, a data driven procedure chooses among the collection of
estimators the final estimator fy;,.

We consider here simple projection spaces, namely trigonometric spaces, Sy, m €
My, The space Sp, is linearly spanned in La([0,1]) by ¢1,...,pam+1 with ¢1(z) =
Lo,y (@), @j(z) = \/icos(ijx)l[O’l](x) for even j’s and ¢;(x) = \/isin(ZTrjx)l[oJ] (z)
for odd j’s larger than 1. We have Dy, = 2m + 1 = dim(Sm) < Dp and M, =
{1,3,...,Dn}. The largest space in the collection has maximal dimension D,,, which

is subject to constraints appearing later. Note that, for all z € [0, 1], Z?mf'l np?(x) =

2m + 1 = Dp,. Thus, for any function ¢t € Sm, sup,¢(o 1 [t(z )2 < D, fO 2 (z)dz.

2.3 The collection of mean squares estimators

Equations (5)-(6) give the adequate regression equations to estimate f (©). We consider
the collection of spaces (Sm) described above. For each m, and for a function t € Sy,
we introduce, for £ = 1,2, the following contrast:

_ ) )
Z Vi — ), ®)
Then the mean squares estimators are defined as

R4 . l
) = arg in 7). 9)

In a first step, we study the risk of the above estimators (with m fixed). For this, we have

0

to consider a well-defined risk. Let us remark that the minimization of v’ over Sy, may

lead to several solutions. In contrast, the random R -vector (fm (Vo) . A(e) (VN Vn_ 1)
is always uniquely defined. Indeed, let us denote by I, the orthogonal pro Jectlon (with
respect to the inner product of R™Y) onto the subspace of RY, {(¢ (Vo) (VN, ), te
Sm}, then (739 (Vo), ..., £2(Vy_1)) = HmY® where y (O — (Y 1“’, YDy This

is the reason why we consider a specific risk for ff,f) based on the design points, i.e.

Eiﬁwwm-www
N m 1 K3

=0
Thus, the error is measured via the risk IE(Hf,(,f) -1 %) where

N—-1

1R = S 0. (10)

=0

1>



Now, we use the contrasts (8) and the definition (9) to bound the empirical norms
Hf,Sf) — f(z) ||?\7 The following decomposition of the contrasts holds:

N-1
2 ~ ES ES
ORI B = SN A B S AN ARTA)
In view of (5)-(6), we define the centered empirical processes, for £ =1, 2:

LO 1= e @)
N () = t(V;)Z,

N 1+1°
=0
and the residual processes:
, QN
RY ) =+ S tVi)RY (i +1)
=0

Using these notations, we obtain that
W ® = D) = Nt = FOUR =20 ¢ = 59) = 2R e - 1),

Let f(z) be the orthogonal projection of f(z) on Sp,. By definition of the estimators, the
following inequality holds: 75\/)( (f)) %)( T(,f)) Therefore, 7(@( ;E,f)) — 'yj(\?)(f(g)) <

’Y](\(fz)( 7(5)) - Af)(f(z ). This yields

1759 — O < 179 — FOP% + 2070 — £0) 1 2RO (79— £0),

The functions ﬂ(n and f(e) being A-supported, we can cancel the terms Hf(g) 1403
that appears in both sides of the inequality. So, we get

1A = FO1% < 1A = £O1% + 200 (79 — 159y + 2RO (£ — £y, ()

Let us denote by [|t]|> = f t?(x)dx. To find the rate of the risks, we have to take
expectations and find upper bounds for

B sup PP and E( sup  [RY (1)),
tESm,HtHzl tESn“”t‘lzl

3 The assumptions
3.1 Model assumptions.

Let (Xt, Vi)¢>0 be given by (1) and assume that only discrete time observations of X,
(X¢s5)1<e<n+1 are available. We want to estimate the drift function b and the square
of the diffusion coefficient 2. We assume that the state space of (V) is a known open
interval (rg,71) of RT and consider the following set of assumptions.

[A1 ]0< 719 <11 < H00, I= (ro,r1), with o(v) > 0, for all v € I.Let = [ro, 1] NR.
The function b belongs to C*(I), b’ is bounded on I, 0® € C?(I), (6%) o is Lipschitz
on I, (62)" is bounded on I and ¢%(v) < 0% for all v in I.



[A2 ] For all vg,v € IO, the scale density s(v) = exp [72 f;i) b(u)/UZ(u)du] satisfies
Jry s(@)dz = 400 = [ s(z)dx, and the speed density m(v) = 1/(0?(v)s(v))
satisfies f:ol m(v)dv = M < +oo.

[A3 ] n ~m and Vi,E(n') < oo, where 7(v)dv = (m(v)/M)L, . (v)dv.

Under [A1]-[A3], (V4) is strictly stationary with marginal distribution 7, ergodic and
[B-mixing, i.e. lim¢—, { o By (t) = 0. Here, By () denotes the S-mixing coefficient of (V;)
and is given by

) = [ w ol P, ) = w0 v

0

The norm ||.||7y is the total variation norm and P; denotes the transition probability of
(Vi) (see Genon-Catalot et al. (2000)). To prove our main result, we need the following
stronger mixing condition:

[A4 ] The process (V4) is exponentially S-mixing, i.e., there exist constants K > 0,60 > 0,
such that, for all ¢ > 0, By (¢t) < Ke %,

Assumption [A4] is satisfied in most standard examples. Under [A1]-[A4], for fixed A,
(Vi)izo is a strictly stationary process. And we have:

Proposition 3.1 Under [Al]-[Ad4], for fized k and §, (V;);>0 is strictly stationary and
ﬁv(z) < cBy(iA) for alli > 1.

In connection with the collection of spaces Sy,, we need an additional assumption on

the marginal density of the stationary process (V;);>o:

[A5 ] The process (‘Z‘)izo admits a stationary density 7* and there exist two positive
constants 73 and 7] (independent of n,d) such that Vm € My, Vit € S,

molltl® < B (Vo)) < wf el (12)

The existence of the density 7* is easy to obtain. The checking of (12) is more technical.
See the discussion on [A5] in Section 6.2. Below, we use the notations:

1
12 = / 2 (@)r* (@)dz, ||t]? = /O R(@)dz and [fle = sup |(z).  (13)

z€[0,1]
Let us mention that for a deterministic function E(|[t||%) = ||t]|2+ = [ ¢(z)7* (z)dz,
where ||.||y is defined by (10). Moreover, under Assumption [A5], the norms ||.|| and

||l-llx= are equivalent for functions in Sy, (see notations (13)).

3.2 Risk for the collection of drift estimators

For the estimation of b, we obtain the following result.



Proposition 3.2 Assume that NA > 1 and 1/k < A. Assume that [A1]-[A5] hold and
consider a model Sy, in the collection of models with Dn < O(VNA/In(N)) where Dy,

is the mazimal dimension (see Section 2.2). Then the estimator f;(nl) =bm of f(l) =b
is such that

. E(o?(Vp))D
E(lbm — ball%) < Tllbm — ball2- + K Vo) P

where by = bl 1) and K and K’ are some positive constants.

+ K'A, (14)

Note that the condition on Dy, implies that vV NA/In(N) must be large enough.

It follows from (14) that it is natural to select the dimension Dy, that leads to the
best compromise between the squared bias term [|bm — ba||2+ (which decreases when
Dy, increases) and the variance term of order Dy, /(NA).

Now, let us consider the classical high frequency data setting: let A = Ay, k = ky,
and N = N;, be, in addition, such that A, — 0, N = N, — 400, NnAn/IHQ(Nn) —
400 when n — +o0 and that 1/(knAn) < 1. Assume for instance that b4 belongs to a
ball of some Besov space, b4 € By,2,60([0,1]), @ > 1, and ||b4||la,2,00 < L. Assume also
that [|by, —ba |2+ < 77 ||bm —bal|>. Applying Lemma 12 in Barron et al. (1999)), we get
that [|bg —bm||2« < C(a, L, w}) D2, Therefore, if we choose Dy, = (Np Ay (20+1),
we obtain

E(||bm — ball2) < Cla, L, 71 )(Nn Ap) 2%/ o) L KA, (15)

The first term (NnAn)72°‘/(2°‘+1) = Tn_za/(%ﬁ_l) is the optimal nonparametric rate
proved by Hoffmann (1999) for direct observations of V. Note that, under the standard
condition Ay, = O(1/(NnAy)), the last term Ay, in the risk bound is negligible with
respect to (NnAn)72a/(2a+1).

Finally, we must look at the step 5. Consider the choices kn = 1/A, and 6n =
n~ €. Let us see if there are possible choices of ¢ for which all our constraints are
fulfilled. To have ndn — +oo requires 0 < ¢ < 1. As Ap = kndn = 0n/An, we have
Ap =0n = n~¢? and Np =n/kn = nl=e/2, Thus, Ay, — 0 and Ny, Np Ay — +00.
The last constraint to fulfill is that N, A2 = n!=3¢/2 = O(1). Thus for 2/3 < ¢ < 1,
the dominating term in (15) is (NnAn)_QO‘/(QO"H), i.e. the minimax optimal rate. We
have thus obtained a possible “bandwidth” of steps dp,.

3.3 Risk for the collection of volatility estimators

For the collection of volatility estimators, we have the result

Proposition 3.3 Assume that [A1]-[A5] hold and consider a model Sm in the col-
lection of models with mazimal dimension Dn < O(VNA/In(N)). Assume also that

1/k < Aand NA>1, A< 1. Then the estimator fy(,%) =62, off(g) = o2 is such that
) E(o* (Vo)) D
E(15% — o330 < Tllo% — oAl12 + KT OO 4 gt ek 2), (1)
where the residual term is given by

L
k k2 A2

where 0124 = 021[071], and K, K' are some positive constants.

Res(Dm, k, A) = D2,A? + D5, A% + (17)



The discussion on rates is much more tedious. Consider the asymptotic setting de-
scribed for b. Assume that 0124 belongs to a ball of some Besov space, Ui € Ba,2,00([0,1]),
and that |02, — 0%|/2- < 7}|loa, — o4|?, then [[o% — o2 ||2. < C(a, L, 7}) Dy, for

HJIQL‘HQQ,OO < L. Therefore, if we choose Dy, = erl/(2a+1)7 and kn < 1/A,, we obtain

E(||62, — o4]%) < Cla, L, 7})Ny 2/ 04D 4 g/ Res(NEY/ 04D k0 AL). (18)

The first term N;Qa/(m—'rl) is the optimal nonparametric rate proved by Hoffmann (1999)
when N, discrete time observations of V' with sampling step 1/Ny, are available (the
time interval has fixed length).

For the second term, let us set ky, = n%, A, = n_b, 6n = n~ ¢, and recall that
ndén = NpAy and n/Nyp = kn, so that Np = ni~% and a 4+ b = c¢. We look for a, b such
that

RGS(N%/(2a+1)7kn7An) SN;Q(X/(Q(X+1).

For this, we take 1/(k2A2) = N;; 2%/ %+ which implies 2(a—b)/(1—a) = 20/ (2a-+1).
We get
2a+1)c+a b— Ba+1)c—a

S5a + 2 T S5a + 2
2041 —2a/(2a+1
/(2a+ )A%SNn a/(2a+1)

Then we impose NEL which is equivalent to

2b > [(2a +2)/(2a 4+ 1)](1 — a) = ¢ > (3a + 2)[2(2c + 1)].
Next Nﬁ/(m“)Ai < N;2a/(2a+1) leads to
3b > [(2a+5)/(2a+ 1)](1 —a) = ¢ > (Ta+5)/(11a + 8).

Lastly N3/ o+ k2 < n-2e/CoFD) 6145 for —2a < —[(3+20)/(2a+1)](1 —a), i.e.
c¢>2(a+3)/(6a+5).

The optimal dimension has also to fulfill erl/(2a+1) < Dp <VNpAy ie. —[(2a —
1)/[2(2a + 1)]](1 — a) < —b/2 which implies ¢ < (5a: — 2)/(5a). Finally, we must have

3
171{.

In terms of the initial number n of observations, the rate is now (n!~%)~2¢/(2a+1)
where 1 — a is at most 1/2. This is consistent with Gloter’s (2000) result: in the
parametric case, he obtains n~1/2 instead of n~! for the quadratic risk.

3a+2 ba-—2

‘€ 13@at1) Ba }*%m

This interval is nonempty as soon as a > 2.

4 Data driven estimator of the coefficients
The second step is to ensure an automatic selection of D;,, which does not use any

knowledge on f (2), and in particular which does not require to know the regularity a.
This selection is standardly done by setting

m® —arg min [4(75) + pen® m)] . (19)
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with pen(z) (m) a penalty to be properly chosen. We denote by f(g) = f,(;f()e) the resulting
estimator and we need to determine pen such that, ideally,

_ ) E(o%(Vy))Dm
B0 - 1R < ing (nf%) - 0 B L) o

‘M NA2—L ) + negligible terms,

with C' a constant which should not be too large.

4.1 Result for the data driven estimator of b

We almost reach this aim for the estimation of b.

Theorem 4.1 Assume that [A1]-[A5] hold, 1/k < A, A <1 and NA > 1. Consider
the collection of models with maximal dimension Dp < O(VNA/In(N)). Then the

estimator b = fg()l) of b where mD s defined by (19) with

pen(l)(m) > KJU%%, (20)

where k is a universal constant, is such that

7 2 . 2 (1)
3 — < n — « 4+ 1

1 1

For comments on the practical calibration of the penalty, see Section 5.2.

It follows from (21) that the adaptive estimator automatically realizes the bias-
variance compromise, provided that the last terms can be neglected as discussed above.
Here, the bandwidth for the choices of §,, is slightly narrowed because of a stronger
constraint. More precisely, we choose 1/(knApn) = Ay (instead of 1 previously), that is
kn = A7L2, so that Ay, = kndn = Aﬁ%;l. Therefore A, = 571/3 and if 6, = n~ €, then
Ay = n~¢3, Also, Ny, = n/kn = n1_20/3, NpAp = nép = n17¢ NpAZ = pl=4c/3,
Hence if 3/4 < ¢ < 1, we have altogether: Ny, NnAn/ln2(Nn) tend to infinity with n,
Anp, NnA% tend to zero.

In that case, whenever by belongs to some Besov ball (see (15)), and if ||bp —
ball2- < 7} |lbm —ball?, then b achieves the optimal corresponding nonparametric rate.
Note that, in the parametric framework, Gloter (2007) obtains an efficient estimation
of b in the same asymptotic context.

The above discussion is the basement of the choice of numerical values of Section
5. For ¢ = 0.75,n = O(10%) and 6 = n~¢, we get k = 6~ 2/3 = 0(10%) and N = 10°.
Thinking of N as a number of days and k as a number of data per day, these values are
in accordance with real financial data (e.g. if 2 data per minute are collected during 8
hours every day, this implies 960 intra day data).
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4.2 Result for the data driven estimator of the volatility

We can prove the following Theorem.

Theorem 4.2 Assume that [A1]-[A5] hold, 1/k < A, A < 1 and NA > 1. Con-
sider the collection of models with mazimal dimension D < VNA/In(N). Then the

estimator 52 = ff:?m of o2 where m?) s defined by (19) with

D
pen(2)(m) > kot =2, (22)
N
where k is a universal constant, is such that
E(|6" —oAlR) <€ inf (llof = oA I3 +pen® (m)) + C'Res(N,k, 4),  (23)
meMy

where

= 3 572 4112, (NA)3/2 1
Res(N,k, A) = NA® + N2 A1/ +%+km2. (24)
Now, if ai belongs to a ball of some Besov space, 0124 € Ba,2,00([0,1]), then auto-
matically,

inf (||g; — |2 + pen<2>(m)) _ O(n; 20/ (2ot )y

meM

without requiring the knowledge of a. Therefore,
E(|52 — 04]1%) < C(a, )Ny, 2/ @4 4 ' Res(Ny, ki, An).

It remains to study the residual term. Notice that we do not know the optimal min-
imax rate for estimating 02, under our set of assumptions on the models and on the
asymptotic framework. However, Gloter (2000) and Hoffmann (2002), with observa-
tions within a fixed length time interval, obtain the parametric rate n=1/2 (in vari-
ance). Taking this as a benchmark, we try to make the residual less than O(n~/2).
Let us set kn, = n%, A, = n_b, hence Ny, = n/kn = nl™% and N, A, = pl—(atd)
This yields that 1 — a — 3b, (5 — 5a — 11b)/2, (3 — Ta — 3b)/2,2(b — a) must all be less
than or equal to —1/2, in association with a +b < 1 and N}L/(QO‘+1) < v/NnAy,. This
set of constraint is not empty (e.g. a = 9/16,b = 5/16 fits).

5 Examples and numerical simulation results

In this section, we consider examples of diffusions and implement the estimation algo-
rithm on simulated data for the stochastic volatility model X given by (1).

5.1 Simulated paths

We consider the processes Vt(i) for ¢ = 1,...,4 specified by the couples of functions

bi,ol,i=1,...,4:

1. bi(z) =z <—91n(z) + %c2) ,02(x) = 222 which corresponds to Vt(l) = exp(U)
for Us an Ornstein-Uhlenbeck process, dUy = —OU¢dt + cdW¢. Whatever the chosen

step, U is exactly simulated as an autoregressive process of order 1. We took 6 = 1
and ¢ = 0.75.
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1—x
and o2 (x) = ¢(1 — 2?) are the drift and diffusion coefficients of the process th(Uy)
(th(z) = (e® — e *)/(e” + ™ 7)), with the same parameters as for case 1). The
process \/;(2) corresponds to th(U;) + 2 which is a positive bounded process.

3. b3(z) = z(bo(In(z)) + %0‘(2)(111(1‘))) and o3 (x) = 2202 (In(z)) which corresponds to
the process Vt(s) = exp(th(Uy)).

4. by(z) = dc?/4 — 0z,03(x) = 2z which corresponds to the Cox-Ingersoll-Ross
process, Vt(4). An exact simulated path is obtained by taking the Euclidean norm
of a d-dimensional Ornstein-Uhlenbeck process with parameters —6/2 and c¢/2. We
took d =9, 6 =0.75 and ¢ = 1/3.

2. by(z) = bo(z — 2), 03 (z) = o2 (x — 2), where by(z) = —(1 — 22) |:0211 + gln (H—“Lﬂ

We simulate discrete data (Ve((;j/))lgggn/ for j=1,...,4 with 6’ =6/6, n’6’ =T, from
which we generate (Xég))lgggn, by using that

%
Xes — X(—1)s = / Vsds ey,
\ Jie-1)s

with (g¢) i.i.d. A(0,1) independent of (Vs,s > 0). Approximations of the integrated
processes are computed by discrete integration (with a trapeze method).

The generated ‘/}(g,), i =1,...,4 samples have length N’ = 7.2 106, for a step
8 = 100/N/, and the integrated process is computed using 6 data, therefore, we obtain
n =12 1()67 for T' = né = 100. Different values of k are used, but the best value,

k = 1000, corresponds to A = ké = 0.083 and N = 1200 realized quadratic variation.

5.2 Estimation algorithms and numerical results

55 T T T T T
selected degree

451 i
40f i
35 B
30 B

O/O

25t 4

20+ q

Fig. 1 Histogram of selected values m with basis T for 100 paths of \/;(3).
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k= 250 500 750 1000 1250 1500 1750 2000

Vt<1) mean T | 0.803 | 0.187 0.196 0.253 0.271 0.291 0.302 0.341

(std) (0.368) (0.151) (0.176) (0.209) (0.215) (0.214) (0.206) (0.221)
V" mean P | 0.731 | 0.108 | 0.100 | 0.134 | 0.164 | 0.202 | 0223 | 0.250
(std) (0.493) (0.146) (0.154) (0.168) (0.214) (0.225) (0.221) (0.240)

Vt<2) mean T | 11.15 0.784 0.181 0.076 0.049 0.042 0.044 0.047

(std) (2.086) (0.190) (0.063) (0.043) (0.026) (0.020) (0.017) (0.017)
Vt(Q) mean P 12.28 0.908 0.199 0.074 0.036 0.032 0.034 0.037
(std) (2.128) (0.219) (0.093) (0.062) (0.029) (0.018) (0.017) (0.017)

Vz<3) mean T | 0.960 0.114 0.068 0.070 0.074 0.076 0.081 0.084

(std) (0.353) (0.063) (0.084) (0.029) (0.029) (0.027) (0.030) (0.050)
Vt(s) mean P 1.274 0.133 0.064 0.051 0.058 0.062 0.064 0.067
(std) (0.422) (0.105) (0.060) (0.028) (0.025) (0.022) (0.020) (0.022)

Vi mean T | 0.090 | 9.7¢-3 | 5.9¢3 | 5.5e3 | 6.4¢3 | 62e3 | 7.3e3 | 7.7e3

(std) (0.036) (0.005) (0.003) (0.003) (0.004) (0.003) (0.005) (0.005)
Vt<4) mean P | 0.099 | 7.3e-3 | 25e3 | 2.2 e-3 | 24e3 | 26e-3 | 3.2e-3 | 3.6e-3
(std) (0.045) (0.007) (0.008) (0.002) (0.003) (0.002) (0.004 (0.004)

Table 1 Mean squared errors (with standard deviations in parenthesis) for the estimation of
b; 100 paths of the four examples, different values of k for the quadratic variation, when using
the trigonometric basis (T) or the polynomial basis (P). In bold, the risk value corresponding
to the best k.

We use the algorithm of Comte and Rozenholc (2004). In Comte et al. (2007),
the precise calibration of penalties, which is quite difficult, is done in detail for the
trigonometric basis (denoted hereafter by T) and also for another one, the piecewise
polynomial basis (described in this paper, and denoted below by P; see also Comte et
al. (2008)). The drift penalty (£ = 1) and the diffusion penalty (¢ = 2) are given by

22
R[% (Dm + additive correcting terms), with Dy, at most [NA/In'*?(N)].

The additive correcting terms involved in the penalty avoid under-penalization and are
in accordance with the fact that the theorems provide lower bounds for the penalty.
These correcting terms are asymptotically negligible and do not affect the rate of
convergence (for details see Comte et al. (2007, 2008)).

The constants k1 and k2 in the drift and diffusion penalties have both been set
equal to 6. The term 87 replaces o7 /A for the estimation of b and 83 replaces of for the
estimation of 0. Let us first explain how §§ is obtained. We run once the estimation
algorithm of o2 with the trigonometric basis and with a preliminary penalty where §§
is taken equal to 2 maxm(*yg) (62,)). This gives a preliminary estimator 3. Afterwards,
we take $5 equal to twice the 99.5%-quantile of 68. We get 52. We use this estimate and

set §% = maxXg<p<N-—1 (52(12/k))/A for the penalty of b. In Figure 1, we give a histogram

of the selected values m with the trigonometric basis T for 100 paths of \/;(3). This shows
that the algorithm selects m = 1 for 50 paths over 100, and essentially 7 € {1,...,6}.
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k= 250 500 750 1000 1250 1500 1750 2000
V" mean T | 7.153 | 0594 | 0.284 | 0.276 | 0.311 0.364 0.399 | 0.397
(std) (3.055) (0.487) (0.200) (0.241) (0.289) (0.327) (0.367) (0.241)
V" mean P | 7.375 | 0576 | 0216 | 0.177 | 0.216 0.222 0.304 | 0.331
(std) (5.171) (0.468) (0.257) (0.166) (0.270) (0.252) (0.385) (0.358)
V,® mean T | 24.36 | 1.492 | 0299 | 0.097 | 0.044 0.030 0.025 | 0.024
(std) (2.97) (0.208) (0.047) (0.023) (0.010) (0.008) (0.006) (0.004)
V/? mean P | 2447 | 1.543 | 0.3143 | 0.102 | 0.046 0030 | 0.024 | 0.024
(std) (5.068) (0.212) (0.051) (0.025) (0.012) (0.008) (0.007) (0.004)
V" mean T | 3819 | 0.231 | 0043 | 0017 | 0.013 | 0.014 0.016 | 0.021
(std) (0.353) (0.063) (0.084) (0.029) (0.029) (0.027) (0.080) (0.030)
V) mean P | 3.851 | 0243 | 0049 | 0.022 | 0.015 | 0.016 0.020 | 0.025
(std) (0.898) (0.077) (0.021) (0.012) (0.009) (0.011) (0.012) (0.012)
V" mean T | 0.034 | 2.6e-3 | 5.63e-4 | 2.22e-4 | 1.40e-4 | 1.09e-4 | 1.07e-4 | 1.08e-4
(std) (0.014) (9.44 e-4) (2.80 e-4) (1.28 e-4) (5.95 e-5) (8.91 e-5) (5.11 e-5) (6.46 e-5)
Vt<4) mean P | 0.040 | 2.56e-3 | 5.35e-4 | 1.87e-4 | 9.09e-5 | 5.37e-5 5.81e-5 6.82e-5
(std) (0.014) (0.001) (0.0002) (0.0002) (0.0001) (0.0001) (0.0001) (0.0001)

Table 2 Mean squared errors (with standard deviations in parenthesis) for the estimation of
o2; 100 paths of the four examples, different values of k for the quadratic variation, when using
the trigonometric basis (T) or the polynomial basis (P). In bold, the risk value corresponding
to the best k.

We give in Tables 1-2 results of Monte-Carlo type experiments. Estimated risks
are computed as the mean over 100 simulated paths of the empirical norms (e.g.
(1/N vaz_ol[b(‘ﬁ/,) - 5(\2)]2 for b). Results for the estimator of b are given in Table
1 and for o2 in Table 2. We use both bases T (trigonometric) and P (piecewise poly-
nomials) for the four processes choosing different values of k for building the quadratic
variations. Clearly, there is an optimal value. If k is too large, there are not enough
observations left for the estimation algorithm. If k is too small, bias phenomena appear,
related to the violation of the theoretical assumptions (mainly 1/k < A). In general,
for this sample size, the choice k£ = 1000 seems to be relevant for the basis P. In view
of these tables, estimated risks are slightly better for basis P. This is why our graphs
(Figures 2-5) are done for basis P.

The results given by our algorithm are also described in two types of figures. First,
Figures 2-3 show the functions (true (dotted) and estimated (thick)) and the data

points with coordinates (Y,'{},V;),i = 1,...,N, for £ = 1 (left), £ = 2 (right). The
figures show that the points are scattered over a large area, and that, with the scale
they impose, the true function is well estimated. Second, we plot in Figures 4-5 the
true function (thick curve) and 10 estimated functions (thin curves) for b (left) and
o2 (right). In the simulation, we generate a large sample of the integrated process. We
compare the estimated functions using data of the integrated process (top curves) with
the estimations using the realized quadratic variations (bottom curves). One must
keep in mind when looking at the figures that there are 1000 times more data for
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estimation in the former case than in the latter. Therefore, these curves illustrate the
good performance of our approach.

Y

8 . . . . . I . " . . . . . . I . . . I .
04 06 08 1 12 14 16 18 2 22 04 06 08 1 12 14 16 18 2 22

Fig. 2 Estimation of b (left) and o2 (right) for one path of the exponential OU process (Vt(l))
with N = 1200 realized volatilities in the SV model (k = 1000,7 = 100). True function
(dotted), estimated (thick). The scatter plot gives the data points used for the regressions.

-2

Fig. 3 Estimation of b (left) and o2 (right) for one path of the CIR process (Vt(4)) with
N = 1200 realized volatilities in the SV model (bottom) (k = 1000,7 = 100). True function
(dotted), estimated (thick). The scatter plot gives the data points used for the regressions.
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0.05

CIR

0.05

Fig. 4 Estimation of b (left) and o2 (right) for 10 paths of the CIR process (Vt<4>) with
1.2 108 observations of the integrated process (top) and 1200 realized volatilities in the SV
model (bottom) (k = 1000,T = 100). True: bold dashed, estimated: full grey (red) lines.
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Fig. 5 Estimation of b (left) and o2 (right) for 10 paths of (‘/;(3)) with 1.2 108 observations
of the integrated process (top) and 1200 realized volatilities in the SV model (bottom) (k =
1000, T = 100). True: bold dashed, estimated: full grey (red) lines.

5.3 Concluding remarks

In this paper, we have described a new nonparametric method for estimating both the
drift and the diffusion coefficient of the volatility in a stochastic volatility model. Many
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papers have shown that this is a difficult task that requires first to transform discrete
data by computing realized quadratic variations. A large number of observations are
thus needed for this purpose. Our theoretical method provides adaptive estimators that
can be implemented by feasible algorithms. Numerical results based on simulated data
demonstrate that the method performs well for sample sizes corresponding to real data
context (k = 1000, N = 1200).

Let us mention that the simulation method may generate some micro-structure
type noise which we do not take into account. Indeed, we generate exact samples of
the discretized processes (V;s/), but we approximate the integrals of V. Corrections

J
inspired by Zhang et al. (2005) may thus be experimented.

6 Discussion on the assumptions and proofs
6.1 Proof of Proposition 3.1

We start with some preliminaries. Let Iy = fg Vsds. The joint process (Vi,It)¢>0 is a
two dimensional diffusion satisfying:

dVy = b(V)dt + o(Ve)dWy, Vo = n,
dly = Vidt, Ip=0.

Under regularity assumptions on b and o, this process admits a transition density,
say qt(vo,i0;v,4) for the conditional density of (V%, ;) given Vo = v, Ip = ig. This
density is w.r.t. the Lebesgue measure on (0, +00)? (see Rogers and Williams (2000)).
We assume that these assumptions hold.

Now, let us set

05
Jis :/ Vsds, £ > 1. (25)
(0—1)s
The discrete time process (Vys, Jos)¢>1 is strictly stationary and Markov. Its one step
transition operator is given by the density:

(v, 4) = 45(v0, 03, §) := gs(vo; v, 7).

Its stationary density is given by [ m(vg)dvogs(vo;v,j) := m5(v, j).
Let us set, for £ > 1,

Zp = Xps — X(0-1)s (26)

and define g/ by the relation: Z, = Jelé/zsg. Conditionally on (V%);>0, the random vari-
ables (r.v.) Zy,¢ > 1 are independent and Z; has distribution N(0, Jys). Consequently,
the r.v. (g¢,£ > 1) are i.i.d. with distribution A/(0,1) and the sequence (eg,¢ > 1) is
independent of (V);>0. Hence (Z;)¢>1 and (‘Z)izo are strictly stationary processes.
From the preliminaries and the above remarks, we deduce that the process (Vgs, Jgs5,€¢)e>1

is stationary Markov. Its ¢-step transition operator is given by:

Q3 (vo; dv, dj, du) = g\ (vo; v, j)n(u)dvdjdu
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where qgé) (vo;, j) is the ¢-step transition density of (Vps, Jys) and n(u) is the standard

gaussian density. The stationary density of (Vis, Jos,e¢)e>1 is m5(v, j)n(u). Hence
[ . : . e . .
15 (vos dv, dj du) — 75 (v, j)n(w)dvdjdul| v = / la5” (v0, v) = 75(v, ) In(w)dvdjdu

- / a5 (vo; v, 5) — 5 (v, 5)|dvd

We may now use the representation of the [B-mixing coefficient of strictly stationary
Markov processes (see e.g. Genon-Catalot et al. (2000)) to compute

By st se(t) = / 7500, Jo)n(uo)duodvodjo | QY (vo; dv, dj, du) — w5 (v, j)n(u)dvdjdul|ry
= ﬁVa,J.a (Z)
Now, we have Bz (¢) < By ;.7 5.e(€) = Bvs,s5(€) < By ((¢ —1)d). Finally,

By (i) < Bz(ik) < By ((ik — 1)) < By (14). O

6.2 Discussion on the assumptions

Actually, Assumption [A3] is too strong. We only need the existence of moments up to
a certain order. Let us now discuss [A5]. Using the representation

k
A 1 P
VO:%;JM ¢,

we see that f/o has a conditional density given (Vi, ¢ > 0). Integrating this density w.r.t.
the distribution of (Jys5,¢ = 1,...,k), we get that 170 has a density 7*. However the
formula for 7* is untractable.

On the other hand, we can obtain (12) by another approach. We have

(Vo) = (Vo) + (Vo — 1) (%) (Vo) + 5 (Vo — Vo) /0 (Y (Vo + Vo — Vo)du.
Now we use that, for any ¢t € Sy,, there exists some constant C' such that

166 loo < DRI and ()" loo < CDpi It
Noting that |E (Vo — Vo|Fo) | = O(A), we get |E[(Vo — Vo)(t2)' (Vo)]| < CD2,Allt||*> =
O(D2,A). On the other hand,

1
E | (Vo — V)? /0 (£2) (Vo + u(Vo — Vo))du || < [[(2)" lE[(Vo — Vo)?]

< CDyL At

It follows that |E(t%(Vp) — t2(Vp))| < CAD3, ||t]|?. Next,

2(Vo) = 2(Vo) + (Vo — Vo) (1) (Vo) + (Vo — Vo)[(£2)' (Vo) — (£2)' (Vo))
1 = _
2

1 ~
+=(Vo — V0)2/0 )" (Vo + u(Vo — Vo)) du.
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By Gloter’s (2007) Proposition 3.1, we have [E[(Vo — Vo)[Vo]| < ed(1+ Vp)© and E[|Vp —
Vol?] < ¢/k. Hence
VAD;, | Dy

Jr
Vk k

E(t* (Vo) — t2(Vo))| < Clt|*(ADE, + ).

Since 1/k < A
B (Vo) — £*(Vo))| < C[t|[*AD,.
As there exist two positive constants mp, m1 such that Vv € A, mp < w(v) < 71, we

obtain
(mo — CAD)|[t])? < [[t]3+ < (m1 + CADR)|It|%.

Under the constraint that AD = o(1), we get (12) for n large enough. This constraint
is compatible with the other ones, see the discussion after Theorem 4.1.

6.3 Definition of the residuals and their properties

We have

RW (i +1) = b(V;) — b(Vi) + RV (i + 1)),

where R,(kl) is the residual term for b studied in Comte et al. (2008, Proposition 3.1)
and defined by

(1), _ 1 (i+3)A
R +1) = b(Virnya) = b(Vi) + 15 /('+1)A Y1) a(8)(0(Vs) = b(Viiy1)a))ds.
On the other hand,

(wig1x — wig)?

3 +[0*(Vir1ya — o2 (V)] + R (i + 1),

RP(i+1) :%

where Riz) is the residual term for o2 studied in Comte et al. (2008, Propositions 4.1,
4.2 and 4.3) defined by R{® =323 _ R®™) with

_ 3 (i+2)A 2
RS*)(z)—w(/A Via(s)b(Va)ds |

(i+2)A (i+2)A
R () = 2 ( /A Via(u)(b(Va) —b(ViA»du) ( / wmu)a(vu)dm),

i A
‘ 3 (i+2)A (i+2)A
R0 =% [0 ([ vhade) novds
1A s

where 7, o = (02/2)(c?)” + b(c?)’. This decomposition is obtained by applying Ito’s
formula and Fubini’s theorem.

We may now summarize the following useful results, proved in Comte et al. (2008,
Propositions 3.1, 4.1, 4.2 and 4.3):

Lemma 6.1 Under Assumptions [A1]-[A2]-[A3],

1. Forft=1,2, form=1,2, for all i, E{[R,(f) (z)]Qm} < eA?™ where ¢ is a constant.
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2. Let 20 (i) = (1/42) [SFD2 4 5 (5)0(Ve)dWs. For alli, E([Z) (1)) < (2/3A)E(0*(Vp)).
3. For all i, B([Z2*V]?) < e1E(0* (Vo)) and B([Z23P)2) < ca0? A.

We also need the following result:
Lemma 6.2 Under assumptions [A1]-[A3], for any integer i, IE[(\_/fo/Z)Q} = E(u%k) <
2E(VF)/k and E[(V; — V;)*] = E(u? ) < 56E(Vy)/k>.
Proof of Lemma 6.2. This follows from Proposition 3.1 p.504 in Gloter (2007).0

6.4 Proof of Propositions 3.2 and 3.3

For sake of brevity, we give both proofs at the same time. The main difference lies in
the orders of the expectations and in the appearance of a specific term in the study of
the estimator of o2. Let us thus define Rii) for /¥ =1,2 as R&) = RM and

R (i+1)= R +1) - [0*(Vip1ya) — o> (Vi)].

Moreover let T](Vl)(t) =0 and

2 1 2 A
TV = 5 2 (0*(Viasna) = o> (V)HTL).
i=0
Let us consider the set
_ % 1
o = 3w/ | as ~ 1 < 5 V€ Uneat, (Sm+ Sw)/{0} 0. (2)
o

On 2y, ||tz < V2||t||n. From (11), we deduce

150 = £ Q1R < 15D = L1 + 1D — £ ++16_ sup 120
ESm, k=

+16 sup [T](\f)(t)}2
€S, ||t wx=1

uf“) O+ 2 Z[Rifi?mn
1=0

<159 - rOp3 + 2 SN - g0 16 s WP
tESm, ||t =1

@2, 8 oy 2
sup [T ()] + = [Rax (i + 1))
T teSmltl=1 N ;)

In the last line above, we use the lower bound 7 introduced in [A5].
Setting Bm(0,1) = {t € Sm,||t]| = 1} and By, (0,1) = {¢t € Sm, ||tz = 1}, the
following holds on the set 2y

16
*Hffrf)— O3 < ||f“> FO1%+16 sup POPO+S swp TP 1+ Z R (i
teBr" (0,1) 0 t€B, (0,1)

We have the following result:
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Lemma 6.3 Under assumptions [A1]-[A3] and [A5], if 1/k < A, we have, for £ =1,2

CyDm,
E( swp VPO < K250
<teB;;* (0,1) N NAZ-t

with Cy = E(o?(Vp)).
The Lipschitz condition on b and Lemma 6.2 imply that
E[(b(Vi) — b(Vi))?] < aE(V; = Vi)*] < 20 E(VE) /.

Consequently, there exists a constant ¢ such that
E (8 NZ_I[Ri?(i + 1)}2> <A+ kY.
N =0 -
Thus

~ 32 1 vl -
E(||bm — bal N 1ay) < 7lbm — b2« + =E ( sup [V§V>(t)]2) +(A+ETY.
To  \t€Sm,lltl=1

By gathering all bounds, we find

E(0? (Vo)) Dm 1

7 2 2 / —1
_ < — " — .
E(lbm — bl Loy ) < Tllbm — b2 + K= 20D (14 4 k(A4 k7Y
On the other hand, Lemma 6.1 and Lemma 6.2 imply that
N-—-1 N—-1 4
1 @), 2 1 @), 2, 9 (Wit1k — Uik)
E(N E . [Riv (i +1)]” < 2E ~ E . ([R* G+ 1"+ R v E—
= i=
2 36 4 2 1
S QCA +4 F]E(ul,k) S O(A =4 m)

Next we need to bound E (suptESm,Ht”:l[T](\]2)(t)]2)' This is obtained in the fol-
lowing Lemma:

Lemma 6.4 Under the Assumptions of Proposition 3.3 and if 1/k < A, there exists
a constant C' such that

E ( sup [Tﬁktnz) < C(D2,A? + DA% + D3 /K + D /(NK)).
tESvatH:l

We can use Lemma 6.1 in Comte et al. (2005) to obtain that, if D, < CvVNA/In(N),

then
c

P(2N) < 7
This enables to check that E(||f,(,f) — f(E)H?V:[Q%) < ¢/N using the same lines as the
analogous proof given p.532 in Comte et al. (2007). For this reason, details are omitted.
O
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6.5 Proof of Lemma 6.3.

Case £ = 1. Next, let us define F; = o((Ws, Bs),0 < s < t,n). We can use martingale
properties to see that, Vt € Sy,

E(t(Vi)Z)) = EE(t(V) 2 1 Fasya)) = EGVHE(Z, 1 Fii1)a) =0

because the last conditional expectation is zero. Moreover, the same tool shows that
the covariance term E(t(f/i)t(f/g)Zﬁ_)l Zlg_l,’_)l) for £ > i + 2 is also null by inserting a

conditional expectation given FlesnA- Consequently, it is now easy to see that

D, D,
E ( sup [uﬁ’(tn?) <Y EWk(e)] <Y Var
j=1 j=1

tESm,|Itl|=1

1 N-1 R (1)
N Z (V) i+1
=0

D

3

IA
S

Var (gpj (‘Z)Zé”)

P 1]

v (1)
E(p2(17)250)?) < %ZQ)Q].

IN
2l
klr

Now, Lemma 6.2 implies that E[(u; 42 — Uz‘+1,k) JA? = E[(u? o g + “z+1 w)/A% <
¢/(kA?). Then, applying also Lemma 6.1 (i7), it follows that, with

(1) /012 D, ( 1 )
E sup vy (t <K— 1+ —
(tESm,7|t||—1[ n (1) > NA kA

Case ¢ = 2. Next, for the martingale terms, we write

D
1 1 «—=
E( sup [0 < —E( sup 0 0]) < = Y B (9)])
te B (0,1) To  t€B,,(0,1) 0 i=
D N—1 2
1 «— 1 2 (2)
A E (N 2 Wj(‘/z)ZzH)
Jj=1 =0
2 1 = 2,1 2,2 ’
< **ZE ~ Wj(Vz)(Z( 71)+Z¢(+’1))
To j=1 N i=0

N—1 2
9 ~ _ _
+ <NA Z 0; (Vi) (Viga = Vi) (uiyo k — Ui+1,k)>

Both terms are bounded separately. For the first one, we use that, for r = 1,2

cov(o (Vi) 230, 0;(V) 2837) = 0
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if £ > i 4 2, by inserting a conditional expectation with respect to Fe+1)A- Now, for
r=1,2,

D, 2

ZE( zw ) LS X e inae)
j=1

=1 0<i¢<N—1

N—-1
1 2 r ~ ES
= 32 2 DmE { > [GOZEDT + 0D ZG e (Vi 23S }

Jj=1 1=0

IN

%i |l =E[(Z “))2]gQDT’”[elE(a“(Vo)HEzA]

by using Lemma 6.1.
For the second part, let us define the filtration generated by B and the whole path
of V, i.e.
gtv = U(Vs,S c R+,Bs75 S t) = U(Ws,s (S R+,B578 S t,?’])
Now we observe that
E(t(Vi)(Vige = Vit1)uig1,k) = E [E(t(‘_/i)(‘_/i-‘rQ - Vi+1)ui+1,k)‘g(‘g+1)A)}

= E [(0V)(Vi2 = Vi 1)E(ui41,4)16(111) )]
=0

as ]E(ui+1,k)\g(‘§+1)A) = 0. Moreover for any £ > i,

E(t (V)( ir2 — Vig1)uig, kt(Vé)(VH2 — Vig1)ueq1,1)) =0

by inserting a conditional expectation with respect to g(‘QH)A. The last remark is that
one can easily see that

B B 1 (i+2)A 4
E[(Vit1 — Vi)' € E / (Vs —Vo_n)ds | | <CA%
A (i+1)A

Now we have

2

Dy N—1
5N 1 2 E0 T N2 2
ZE <NA Z SOJ V 1+2 Vvi)uz'—o—l,k) = N2A2 ) ‘ E(goj( l)(VYH_Q*V;) ui+17k>
j=1 =0
Dm 172 4yl/2p 4
< A E (Ve - Vi) EY 2l 1)
Dm 1
<= -
=C N kA’

The second part of this term can be treated in the same way, and it follows that if
1/k < A, then this term is less than C'Dm/N. a
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6.6 Proof of Lemma 6.4.

Let us recall that we know from Comte et al. (2008) that

Ty (t =~ Z (Viiz1ya — o> (V))H(V;)

is such that
E( sup [TR(®)]?) < C(D7,A% + D;, A%).
te€B,, (0,1)

Here, we write that T2 (t) = T3V (¢) + T2 (8) + T3P (1) + T (¢) with

(2,1) 1 Y 5 v (22) 1 = Vo2
Iy )= > V) —t(Vi)lle® (Vi) —a* (V)] =N > tW)[o (Vi)—a* (V)]
=0 1=0

N—
T3 Z [t(Vi) — t(V)]lo” (Vi) — 0> (Vg 1y a)l-

We shall use the following decompositions obtained by the Taylor formula:
o*(V;) = o* (Vi) = (V; = Vi)(0®) (Vi) + Ri, t(V;) — (Vi) = (Vi = V)t (Vi) + Si(®)

with E(R?) < C/k? and E(R}) < C/k* if (6%)” is bounded, and E (SuPteBm(O,l) Si(t)2> <

CD3,/k2, EV/2 <Supt€Bm(071) Si(t)4> < CD},/k? because ||t]|% < CD3,|t]|*. Now,
the three terms can be studied as follows. First

- N B PN B
TV = 5 2 V= VA (V) + 5 D (V= Vo (VR
=0 =0

g N=b ] Nl
_,7 _, 2 4 R—
+N ;( i V;)(O' ) ( 1, 1 N vt RzSz

2,1,1 2,1,2 2,1,3 2,1,4
=130+ 18 0 + 10 O + T ),
and we bound each term successively. Clearly by Schwarz inequality applied to each

term, we find,

B( s [TEMD(0F) < cBVA) D
t€Bm(0,1)

using that ||[¢']|%, < CD3,||t?,

D3 _4. Db
E( swp [TCMP @) <oz, B( oswp [TV 0)) < CEV2(H =,
t€Bm (0,1) k t€Bm(0,1) k

and

Dy,
E( sup [TJ(V27L4)(t)]2) <C "
t€Bm (0,1)

Therefore, if 1/k < A, E(supsep,, (0,1) [Ty 7 1)( %) < C(D3,/k* + D3, /k3).
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Next, we write that

N-1
]. — _ 2 _ 1 _
TP (1) = & Y UV (W) = V) + ~ Y (V)R
i=0 =0
_ p22.1)

We obtain easily that

E( sup  [TE22(0)?) < E(

N
1 2 2 2
sup  ta— > RP) < cDmE(RT) < CDm /K>,
t€Bym (0,1) N Z ! " "

t€ B, (0,1) =

a term which is negligible with respect to the previous ones.

Then (‘Z — V;)1(V;) is a martingale increment with respect to the filtration (G),

for any measurable function . In particular,

>

E[(V; — Vi)(V3)] = E[E[(V; — }wngm
= B[ (Vi)E[(V; — V;)|GIA]l = 0

since IE(‘Z\QZVA) = V;. In the same way, for i < ¢,

by inserting a conditional expectation with respect to Q}/A. Therefore

D, N—1 2
m 1 _ 2 / _ N B
E( sup [TV <Y E( =Y 0i(V) (02 (Vi)(V; — Vi)
t€Bm(0,1) ; N ;::0 ’
Dnz

=3 LB (6 (M) ()7 -7

IN
=]~
=
—
[P
3
S
AN N
=
&)
Dy
<
=
SI)
|
SI
e
~

IN

_ —4.D
S EVA @ () E 2l ) < CEVA T
For the last term, we write TJ(\,2’3)(t) = T](\,2’3’1)(t) + TJ(VQ’B’Q) (t) where

N-1

TP () = (1/N) - (Vi = V)t (V) (02 (Vi) = 0*(Viig1)a)):
1=0

N—-1

T35 () = (1/N) Y Si()(0* (Vi) — 02 (Viss1)a)).
1=0
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Moreover, we know from Comte et al. (2008) that E[(o2(V;) — 02(‘/(i+1)A))2] <
EY2[(a(V) —0'2(V(i+1)A))4] < CA. Now, for T](\,Q’S’l)(t), we proceed as for T](V?’Z’l)(t)

since both have the same martingale property w.r.t. g;/. We get

:
E(teﬁz?&l)pﬁ»w(t)f) < ]DX;;E (}V Jg &5 (Vi) (Vi = Vi) (o (Vi) — 02(vu+1m>>)
< ]1vi1E (52001 = T1)2(0* (1) - 02(122))")
< gt B (0* (7) - (Vo))

as Z](cpg)2(m) < CD3,. Using D2, < NAand 1/k < Aimplies E(supteBm(Oﬁl)[T](Vz’s’l)(t)F) <
CDpmA®. On the other hand, E(supteBm(O,l)[T](\?’g’m (t)]?) < CD3,A/k? < CD35, A3,
as 1/k < A.
By gathering and comparing all terms and assuming that 1/k < A, we obtain the
bound given in Lemma 6.4.0

6.7 Proof of Theorem 4.1

The proof of this theorem relies on the following Bernstein-type Inequality:

Lemma 6.5 Under the assumptions of Theorem 4.1, for any positive numbers ¢ and

v, we have
N-—-1 2
~ 1 2 2 N Ae
2D t(Vi)Z((zll)A > Ne [ty <v™| <exp (_20%112) '
=0

Proof of Lemma 6.5: Noting that W is a Brownian motion with respect to the
augmented filtration Fs = o((Buy, Wu),u < s,7), the proof is obtained as the analogous
proof in Comte et al. (2007), Lemma 2 p.533. O
Now we turn to the proof of Theorem 4.1.
As in the proof of Proposition 3.2, we have to split [[b—ba % = |1b—ballZ 1oy + 10—
bA”?V'IQ]CV. For the study on 2%, the end of the proof of Proposition 3.2 can be used.
Now, we focus on what happens on {25 . For simplicity, we set 1) = 1. From the
definition of b, we have, Vm € My, v (bs,) +pen(in) < vy (bm)+ pen(m). We proceed
as in the proof of Proposition 3.2 with some additional penalty terms and obtain

> 1
E(|lbs — balkLay) < 7llbm — bal|?- + pen(m) + 32E sup W (O 10,
tESm+Sm, ||t =1

—E(pen(rn)) + 32¢ A.
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1)

The difficulty here is to control the supremum of v ’(t) on a random ball (which

depends on the random 7). This is done by setting 1/(1) = 1/5\}’1) + 1/5\}’2), with

11) 2 (12) 2 Ui+2,k — Uit+1,k
0= 5 Ao, 70 - T i (e,

We use the martingale property of V](\}’l)( t) and a rough bound for I/](V 2)( t) as follows.
(1,2)

For vy’™’, we simply write, as previously

E sup P02 ) < LE( sup p2)2
tE S+ S, ||t rx =1 T \t€Sn.|tl=1

1 D 2
< — > ER (9)))
0 j=1
4Dn 4Dn 4 1
< A)? < — .
For 1/](\}’1)7 let us denote by
Gm(m') = sup u(l’l)(t)

tESm+S It ox=

the quantity to be studied. Introducing a function p(m,m’), we first write

G (M) Loy < (G (i) — plm,m)) Loy 4 + p(m, )
< N [(Gh(m') = pm,m)Igy 4 + p(m, ).
m’'eM,

Then pen is chosen such that 32p(m, m’) < pen(m)+pen(m’). More precisely, the next
Proposition determines the choice of p(m, m/) which in turn will fix the penalty.

Proposition 6.1 Under the assumptions of Theorem 4.1, there exists a numerical
constant k1 such that, for p(m,m’) = k105 (Dm + Dyyr)/(nA), we have

e*Dm’/

2 2
]E[(Gm(m/) —p(m, ml))IQN]Jr < calﬂ
Proof of Proposition 6.1. The result of Proposition 6.1 follows from the inequality
of Lemma 6.5 by the L2-chaining technique used in Baraud et al. (2001b) (see Section

7 p.44-47, Lemma 7.1, with s? = 0% /A). O
It is easy to see that the result of Theorem 4.1 follows from Proposition 6.1 with
pen(m) = koi D /(NA). O
6.8 Proof of Theorem 4.2
The lines of the proof are the same as the ones of Theorem 4.1. Moreover, they follow

closely the analogous proof of Theorem 2 p.524 in Comte et al. (2007), see also Comte
et al. (2008). Therefore, we omit it.
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