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ABSTRACT. We propose an adaptive estimation procedure of the hazard rate of a random
variable X in the multiplicative censoring model, Y = XU, with U ~ U([0,1]) independent of
X. The variable X is not directly observed: an estimator is built from a sample {Y1,...,Y,}
of copies of Y. It is obtained by minimisation of a contrast function over a class of general
nested function spaces which can be generated e.g. by splines functions. The dimension of the
space is selected by a penalised contrast criterion. The final estimator is proved to achieve the
best bias-variance compromise and to reach the same convergence rate as the oracle estimator
under conditions on the maximal dimension. The good behavior of the resulting estimator is
illustrated over a simulation study.
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1. INTRODUCTION

In this paper, our aim is to estimate the hazard rate associated with a nonnegative random
variable X, defined by
h=fx/Fx
where Fx(z) =1 — Fx(z) = P(X > z) (resp. fx) is the survival function (resp. the density)
of X. However, instead of having at our disposal an independent and identically distributed
(i.i.d. in the sequel) sample Xi,..., X,, with the distribution of X, we assume that we observe
{Y1,...,Y,} such that
Y; = X;U;, foralli=1,...,n, (1)
where X; is a non-negative unobserved random variable and U; is also unobserved and follows
the uniform distribution on the interval [0, 1]. The quantity of interest, X;, is supposed to be
independent of U;, for all ¢ = 1,...,n. The model Y = XU is called a multiplicative censoring
model by Vardi (1989), but we emphasise that this kind of censoring is very different from more
standard right-censoring. It represents incomplete observations when the lifetime at hand is
only known to belong to a random time interval; this happens in AIDS studies in particular.
Model (1) has been introduced by Vardi (1989) as a common model for different statistical
problems such as inference for renewal processes, deconvolution with exponential noise and
density estimation under decreasing constraint. Until now, only density and survival function
estimation have been studied in this model. First, a maximum likelihood estimation procedure
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has been introduced by Vardi (1989) and shown to be consistent. Then, Vardi and Zhang (1992)
have proved its uniform consistency and asymptotic normality, but in both papers, it is assumed
that two samples {Y1,...,Y,} and {X1, ..., X, } are observed and that m/(m + n) converges to a
positive constant ¢ > 0. More recently, Asgharian et al. (2012) have proposed a kernel density
estimator and established conditions for strong uniform consistency. All previous results are not
applicable in our context as we assume m = 0.

In our setting, where X is not directly observable, no estimation procedure of the hazard rate
has been proposed, to our knowledge. Nonparametric hazard rate estimation has been devel-
oped in the context of direct or right-censored observations, mainly with quotient of functional
estimators, built by kernel methods as in Patil (1993a,b), wavelet strategies as in Antoniadis
et al. (1999), or projection and model selection techniques as in Brunel and Comte (2005). In
the present paper, our references on the topic are two studies dealing with nonparametric esti-
mation of hazard rate in the context of direct observations or right-censored data developed in
Comte et al. (2011) and in Plancade (2011). We show how to generalise the method proposed
in these papers to model (1); their specificity is to propose an adaptive regression estimator
built by direct contrast minimisation (no quotient) and model selection. We do not provide
exhaustive bibliography on the subject, but the interested reader is referred to the recent paper
of Efromovich (2016) and references therein.

Concerning the specific model considered here, we obtain the following relationship between
the density fy of Y and the density fx from the link between the random variables given by (1),

“+oo
fr(y) = / fXaEx)dm, y > 0.
y

This formula indicates that estimating the density of X from the density of the observed variable
Y is an inverse problem. Based on this observation, Andersen and Hansen (2001) have proposed
an estimation procedure of the density fx by a series expansion approach. Convergence rates for
the mean integrated squared error are derived. Van Es et al. (2005) have proposed an estimation
procedure of the density of log(X?) in the non i.i.d. case, under a different assumption on the
law of U. Abbaszadeh et al. (2012, 2013); Chesneau (2013); Chaubey et al. (2015) have proposed
adaptive wavelet estimators of the density fx, when the observations follow related — yet different
— models, for instance with an additional bias on X (Abbaszadeh et al., 2012), in the non i.i.d.
case (Chesneau, 2013) or under the assumption that X follows a mixing distribution (Chaubey
et al., 2015). They obtain convergence rates for the L?-risk (or even the LP-risk Abbaszadeh
et al. 2013) on [0, 1]. Brunel et al. (2015) have proposed an adaptive estimation procedure for
both the density fx and the survival function Fx in the case where X can take negative values.
They also obtain rates of convergence, for both integrated and pointwise quadratic risk which are
similar to the ones obtained by Andersen and Hansen (2001), though under different regularity
assumptions on the functions to estimate. These rates are proved to be optimal in the minimax
sense. Comte and Dion (2016) have proposed an adaptive estimation procedure for the density
function in a different context, the noise is supposed to be uniform over an interval [1 —a, 1+ a]
(a > 0). None of the previous works considers hazard rate estimation, while this function is
widely used in survival analysis.

In this paper, we provide a projection strategy for the estimation of the hazard rate function
h, following the ideas developed by Comte et al. (2011) and by Plancade (2011). To this end, we
take into account the specific model (1) and propose an original minimum contrast estimator. We
first build a collection of projection estimators over linear models, and then choose an estimate
in the collection, by using model selection. In Section 2, we detail the estimation procedure for
a fixed model and justify the choice of our contrast. We give theoretical results in Section 3.
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In Section 4, we define the empirical criterion for choosing the model dimension and provide
theoretical results (oracle-inequality and rates of convergence) for the selected estimator. Finally,
in Section 5, we study the numerical behavior of the proposed estimator. Section 6 is devoted
to the proofs.

2. ESTIMATION PROCEDURE

2.1. Notations. We estimate the target function h on a compact subset A = [0, a] of [0, +o0].

Let (L2(A), |-, (., > be the space of square integrable functions on A, equipped with its classmal
Hilbert structure: = [, f@®g(t)dt and | f|| = \/{f, f), for all f, g € L*(4). We also
introduce || - || 7, , & reference semi-norm that naturally appears in our estimation problem, given
by ||t||% = (t, ) Fyr (8, 0) 5y = [y 5(x Fx(z)dz, for s,t € L?(A). It satisfies ||t[|z, < [[t].

We also denote || f|loo,r := supger | f(x )|, and || f||p,r the classical LP—norm of a function f on an
interval I C R.
We consider a collection (Sm)m6{17,._7 N,} of linear subspaces such that

Sm = Span{@j’ JE Jm}v

where J,, € N\{0}, N, > 1, {¢j, j € I} is a basis of the subspace, and ¢; has support in A.
We denote by D,, the dimension of S,,, which means that D,, = |J,,|, where |B| denotes the
cardinality of a set B. The following properties are required for the models.

(M1): The models are nested: S, C Sy, if m < m/.
(M3): The basis {¢;, j € I} is a Riesz basis:

301,09 > 0, V(Oéj)jejm € RD’", 01 Z a Z ajpill < 02 Z Oz?.
JE€EIm JE€EIm J€Im

(M3): The functions ¢j, j € J,, are differentiable on A and

300, @1 >0, || @f|  <Dm, | D (¢)? < @iDj,
jenﬂm OO,A ]GJm OO,A

and V(ay)jes,, € RP™, (|3 e;,, 0505 |1° < ®3(3 ¢y, o) Din.
(My): One of the two following properties is satisfied.
(My,1): The basis is bounded: Jcy > 0, Vi € I, [|¢jlloo,a < co.
(My,2): The two following assertions are fulfilled.
(i) 3e1 >0, V5 € I, [{k € T, o # 0} < e,
(ii) Jeg > 0, SUPjey,, ||<PJ||OO 4 < caDy,.
(M5): There exists cg > 0 such that for any f € L2(A), > ien (s ©i)? < csllfmll?, with
fm the orthogonal projection of f onto Sy,.

Assumption (M) implies that we have S, C S, =: S, for allm = 1,..., N,,. Assumption
(M3) generalises the case of orthogonal bases. The differentiability of the basis (Assumption
(M3)) is required for our estimation strategy (see (6) below). Clearly, it excludes the classical
histograms and piecewise polynomial basis. The inequalities for the sup-norm of the sum of the
functions of the basis and their derivatives are classical. A basis which satisfies (My2) (i) and
(ii) is said to be localised. We have in mind at least two types of models that are convenient for
this set of assumptions.
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[T] - Trigonometric models. Let J,, = {1,...,2m +1 = D,,}, ¢1(z) = a~ /21 4(z),
p2j(z) = a~ Y21 4(x)V2cos (2mjz/a) and paj+1(x) = a~ Y21, (x)V2sin (2rjz/a) .

We obtain that Assumptions (M;), I = 1,...,4 are satisfied, with 9; = 02 = 1 in (M)
(orthonormal basis), ®2 = 1/a, ®? = 72/a3, ®% = 472/a% in (M3), cg = /2/a in
(My1), and ¢z =1 in (M5) (see Section 6.1).

[BS] - B-spline models. Let r € N\{0}, J,, = {—r+1,2,...,2™ — 1}, in such a way
that D,, = 2™ —r 4+ 1 and

m/2 m
(Pj(x) = @j,m(x) - LN’I’ <2ax _.7> ) Nr(w) - 7’[0, 17 e .,7’](' - x)i_l = 1?&1](.@), (2)

Vva
with the usual difference notation, see de Boor (1978); DeVore and Lorentz (1993), and
where x is the convolution product. Assumptions (M;), I = 1,...,4 are satisfied, with
f = r/a, &7 = 4(r — 1)'r/a’, and ®5 = (2r — 1)||N}[[3g/a® in (M3), ¢1 = 2r — 1,
co =alin (Mys), and c3 = ||Nr||‘21’R(2r —1)%/01 in (Ms3).
Details of the computation of the constants can be found in Section 6.1, as well as additional
technical properties. The following constraint is also required on the maximal model dimension

Dy, for a constant K > 0:
Dy, < Ky/n/In3(n). (3)

2.2. Definition of the regression contrast. The key of our estimation strategy relies on the
following equalities, obtained from (1):

yfy(y) = —fx(y), (4)
and
Fy(y) +yfv(y) = Fx(y), y € Ry, (5)
see Section 6.1 for details. These relations lead to consider the following contrast, for any
differentiable function ¢ € L2(A):

(1) = [1E7 — 20 (1), (6)
with |.||, an empirical semi-norm and 7, an empirical process defined by

1H17 = & >y [[a (@) 1y, 50y da + Y;‘t?(Yi)l{YiEA}} ;
Un(t) = £ 00 [H(Yi) + Yit' (V)] 1iy,eay — at(a) fy (a),

where fy is an estimator of the density fy. Its properties will be specified later (see Section
2.3). Using (4) and (5), we prove in Section 6.2 the following result.

Lemma 2.1. Let t € L2(A) be a bounded and continuously differentiable function on R,. Then
E [ ()] = [t = ks, = [18l3, + 2at(a) (E | fr(@)] - fr(a). (7)

The unusual term at(a)fy(a) involved in the contrast permits to counterbalance the term
at(a) fy (a) which appears when we calculate E[D,(t)], as (7) proves it. In practice (see Section
5), the value of fy(a) is very small. Moreover, it follows from (5) that lima_,4e0 afy(a) =
lima s oo[Fx(a) — Fy(a)] = 0. The term is thus intrinsically small when a gets large. This is
why the last righ-hand-side term of (7) can be regarded as negligible.

Then, it follows from Lemma 2.1 that minimizing the contrast over S,, will amount, for n
large enough, to find the function ¢ in .S, that minimises the specific distance between ¢ and h,
|t — hl| 7, - Under (Ha) specified below (see Section 2.3), the norm weighted by Fy is equivalent
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to the L2—norm and the resulting estimate will approximate h,,, the orthogonal projection of
h on S,,. Consequently, for m large enough, it should be a good approximation of h.

2.3. Definition of hazard rate estimators. Concerning the random variables appearing in
the model, the following assumptions will be required.

(Hy):  fx is bounded on A.
(H2): infreq Fy(z) =: Fp > 0, fy € L2(A) and E[Y}?] < +o0.

Since A is bounded (recall that A = [0,a]), the first part of Assumption (H2) can hold (it
does not hold on R ). It means also that the survival function F is also lower bounded, thanks
to (5). Moreover, under (Hi) and (Ha), |h]%} < ||fXHgO,A/(F0)2 (which implies that h € L2(A))
and the norms ||| and [.||, introduced in Section 2.1 are equivalent:

vt € L*(A), Fy 'tl* < lltllE, < ). (8)

This explains why the quantity F, plays an important role in the estimation procedure.

Now, we need to complete the definition of the estimators. It is easily seen that if t =
Zje 1,, 0P is a minimiser of v, over S,,, it verifies

(2 jey,, @P;)
aajo

=0, jo € Jm.

Let us denote by @ = *(a;)jeg,, € RP™, the vector of the coefficients of t. The latter conditions
are equivalent to

n -
=1

~ ~ 3 3 1 — ~
U,,a =b, with b=" ( > (i(Y3) + Vi (Vi) Livseay — afY(a)<Pj(a)> ,
JE€EIm

and

~ 1<
U i= (Ujik)j kel = (n > {A@j(ﬂﬁ)@k(@lxqg% + Ew(@%(ﬁ)kmﬁ})

i=1 J,kE€Im

Thus, a unique minimiser of -, exists in .S, if and only if the matrix \f'm is invertible. This is

the case on the following set ﬁz, defined for 0 < p; < 1 and for m € {1,..., N, },

Ap; = {minSp(¥) = (1 = poi Fo .

where Sp(M) denotes the set of eigenvalues of a matrix M, Fy is an estimator of Fy and 91 is
defined in Property (Ms). Our estimator is thus given by

T ~ R TN .
hm =Y @jp5, where d = "(@;)jes,, =

~ 5 -
{ v-'b  on A/g
JEIm

0 on (A7})¢
Its definition depends on the estimator F of Fy, the value of the survival function at the point

a (note that Fy > 0 under (H3)), and the estimator fy (a) of fy(a), the value of the density fy
at the same point a. In the sequel, we propose to choose

= 1 1
Fo= gzl{mzaﬁrﬁ? (9)

i=1
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and a kernel density estimator with form
-~ 1 & a—Y;
a) = —x< K = 10
o= 5K (50). (10)

for a kernel K : R — R with a well-chosen data-driven bandwidth v > 1/y/n (see details below
for the bandwidth choice). Alternative possibilities can be considered, they are also discussed

below, Section 2.2 for fy(a) and Section 6.1 for Fy.

3. UPPER-BOUND ON THE RISK OF THE ESTIMATOR
With previous definitions and assumptions, we prove the following result.

Proposition 3.1. Assume (Hy) and (Hy). Then the estimator I satisfies
~ a’®? -~ 2 C
E | — BI] < C1 (lm = B2 + V(1)) + C2 2L Dy [(fy(a> - fr(@) ] +22
DlFo n

with C1, Cy and C3 some constants which do not depend on m and n, and

1 D D3

The proof of Proposition 3.1 and all other results are deferred to Section 6.

The upper bound given in Proposition 3.1 contains a squared-bias term ||h — h,||? which is
decreasing when m increases, and a variance term V' (m) which, on the contrary, increases with
m. The last term C3/n is a negligible residual term. It remains one term, which involves the
pointwise risk of fy at the point a. Corollary 3.1 below proves that the convergence rate of the
risk is not deteriorated by this additional term, under reasonable smoothness assumptions.

We introduce H?(I, L) the Holder ball with radius L > 0 and smoothness 8 > 0 for functions
defined on an interval I of R:

HP(I,L) = {f:I—R, such that fis £ = |3 — times differentiable
and | () = fO )| < Llz — 9~ for any z,y € I},

where |3] is the largest integer less than .

We also choose fv in the definition (10) with a Goldenshluger-Lepski type method over a
collection of possible bandwidths larger than 1/y/n, as described in Comte (2015) or Rebelles
(2015). This permits to derive the following convergence rate.

Corollary 3.1. Consider models [T] or [BS]| and let the assumptions of Proposition 3.1 hold.
If the hazard rate h belongs to the ball HP([0,a + €], L) (for some fized € > 0), then there exists
an index m(B3) in the collection My, and a choice o = w(f3), such that

sup Bl — h?| < On=2C5),
heM? ([0,a+e],L)
for a constant C, which does not depend on m neither on n.

This result requires some comments. The convergence rate n—2%/(2643) is the optimal minimax
one obtained for the estimation of the density of X in the same model by Brunel et al. (2015).
This rate is obtained by computing the optimal bias-variance trade-off min,,ea, ||hm — hl|? +
V(m) that appears in the right-hand-side of the result of Proposition 3.1. This proves that
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the additional term D,E[(fy(a) — fy(a))?] of the inequality does not degrade the rate, at the
price of a slightly stronger smoothness condition. Indeed, the assumption that h belongs to
HB([0,a + €], L) permits to state that fy belongs to H!([a —&',a+¢], L) for an L' > 0 and
a &' €]0,a] (see Proposition 6.1). This smoothness result ensures that the kernel estimate fy
has a pointwise risk upper-bounded by C(n/In(n))~28+1/(28+3) (C a constant), for a “hand-
chosen” bandwidth v = n~ /2841 see Rebelles (2015) for example. Thus, as D,, is set to
Dy, = nt/2553) we get DmoptE[(fA‘y(a) — fy(a))?] < n=28/(F+3)_ Notice also that any other

estimator for fy(a) that is adaptive (that is built without the knowledge of 5) and has a pointwise
risk upper-bounded as previously can be used in the procedure.

4. MODEL SELECTION

It follows from Proposition 3.1 that m has to be chosen in order to make a good squared-
bias/variance compromise, and the aim of the present section is to provide a criterion to select
an estimator among the collection (?Lm)me {1, Ny}

We follow the general model selection scheme developed by Birgé and Massart (1998) (see
also Massart 2007). The idea is to estimate the two terms involved in the compromise. For
the squared-bias, we have ||h — hp||*> = ||k||*> — ||hm]|*> by Pythagoras Theorem. Then, as
||| is a constant (though unknown), we only need to estimate —||h,,||?> and we replace it by
—|[Bm|2 = Y (). For the variance, we mainly use the bound V(m), up to a multiplicative
constant k. The theoretical study gives a value for this constant, but in an elaborate problem
like hazard rate regression, this value is too large. In practice, it is calibrated on preliminary
simulations, or by using specific numerical methods as described in Baudry et al. (2012).

Thus, the dimension is selected as follows

il € Arg Mt x,. b, >inr)  n(hn) + BET(M) } (1)
with
_ K
E(m) = 1 (3D, + (ad + a2} D0)
DlFon
where x > 0 is a universal constant. We denote by pen(m) the theoretical version of pen(m),
K
pen(m) := ——— (®§ Dy, + (adf + a’®7)D3)) .
01 Fon

Then we obtain the following result.
Theorem 4.1. Assume (Hi) and (Hz). Then there exists kg > 0 and ni(h,po) € N\{0}
depending on ||h||? and po, such that, for any k > ko, and n > n1(h, po),

~ 2
E [Hhm—hH ] < ¢ min {inf Hh—tH?eren(m)}
m=1,...,Np, D >In(n) | t€ESm

+04E |(Dn v D) (Frla) - fri@) | + S,

n
where C1, CY, C% are positive constants.

The proof of Theorem 4.1 is given in Section 6. Notice that we restrict the model collection
to spaces Sy, with dimension larger than In(n) for technical purposes.
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FIGURE 1. Plot of the mean risk R defined by (12) (Figure (a)) and the mean
risk renormalised R/R(kmin) (Figures (b)) as a function of & (kmin = 1074) for
the estimator calculated on the basis [T]. Black curves: Gamma distribution, red
curves: rescaled Beta distribution, blue curves: exponential distribution, solid
lines: n = 2000, dotted lines: n = 200.

The risk bound stated in Theorem 4.1 shows that the selected m leads to an estimator that
automatically performs the squared-bias variance compromise through the term

Ti= min inf ||h —t]|* + pen(m
! m=1,...,Np, Dm>In(n) {tesm | | pen( )}

up to the term
T, =K [(Dm V Dpy) (fy(a) - fY(a)>2]

which is more difficult to evaluate in this setting. We discussed in the previous section the fact
that, if Dg has the order of the dimension minimizing 77, then the best possible rate can be
obtained, related to the regularity assumptions. The residual term C%/n is negligible.

5. NUMERICAL ILLUSTRATION

5.1. Calibration of the constant appearing in the penalty term. In order to calibrate
the constant x appearing in the penalty term, we classically calculate the risk of the estimator
as a function of k for different simulated frameworks. Indeed, this constant is universal and
does not depend on the simulated samples. It depends only on the choice of the projection
basis. We investigate the case of the Fourier basis and the B-spline basis, described in Section
2.1. Hence, we fix k once and for all for these two kinds of models. Such a method has been
used for the same purpose for instance in Bertin et al. (2016). The different models we consider
are the following: Gamma distribution X ~ T'(8,4), Rescaled Beta distribution X = 5X’,
X' ~ Beta(3,3), Exponential distribution X ~ £(2) the exponential distribution with mean 2.
To avoid overfitting, the densities used for calibration are different from the ones used to study
the performances of the estimation procedure, in section 5.2.

For each distribution, we consider two sample sizes (n = 200 and n = 2000). Hence, we
plot 6 risk curves. The considered risk is the one associated with the L2-loss on [0,a] that we
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X ~T(2,1/2) X ~0.38(1) 4+ 0.70(9,0.5) X ~&(1)

FIGURE 2. Plot of 10 estimators (thin lines), n = 2000. The bold line represents
the function h to estimate. First line: Fourier basis, second line: spline basis.

X ~T(2,1/2) | X ~0.3&(1) +0.71(9,0.5) X ~&(1)
n =200 n=2000|n =200 n = 2000 n =200 n=2000
Fourier basis | 0.25 0.095 | 0.022 0.011 0.04 0.015
(0.23)  (0.018) | (0.012) (0.003) (0.08)  (0.025)
spline basis | 0.17 0.06 0.013 0.0015 0.11 0.034
(0.22)  (0.05) | (0.016) (0.0020) (0.16)  (0.030)

TABLE 1. Mean risk with standard deviations in parenthesis, over 50 Monte
Carlo replications.

approximate by the Monte Carlo method over N = 50 samples

) = 33 [t~ m

7(7[1)(%)
(11) with the given value of k. The L?-distance || - || is approximated with the trapezoidal rule.

The results are presented in Figure 1 for the Fourier basis [T]. We choose a value of x which
seems to give correct results for all the models, namely x = 0.03 here. An identical procedure

has been applied for the splines basis [BS] of degree r = 4, which leads us to the choice x = 0.002.

where I is the estimator calculated from the [-th sample with m (k) selected from the criterion

5.2. Estimation procedures. We considered three distributions for the simulations: a Gamma
density X ~ I'(2,1/2), a mixed Gamma density X ~ 0.36(1) + 0.7'(9,0.5) and a simple expo-
nential density X ~ £(1). In Figure 2, we see that the estimation procedure, and in particular
the model selection criterion, is very stable. Moreover, as could be expected, the spline esti-
mators seem to have better performances than the one defined on the Fourier basis, except for
the case where X follows the exponential distribution: the hazard rate is constant in this case
and hence belongs to Sy, for all m, if the Fourier basis is chosen. For the other cases, the



10 G. CHAGNY, F. COMTE AND A. ROCHE

good behavior of the spline basis can be explained by its local feature (see property (Myy2)).
In particular, it permits to avoid the usual side effects of the Fourier basis, which are observed
when the hazard rate is not periodic. The results of Table 1 confirm these observations and
indicate that the spline basis seems to be more stable and more efficient than the Fourier basis
in most cases.

6. PROOFS

6.1. Preliminary remarks, specific notations. We first state some intermediate equalities
which will be useful in the sequel.

About the semi-norms involved in the problem. Three Hilbert semi-norms are involved in our
problem: the classical Hilbert norm on the set A, denoted by ||.||, the semi-norm ||.|| 5, weighted
by Fx on A and the empirical semi-norm ||.||,, involved in the contrast (see Section 2.2). The
“empirical semi-scalar product” associated to ||.||,, is defined by

1 n
(t,s)n = n; (/At(x)s(m)l{n<x}daﬁ+Et(Yi)s(iﬁ-)l{neA}),

for all s, € S;,. Note that, from (5), E[(s,t),] = (s,t) p, . Finally, if
B ={t € Sm, |ItlF, <1} (13)
is the unit ball of (S, [|.|| 5, ) and if (Ha) is satisfied, we have, using (8),

By C {t € S, It < By /%1 (14)

About the models. We first justify that the models spanned by the trigonometric basis and the
B-spline basis, as defined in Section 2.1 satisfy properties (M;), I = 1,...,5. For the Fourier
basis, it is straightforward. The basis is orthogonal, which means that equality holds in (M)
and (Mj5) (07 = 02 = ¢3 = 1). Notice only that the second inequality of Assumption (Ms3)
comes from the fact that ¢, (v) = —2mkwar,1(x)/a and ¢, (v) = 27kpox(x)/a, for all k > 1.
For the third one, we have

2 " )
/ _ / /
Z ;P = Zazk%k + @2k 1928411 o
j€Im k=1
2
" 2km
= D — (Fo2k@rii + azksiem)|
k=1
m
4k>m? 472
_ 2 2 2 2
= Z 2 (ady, +agpiq) < 22 Dy, Z aj |,

which ends to prove (M3), with @% = 47%/a%. Let us prove the properties for the B-spline
models. We begin with the following lemma dealing with the basic property of the B-spline IV,..

Lemma 6.1. Let r € N\{0}, and N, = 1i5qy- Then,

(i) N, has support [0;7], and N,(z) = Z?:o(‘l)j <;) (x— Y (r—=1)if x €]k —1,K],
k=1,...,r.

(i) 1N o o) < 1.

(i) | N/l oo o < 207 — 1)°.
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Proof of Lemma 6.1. Property (i) can be found in Formula (9) of Killmann and von Collani
(2001). Property (ii) is straightforward. Let us focus on (iii). Let k € [0;r] be fixed. On the
interval [k — 1,k], N, is a polynomial function with degree r — 1 (see (i)), and Py : = +>
N,(z/2 + k — 1/2), is a polynomial over [—1,1] with the same degree. Thus, thanks to the
Markov inequality (Theorem 1.4 in Chapter 4 of DeVore and Lorentz 1993), || gelloo, (1,1 <

(r = 1)?|| Pyl o,(—1,1]- This means that

IN oo, k-1,41 = 2P klloo -1,y < 207 = 1)?[| Py,

This inequality is valid for any k, which ends the proof of Lemma 6.1. O

10 = 200 = 1INy flo -1y < 200 = 1)%.

It follows from Lemma 6.1 that ¢; defined by (2) has support [27™aj, 27 ™a(j +7)[. Assump-
tion (M) for the spline basis follows from the dyadic normalisation in the definition of ¢; (the
models define a multiresolution analysis, see Hardle et al. 1998). From Proposition 6.2 of Hérdle
et al. (1998), (N,(-—j))jez is a Riesz basis: let 01,02 > 0, such that for any finite subset A C Z,
and real numbers (a;)jen,

2

Dlza? S ZO[J'NT('—]') SOQZO[?.

jeA jEA o jEA

Since || 3 ieg,, ajpill? = > icim aer('—j)H%R (by setting the change of variable y = 2™z /a in
the integrals that define the norms), we obtain Assumption (M3). Let us now prove Assumption
(M3). Let x € A be fixed. There exists a unique k € {0,...,2™ — 1} such that z € [k27™a, (k+
1)27™a[. For such a z, ¢;j(x) # 0 only if

[27"aj, 2 ™a(j + r)[N[k2 ™a, (k+ 1)2""a[# 0

that isif j € {k—r+1,...,k} = Ay, and we have |p;(z)| < 2m/2a*1/2HNTHOO7[07T] and |’ (z)| <
23m/2a*3/2\|N7fHoo,[0,r}. Since Ay has cardinality r, we deduce from (ii) and (éi7) of Lemma 6.1

Yol <rx2mat, > (@) (z) <rx 2Mata(r — 1),
JEZ JEZ
which ends to prove the second inequality of (M3). For the third one,
2

Sod| -3 o f Ao

jEJm _]ken]]m

23m 2mM e 2M 4
ZZ%%/ ( j>NT‘<a‘k>d

j k€lm

= Za]ak/]\f (u—7)N}(u — k)du,
] keJm
22m
where U, is the positive symmetric matrix of size D,, with coefficients [Up];r = (N,(- —
§), NL(- — k))r (usual scalar product of L2(R)). If p(U,,) is the spectral radius of U,,, we have
p(Up) = maxgo '@Unmd/||@||%, where || -] is the classical Euclidean norm on R”m. This leads
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to

2
22m

> )| < > a5 | pUn).

jGJm jEJm

Now, U, is a Toeplitz matrix: [Uyn]j11k+1 = [Unmlji for any indices j,k € J,, and [ such that
Jj+ 1, k+1¢€ Jn, which also satisfies [U,,];x = 0 if |j — k| > r. Applying a result of Gray (2006),
we thus have

) <Y Walow = Y UNLNIC =Dl < D IN/Bg = (2r = DINI3 .

keZ |k|<r |k|<r

This ends to prove (Ms) with ®3 = (2r — 1)||N7{||%7R/a2.

For (My), notice that ¢;(x)pr(x) = 0 as soon as k > j+r or k+r < j for any z € R. Thus,
(My2) (i) holds, with ¢; = 2r — 1. Moreover, thanks to (ii) of Lemma 6.1, for any j € J,,
Hgongo’A < 2Ma 1HN HOO 0] < Dpat, which is (Myz) (ii) with co = a=!. Let us finally prove

(M5). Let f € L2(A). We write f,, = djel, @iy with @ = (a;)jey,, € RPm . Since f — f is
orthogonal to S,

2

S =D Fme)® =D | D] arlonwg) | = II'GTmll7,

JEIm JE€Im J€Im \k€lm

where T}, the positive symmetric matrix with size D,, and coefficients [T},,]; 1 = (¢;, ¢x). Since
T, is a symmetric matrix, we have

Y (Fe)? < ATl @R < 2(Tn)oy | fmll?,

JEIm

thanks to (Mz). Now, T}, is also a Toeplitz matrix, which satisfies [T},]; = 0 if [j — k| > 7,
thanks to (My,2). Applying the same result of Gray (2006) as above, we thus have

) <Y [Tlok = D lpo, o)l < D lleollllenll = (2r = DIN|3&-

kEZ |k|<r |k|<r
Property (Mj) follows, with cg = (2r — I)Q\INT\\;R/Ol.

Properties (M;), I = 2,3, permit to establish the following lemma that will be used several
times in the proofs.

Lemma 6.2. Assume (Hy), and Properties (M;), 1l =1,...,4. Then, for any m € M,

sup [[]5,.4 < ©§Dm/ (01 F). (15)
teBm,

Moreover, if v : Sy, — R is a linear map, then

sup v2(t) <Y vA(py)/ (01 Fp). (16)

t€Bm J€In
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Proof of Lemma 6.2. The key of the proof is to start from (14) and to remark that it leads

to
2

B, C te Sy, t= Z P, (Ozj)j S RD’”, Z a;jill < Fo_l ,
J€Im J€Im

- te Sy, t= Za]goj, (0); e RPm, Za?ﬁ (01F0) "t p,
JEIm J€Im

with Assumption (Mz). Thus, if t € By, t =32,y ), with @ = (aj)jey,, € RPm | we have

2

sup [[f3,a < supsup D7 ajp(e
t€Bm a= (aJ)]€J ERPm z€A \ oy
aa<(DlF0) 1
Then, by the Cauchy-Schwarz Inequality and Assumption (Ms3),
sup ||t]|%, 4 < (01Fp)” sup Z 0;(x)? < (01Fp) ' ®2D,,.
teB m z€ ]EJm

The reasoning is the same to obtain (16).

About the statistical framework. We establish explicit expression for the distribution of the vari-
able Y = XU in the multiplicative censoring setting we consider. First recall that we have the
following formula for the density of Y

+00 T
fr(y) =/ fX; )dw, y > 0. (17)
Yy

Therefore we get (4). On the other hand,
+0c0 400 p+o0
Frly) = Bz = [ = [ [ g
Yy Yy z

X

- /</xdz> fxgc(ac)lygm(b::/+oo(w_y)f)ilc(ac)daC

+oo +00 fX(x)
= dx — —d
/y fx(x)dz y/y . T

= Fx(y) —ufvr(y)

So, (5) follows. O

About the estimator ﬁ' 0. The following properties of F o defined by (9) are simple but crucial for
the proof of our main results.

Lemma 6.3. We have f‘o > 1/y/n and, for all py € (0,1),
P(‘FO — F()’ Z p()]“:b) S c/n4.

Any other estimator of Iy which satisfies such properties could be used in the paper. Also,
[e%

1/4y/n in (9) could be replaced by a quantity p, > 0 such that lim, o 1y, = 0 and p,, > n=%,
for a real number o > 0.
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Proof of Lemma 6.3. The first remark is trivial with definition (9). We then compute

n
R ) ) - _ 1
B(|Fo— Fo| > poFo) < P ( w1y yizay — B(Y: > a)| > poFo - \/ﬁ> |
=1
n _
=1

as soon as n~ Y2 < poFy/2. Then, from the Hoeffding Inequality (Hoeffding, 1963), there exists
¢ > 0 such that, for all n > 4/(p2Fp),

P(|Fo — Fo| > poFp) < ¢/n*,
4
which proves Lemma 6.3 with ¢ = max {E, (%) }
p()FO

6.2. Proof of Lemma 2.1. First note that from (5),

E [[12] = /A (22(2) By (x) + 2t(x) fy (2))dr = / 2(a)Fy(2)de = 3., (18)

A
and also that, with (4),

E[(t(0) + Vit () 1yea] = /A (t(z) + 2t (2)) fy (@) dz = /A (xt(2)) fy (2)da
~ foto) ) - | " ot(o) fl (2)dr = at(a)fy(a) + [ i@

since lim, o 2t(z) fy () = 0. Indeed, Formula (5) implies that lim, ,o(zfy(z)) = Fx(0) —
Fy (0) = 0. Using the definition of h, we also have

/ H(a) fx () da — / H(e)h(x) Fx (2)dx = (1) p .
A

A
This leads to

E[a(D)] = (h,t)p, +at(a) (fy(a) ~E [ fr(a)] ). (19)
The result follows by gathering (18) and (19).

6.3. Proof of Proposition 3.1. Let us define, for 0 < pg, p1 < 1 such that p; — 2pg + pop1,
the following sets,
on = {

QPO7P1 ::{(1_/)0)FOSFOS1 F0}7
Pl

and decompose the risk as follows

217

2
11,

—1

< pg, forallt € Sn}

and

~ 2 ~ 2 ~ 2
[l ] = [, 0] 2 [, M- 0

We now compute upper-bounds for each of the two terms of the right-hand-side of (20).
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Upper-bound for E[||h,, — h*1a,,ney, ., ) First we have

Np,
Q0 C () A (21)
m=1
where
A = {minSp(@m) = (1= po)o1 Fy } (22)
Indeed,
Ny,
O © VS 12> (1= po)ltlZ, } < () {9 € S 42 > (1= po)Folle*}
Nn " 2
= ﬂ Va € RPm, tc‘i‘/l\lméf > (1 — po)Fy Z a;p; ,
m=1 J€Im
Np,
C ﬂ Va e RDm, tO_Z\/I\/m& > (1 — pO)FODI Z aj oo,
m=1 J€Im

by using (8) and (M3). This proves Inclusion (21), which permits to deduce

Np Ny
Qo N Qpyp, C <ﬂ AZS) N Qg1 C (ﬂ Az> N Qg1
m=1 m=1

since (1 — p1)Fo < (1 — po)Fo on Qp, ;- R
Therefore, on the set Q,, N Q,, ,,, for all m = 1,..., Ny, hy, is the minimiser of the contrast -,
on Sp,. In particular, we have v, (hn) < ¥n(hm), which means

~ 12 ~

| = 12 < 250 = ).
on the set Q,, N Q,, ,, and thus

~ 2 ~ ~
n

since [|hmll2 = [[im — b2 = [ml|2 + 2(hum, Ban)n. The key of the proof is the control of the
deviations of the supremum of a centred empirical process over a unit ball. Since the process 7,
is not centred, we set

V() i= Ta(t) = (8, 1) — at(@) (fr(@) - fy (@), (23)

with (¢, h), defined by (13). The process v, is centered, thanks to (19) and the fact that
E[(t, h)n] = (t,h) .. Moreover, ||hm||2 = (hm, hm)n = (han — B, B — h) gy 4 (B — han; ). This
leads, on Q,, N Qy, o, to

[ - hmHi < (0t~ o o — W)+ 20 (T — ) + 220 (B — B ) (2) (- () — T ()

Then, thanks to the Cauchy-Schwarz inequality, and the fact that, for all z,y € R and 6 > 0,
2zy < 2% 4+ 01y,

~

—~ 2
2 ham — Ty o — B)p < 6 Hhm _ hmH 07 R — B2,
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Applying the last property twice, we obtain, for any 6,7 > 0,0 < 6 < 1,

~ 2 -~ 2
0= 0) o= o[ A0y < (@40 [ = [ 07 = 0
n X

~ 2
+ 671 sup V’VQL(t) -|—77—1a2 sup tQ(a) (fy(a) — fy(a)) > IQpOmeom.
t€EBm, teBm

where B, is defined by (13). Since Q,, C A7, then, for any t € S, [|t[7 > (1 — pO)HtH%X.

Taking also into account that |7, —hH%X < 2||hm —hmH%X + 2|, — hH%X, and that E [||t||2] =
HtH%X (t € Spm), we have, as soon as (1 — po)(1—60) —§ —n >0,

~ 2
E [Hhm -4, 1Qm} < Cillhm —hl|%, + CoE Lseljlgp Vﬁ(t)} (24)
2 2 = 2
+C5a? sup t2(a)E [( fr(@) - fr() ]
t€EBm,
where
61 > 261
cCi = 2 +1), Cy = )
' ((1—/)0)(1—9)—5—77 2T A—po)1-0)—6—1
2n_1

N =) 29)

An upper bound for the term with constant Cj is given by (15) of Lemma 6.2: sup,cp_t*(a) <

®32/(91F9)Dp,. To bound the empirical process, we establish the following lemma below (see
Section 6.6.1).

Lemma 6.4. Assume that (Hy) and (Hz) are satisfied. Then,

1 h||?)®2 D 2p2 D3 hl|% 1
E Sup V?L(t) S 4 %i a _1 -_m C'?)H _H _ X
t€Bm 01 Fp n 201Fy n 01fp n

By gathering this and the result (15) of Lemma 6.2 in (24), we obtain

~ 2 _ ~ 2©2 R ) é
. |:Hhm B hHF‘X 1QPUOQP07P1:| < Cl(Hhm _h‘|2+v(m))+CQ%DmE |:(fY(a) - fY(a)> :| —.—?3
(26)

with C’l, Cy and Cs some constants which do not depend on m and n, and V(m) defined as in
the statement of Proposition 3.1.

Upper-bound for E[Hﬁm — h||21(QpOmeO’p1)c}. First,

~ 2 —~ 2 9 ~ 2 9
il <ol o, <ol e
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Now, by definition of h,,, and thanks to (My),

|| = |12 @i 15y < Vo [ Yo a7 | 15, = Vealdliels, .

JEIm JEIm

Vsl B Bl 5,

< VT Fle1s, < Vazmax{Sp(EEle1s,
< Vo (min{Sp(Tn)}) " IBlets, < vor—— B,
1-— pl)blF
1 =~
o[l 2, 28
< Voo bl (29)
where we recall that || - ||,z is the Euclidean norm on R”™ and p(-) the spectral radius of a

o~

matrix.

Hence, as b= * (5 0 (95() + Yigj (%) ~ fr(@)es(@)) . we have
1Bllez < (371 + 3Ty + 3T3)"/?
where

2 n 2
Z < Z‘P] ) y Iy = Z (;ZYN?;(YE)) , and Ty = fY( ) Z (@j(a))z-
i=1

JE€EIm JE€EIm JEIm
We first bound 77, using the Cauchy-Schwarz Inequality and the first part of (Ms),

ZZ‘pJ <(I)0

]GJm 1=1

Similarly with the second part of (Mg)

Z ZW ¢)2(Y;) < a’03D3,.

]EJm =1
Moreover, thanks to the first part of (Ms) and the definition of fy, @ > 1/y/n,

Ty < F(@)®5 D < ]| K| 2 G Do
This implies that
[Blle < VB ((1+ | K% )83 D + 2792D3).

and, gathering equations (27) and (28),

~ 60271
E | [|Am — h”%x 1950} < ((1:’%)20% ((1 + ”HKHgo,R)q%Dm + an)%DS@) + 2||h||§wx>

X P (€00 N Qg1 )°) - (29)
It remains to bound the probability of the event (£2,, N €, 0, )¢. Notice first that
P (00 N 2po.1)) <P () + P () -
The aim of the following lemma (proved in Section 6.6.2) is to bound P(£2 ).
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Lemma 6.5. Assume that (H1) and (Hz) are satisfied. Then the following inequality holds

C * n C*
P (€25,) <4exp <c 2 ) < dexp (K2 ]n3(n)> : (30)

Nn

with ¢* a constant depending on a, py, Fo, E[Y?], and on the constants involved in properties

(My), 1 =2,3,4,5.

For P(Q, ), as soon as p1 — 2po + pop1 > 0, we have

_ =~ -~ 1— 00 =
Q;o,pl = {(1 *po)Fo > Fo} U {Fo > 1_ plFO}
C {FO —ﬁo > poFg} U {ﬁo —FU > popo} - {‘EO —Fo‘ > poFo} .
Thus, thanks to Lemma 6.3,
P(Q7, ) < en™ 4, (31)
Gathering this bound and Lemma 6.5 in (29) leads to

~ C*
B [~ 1 Sz, ] < o (40T R) Dt D) (1t oo (— iy ) )
where c¢ is a constant. Thanks to the fact that D,, < K+/n/(In(n)?), we obtain, for a constant
C >0,

~ 2 C

£ [Hhm B hHFX 1(onﬂQPom1)c] = n’

The proof of Proposition 3.1 is completed by gathering (26) and (32), and keeping in mind
that ||.|| s, and [.|| are equivalent (under (Hz)).

(32)

6.4. Proof of Corollary 3.1. If h belongs to the Hélder ball H([0,a +¢], L), then h belongs

also to the Besov ball B3, o ([0, a+¢], L) (see e.g. DeVore and Lorentz 1993 p.54 for the definition
of such spaces, and Barron et al. 1999 p.404, or DeVore and Lorentz 1993 (7.13) p.46). This

permits to deduce that h also belongs to 82’8700([0, a+¢], L) for another L' > 0 (Massart 2007,
p.144). But, for such a ball, Lemma 12 of Barron et al. (1999) for [T] and DeVore and Lorentz
1993 for [BS], established that ||h,, — k| < D;ﬁ. Thus, Proposition 3.1 leads to

E|lam = hI2] < C1 (D32 +V(m)) + CoDE [(ﬁ(a) - fy<a>)2] +

for three constants Cy,Cy, C3. The computation of m(8) € arg min{Dfn%’ +V(m), m e M.}
leads to m(3) = Cn'/(?4+3) Now, we deduce from the smoothness assumption on h, a smooth-
ness property for fy (the proof is deferred to Section 6.7).

Proposition 6.1. If h € HP([0,a + €|, L) and (Hy) is verified, then there exist L' > 0 and
0 < ¢ < min(a,¢) such that fy € H  ([a— €' a+ €], L).

Since fy is a kernel estimate with well-chosen bandwidth, Rebelles (2015) derives that
2(8+1)

Bl (- nw) | <o(pr)

for a constant C'. Thus,

_ 2842
n 28+3 Cs
_l’_

In(n) n

9

~ 9 28 ~
E [Hhmw) — Al } < Cin 2758 + oDy (5)©
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and Corollary 3.1 follows from the order of magnitude of D,,g).

6.5. Proof of Theorem 4.1. As previously, we decompose the risk
E |7 = 2| = E s — AIP1a,00.., | +E |15 = 210,000, -

We first focus on the first term and we get that, on Q2,, N, ,,, for allm =1, ..., Ny, ﬁm do
minimise the contrast v, on S,,. Therefore, by definition of m, we have, on §,, N Q, ,,, for all
m=1,..., Ny,

Yo (hin) + BER(M) < () + PER(m) < Yo (him) + Pen(m), (33)
where we recall that h,, is the orthogonal projection of h on S,,. Now, with the same algebra
as in the proof of Proposition 3.1, we get that, for (1 — pg)(1 —0) —d —n >0,

d|

~ 2
hﬁz - hHF IQPOOon’p1:| < CIHhm - hH%X + C4pen(m)1onﬂonm
X

+C5E

teEB, v

sup V2(t) —p(m,m>]

+Cga2E

sup t*(a) (fy(a) - fy(a))2]

tEBmvﬁL
+(Cap(m, m) — pen(m)) Lo, n,, o, » (34)

where B,,vm = {t € Spva, It 5, < 1} (see (13)), C1, Ca, C3 are given by (25), Cy is a constant
which does not depend on n, m and p(m’,m) is defined in the following Lemma.

Lemma 6.6. Assume that (Hy) and (Hz) hold. There exists ko such that for k > Ry

Nn,
Z]E

m/=1

C

Sia
n

( sup Vﬁ(t)—p(m,m')>

teB

mvm/

+

where
/ — o\—1 2 2 Dy 2 2D}3an'
plin, ') = Ro(01 o) ((B3(1 -+ allaf) P2 4 a2 Cment )
and C > 0 is a a constant.

We have ||h||? < D?, - for n > ng(h), since D,y > In(n). By definition of €, ,,, this leads
to

3

~ _ 11— = _ D, D>
Cap(m, m)lgpo’p1 < 02H01 — Z(l) (Foop) ™t <<I)g”7”;vm + (a(ID% + a%I)%)”?;Vm) 10, .,

< (pen(m) + pen(m)) 1q,, ,,

as soon as Kk > Cgkoiiz 2, since Dy < D + Dy, This and Inequality (34) imply that

E (|77 — hH%ﬂxlgpomeO’pJ < Cillhm — hl%, + Cipen(m) + CoE

+E [pen(m)1q + Cypen(m).

PO’PJ

<t€%up Vﬁ(t)—p(mﬁ)> ]
mVm +

(35)
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Moreover,

o ~ D D3
pen(nfb)lgpo’p1 < k(01F)) 1 (@gnm + (aq)% + a%ﬁ)é”) 10,0,
K,(Dlpo)_l D D3
< T @37"‘+(a<1>3+a2<1>§)7m
< pen(m).
o (m)

Hence, applying Lemma 6.6, we obtain
E s = i da,00,, ] < {Cillhm = bl + Cipen(m) }

Cs

n

+C5a%E [ sup (a) (fy (@)~ fr(a))

t€EB v

Moreover, on the complementary event, we follow the same line as in the proof of Proposition
3.1, as all the bounds remain true for D,, replaced by V,, the maximal dimension, and we get
c

E s — hl3, Lio,n0e| < =

for some constant ¢. Gathering the last two bounds gives an upper bound on E[|[hz — hHQFX]
Recalling that the norm ||.|| 7, is equivalent to ||| (see Section 6.1), Theorem 4.1 is proved.

6.6. Proof of technical lemmas.

6.6.1. Proof of Lemma 6.4. The process v, defined by v,(t) = v,(t) — (t, h), — at(a)(fy(a) —
E[fy(a)]), t € L?(A) is centred. Thus, we split it into 4 centred processes as follows: v, =
523 P, with, for t € L2(A),

1 n
viD(t) = - Zt(Yi)l{YieA} = E[t(Yi)1liveal;
i=1
1 n
w2 (t) = Y Vit (Y)ljveay — Bt (V) Liyieay),
i=1
v @) = —(t, h)n + E[({t, h)n).
The process 1/,(?) is also written VT(L?)) = 1/,83’1) + 1/7(5”2), with

1 n
yBD(4) = - > /A t(z)h(z)1(y; 55y dx —E [/A t(z)h(zﬂmzx}dag] ,
i=1
1 n
VA () = - Z Yit(Yo)h(Yi)liveay — E[Yit(Y)h(Yi)1ivieayl,
i=1
Therefore, it remains to bound the four terms of the right-hand-side of the following inequality:

]E[sup yZ(t)} <1 Y ]E[sup (y,gl)(t)ﬂ.

t€Bm 1€{12,(3,1),3,2)} B
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For 1 =1,2,(3,1),(3,2), we first apply Property (16) of Lemma 6.2:
2

sup (V0 < 51 X (W)

tEBm

m

Let us then begin with Y. For any j € Jnm, E[(v (1)(903)) | = Var(p;(Y1))/n < E[SD?(Y)]/TL <
®2D,,/n thanks to (Ms). Thus,
2 ®2 D
E | sup (v{V(t ]< o —m 36
[teB]?n ( ( )) T ko n (36)

Similarly, we have E[(v”) (¢;))?] < n 'E[Y2(;(¥1))?]. Hence, by (Ms) Elsupyep,, (v (1))%] <

@2/ (01Fp))E [YQIA(Yl)]D?n/n. Now, Equation (5) implies that, for all y, yfy(y) < 1. Thus
IE[Y1 T4(Y7)] fo Yy fy )dy < foaydy = a2/2 and

2 2(1)2 D3
E [sup <V,(12)(t)) ] < 221 2w (37)
t€Bn 201Fp n

For 3", we first have E[(V,S?””(goj))?] < E[({¢p;, hly;>.))?]. With (M), this leads to

2 Z cs |lhml® _ cs |IR]?
E ( 31 (¢ ) ,hl < = < —= . 38
[sup v ) OlFo n - £ Nz Tk n T 0Fy n (38)

tEBm,
Then for V7(1372), we have ]E[(l/,(1 ’ )(cpj))z] <nlE[Y?p 2-(Yl)hQ(Yl)1;/16,4], thus

E [sup (1/(3’2) (t))Q] < MD (39)

n
t€Bm 0nFy n

where we use again (M3) and that 0 < yfy(y) < 1, y € A. Lemma 6.4 is proved by gathering
(36), (37), (38), and (39).

6.6.2. Proof of Lemma 6.5. Thanks to the definition of €,,, and then thanks to (H>),

t 2
1] > po} C {Ht € Sy,

-1
IItII%
> poFp p = inf > poF
0o 0} {te&lﬁlt l‘ﬁn ’ Po o}

o {Ht 5., I = I, | > sl

- {tesn\{o}

n

N (t) = — Z (/A t(x)1gy;>zydx + Yit(Yi)l{neA}> - /At(ac)FX(x)dm, te L*(A).

i=1

with

Ift € S,, it can be written ¢t = ZjeJN ajpj, with @ = (ay)jery, € RP~n  in such a way that
M (t?) = 'a®a, with ® = (®; 1)) kery, the matrix with coefficients

1 _
2= 25 [ oitahontentsads + Ve (DD men | - [ el Pl
=1
Hence,
on C inf | t&@&\ > poFo (40)

o D
N
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Now, the Cauchy-Schwarz inequality applied twice and Assumption (M) imply that, for all
a € RP~n | such that I ZjeJN a;jp;ll =1,

1/2 1/2
t =5 — 2 2
i = Y e Yo Y awns Yo (Y] (X0
Jk€IN,, J€IN, k€ln, J€In, k€Jn ke€ln,
1/2 2 1/2
2 2 2
< [ a9l 2 o ol 22 el | X2 o]
S Jk€IN, JE€IN, J.k€In,,
1/2
1
= — 2
J,k€InN,,

which amounts to upper-bound the spectral radius of ® by its Frobenius norm. From this and
Equation (40) we obtain

Q5 Cq Y, P> 0ip0Fy

k€N,
and
P(Qc ) < Pl ®2 a%p%F(? o P 1 & Z(i) E Z(i) 01p0F0 A1
( po)—.z Gk = D2, _.Z ﬁz gk []k] Dn (41)
JkE€IN, n J.k€IN, i=1 n

where 2" k= = [ i(@)or(x)ly,>cdz + YZ%(Y)cpk(Y)l{yGA} We now control independently

the two terms of Z]( ). Z(Z) Z( U Z(Z 2 with Z( = [, ¢i(@)er(x)ly,>,dx and Z(Z 2 _
Yioij(Yi)er(Yi)liveay- If the ba51s (goj)jEJN is locahsed (Assumption (My2)), we have a shghly
more accurate inequality:

SEDINEDY P(

JINy, k€N, 0 pr#0

01000 ) (42)

>z -u[a]|> S

since there are only ¢; Dy, non-zero terms in the sum over j and k£ (and not D]2Vn)

Control of Z; (:1) Pirst remark that |Z | is almost surely bounded by 05 (thanks to assump-
tion (Ma)). Hence the Hoeffding Inequahty (Hoeffding, 1963), gives us the following bound:

for all x > 0,
2 2 2
Z (’ 7’1)]29: < 2exp —LQ = 2exp —1:72 .
3k 4o5n 205n

This implies that

1IN 60 (1,2) 21p0Fy 013 F
P(n;Zj’k —E{Zj’k} > Spy | S 2ew |- ot ) (43)
and for a localised basis
1~ 60) (3,2) 01p0F0 ( 00 E )
p(|=S" 20 —E[Z.’ } > S | < 2exp (PO ). 44
( n/;;; 3.k Gk 2 /cDn. ) p 10%c1 Dy, (44)




ADAPTIVE ESTIMATION OF THE HAZARD RATE WITH MULTIPLICATIVE CENSORING 23

Control of Z;flf). We apply the following Bernstein Inequality (which immediatly follows from
Birgé and Massart 1998, p.366).

Lemma 6.7. (Bernstein Inequality) Let Ty, Ts, ..., T, be independent random variables and
Sn(T) =1 (T; — E[T3]). Assume that

Vas (11) < 7)2 and V¢ > 2, E R [‘{l ‘é] le 2
Jhen, for n > (]’
n | > 7 < 92e R e
<n’S ( )| o ) Xp< U2+b077>

A distinction must be made depending on the property of the basis. If the basis is bounded
(Assumption (My1))

NN
B |(202)] —2 IR < B = o,
and, for all integer £ > 2,
PPN _ l! _
E [(42;?) ] = E [V ()ek(1)] < BN 1ren] < daEYVE] < 5072

with by = c2a. Then applying Bernstein Inequality (Lemma 6.7), we have

01p0F0 n 1p3Fy
Z(zQ) { 22)} > < 9 . 01,010 _
( Z & 2Dy, | = "OP\ D% BEYE] + dcRavipoFo/ D,
n
< 2exp | —c™—— ], (45)
( Df%)

with ¢** = p2F2/(8cAE[Y?] + 4ckadipoFy) (using the fact that Dy, > 1). Now, if the basis is
not bounded but satisfies (My2),

E[<Z](-,i;;2))2] = /A y203 () e () fr (y)dy < /A ye3 (V)i (W) fy (y)dy < é&Dn,,

< allgslPn /A Fy)dy < a x Dy, x 0 = 07,

with yfy (y) <1,y <a, (i) of (My2) and (My3). For all integer ¢ > 2, with the same reasoning,

E [(Z}f;f)ﬂ

IN

/ v b () ok (y) fy (y)dy < a'~! / o5 () et (y)dy,
A A

IN

a1l 1 alloel 2 /A Ay)dy < (2D, )" (e2D, ) D72 x 0y,

il
= CQD?V_RIDQ < 50256_2,
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IN

with by = Dy,,. This gives, from Lemma 6.7,
1 e~ , I 2 2 72
P\ o2 -2 (2] > i) < (g, WAl
i ’ 2y/aDn, DN, ¢1(8¢202Dn,, + 4+/Dn,, 01p0Fo/ /1)
n
< 2exp | =" |, (46)
( D?vn)

with ¢** = a%p%FOZ/(Cl(8CQDQ + 401p0F0/\/a)).
Now, gathering inequalities (41), (43) and (45) or (42), (44) and (46) (depending on the
assumption (My 1) or (Myz2) on the basis) ends the proof of Lemma 6.5.

6.6.3. Proof of Lemma 6.6. We start from the decomposition given in the proof of Lemma 6.4.
We thus have to bound the terms of the right-hand-side of the following inequality:

N, ) /
E ( sup I/ﬁ(t)—p(m,rﬁ)) ] < 4 Z ZE < sup (y,(f)(t)) _m(m,m)) ]
t€Bmyn e 3

e + 1e{1,2,(3,2)} m'=1 mvm N

2

+4E | sup (VT(L?’J)(t))]

t€BNy,
with

)

_ o D ’
pl(m,m/) = Fco@%(FoDl) 1Zmym’

_ D3,

pz(m,m’) = Ran@%(Foal)flmTvm,
— _ D /
p3(m,m') = Roa®f||h||*(01Fo) 1%‘

. 2 _
For the last term, we obtain from (38) that E [SuPteBNn (%&1)@)) < es)|h||?/ (01 Fon).
For the three other terms, the guiding idea to bound each of them is to apply the following
version of the Talagrand Inequality which can be found, for instance, in Lacour (2008).

Theorem 6.1 (Talagrand Inequality). Let F be a set of uniformly bounded functions, which
have a countable dense sub-family for the infinite norm. Let (Vi,...,V,,) be independent random
variables and

Z = sup
feF

LS () - E[f(m-)])l.

i=1
Consider b, v, and H, such that

1 n
b > sup || flleo, v > sup — Z Var(f(V;)) and H > E[Z].
fer fer i

Then, for every e > 1, there exist numerical positive constants Cy, Cs, ¢1 and ¢y such that

9 9 v nH? b2 nH
E [(Z —eH )J < Clﬁexp (—cl ” )—l—anQexp —CQT .
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Control of 1/,(11). The aim is to apply the Talagrand Inequality (Theorem 6.1). We first compute
the key quantities involved in the concentration results.
The quantity (H™M)? = ®2(Fyd1) " (Dypymr /1) follows from the proof of Lemma 6.4.
Let us compute b(!), a uniform upper-bound for the sup-norm of the functions to which the in-
equality is applied. For t € By, we have by Inequality (15) in Lemma 6.2, supyep HtHgo 4 <

®3(Foa) LDy =: (b(l))2 . We turn now on the upper-bound v(*) on Supep ., n~tS  Var(t(Y;)):

1 n
A m RV S e BECO)= g [ @0

77LV77L/ TVL\/TVL/ 7TL\/7TL/

< sup \\t\\m,AAIt(y)\fY(y)dyé(\/01FO)1<I>o\fyHHtH\/Dmef,

GBme/
1
< Vo Ol iy l|v/ D =: 0.

We apply Theorem 6.1 and get, for all €1 > 1,

2 _ ’
E ( sup <u,(11)(t)) —5(1)<I>3(01F0)_1Dm72/m>

teB n

mvm/

] < c {1e—c§“¢m + Doy e—cg%} |
- n
+

where C, cgl), cgl) > 0 are some constants. We sum over m, and choose R in the penalty p(m,m’)

such that py(m,m’) > 3¢(M). This leads to

Z E sup (l/n (t)> -
oy teB 3 .
(2)

mvm/
Control of v,’. The proof is very similar to the one of the previous paragraph. We recall that

2 (1) = 13" Vit'(V;) — E[Yit'(V;)] and compute the quantity 5@, v and H® required
2

<

% (47)

to apply the Talagrand Inequality. Again, from the proof of Lemma 6.4, we get (H (2))
aQCI)%(QF()Ul)*l(Di,LVm//n).
Let us now prove the uniform boundedness. Let t € Bp,ym, from the Cauchy-Schwarz
Inequality, assumptions (Ms) and (M3), we get,
2
sup sup {mQt'(x)Q} < a? sup sup Z ()
tE By s TEA GERPmvm! | taG<Fy ' PEA \ je T

_ _ 2
< aXnFy) s S (@) < aP03(Fo0r) LD, = (02)
€A .
]G‘Jm\/m’
Now, supiep n~tS  Var(Yit'(Y;)) < SUPsep E[Y?#(Y)?]. But, using yfy(y) < 1 for
any y > 0, we get for any t € By,

E[Y2(Y)] = /0 ") P ()dy < allf? < ad3DE,,0 /(01 F),

with the last inequality of (M3z). Therefore,

1 @ _ B 2
t stup EZV&r(YQt'(Yi)) < ad?(Fy0,)'D2,,,. = <v(2)> .
€ i=1

mvm/
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Then, by Theorem 6.1, for all £ > 1, there exist C, cgg), cég) > (0 such that

sin (120 — @ (@2
(tEBp (1) - @ >>J

mvm/

E

IN

n

2 3
C { Dm\/m’e—cf)Dme/ + Dn?;\ém’e—cg)\/ﬁ} .
We sum over m, and choose &g in p(m,m’) such that py(m,m’) > 3¢(2). This leads to

Np, /
m/=1 +

teB, m!

Control of VT(L3’2). We begin as usual by computing the quantities involved in the Talagrand

Inequality with (H®2))2 = F; 01 Dyymy||h|?/n, from the proof of Lemma 6.4. Next, thanks to
(15),

sup  sup |yt(y)h(y)| < a sup sup [ > a0 (y)h(y)
tEB, s YEA GERPmvm! Gat<Fy'VEA ey
< ®g(Fp01a) 2/ Do) co,a =: B2

Then, as yfy (y) <1 (see (5)),

1 n
sup f§ Var (Yit(Y;)h(Y;)) < sup E[Y?(Y)RA(Y)],
teB n i—1 teB

mvm/ mvm/

— e / V2 (y)h2(y) fy (v)dy,
teB, A

mvVm/

< sup aflhf3 Al

mvVm/
_ 2
< a( ) hlE = (00

Applying Talagrand’s Inequality of Theorem 6.1 is exactly similar to what has been done for the

previous processes i and 7. Since D2, > 1n%(n), and as soon as In?(n) > ||h||?, we obtain

Np, 9 ~ D3 )
Z E [( sup (V7(L3’2) (t)) _ 6(3,2)]_,?0—1 mvm
m/=1 +

teBm\/m’ n
& i 2 2 2) p—1 2 Dy ¢
< S E|| sw (yg& )(t)) — eBAF py 2 ) | < 2
teB n n
m/=1 L € mvm/ +
If %o in the penalty p(m,m’) is such that pz(m,m’) > 6c(32), this leads to
N _
n 2 ! C
Z E sup (1/7(13’2) (t)) _ pa(m,m) < —. (49)
m/=1 L teB, ! 6 " n

We end the proof of Lemma 6.6 by gathering (47), (48), and (49).
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6.7. Proof of Proposition 6.1. The guideline for the proof is the following.

Part 1: We prove that there exist L” > 0 and 0 < &’ < min(a, ) such that fx € H?([0,a+
6’],[/’).

Part 2: We prove that the result of Part 1 implies that there exists L' > 0 such that
fy e H Y (a— ¢’ a+ €], L)).

Proof of Part 1. We note H(x) = —In(Fx(z)), under Assumption (Hs), and by continuity of
Fx, there exists 0 < ¢/ < min(a, &) such that Fx(z) > 0 for all x € [0,a + ¢']. Hence, on the
set [a — &', a + €'], the function H is well defined and differentiable and we have H'(x) = h(x),
which implies that H € HP+1([0,a+ €], L). Moreover, since Fx (x) = exp(—H (z)), the function
Fx is (£ + 1)-times differentiable on [0,a + &] (with £ = |3]) and consequently fy is (-times
differentiable.

We now prove that there exists L” > 0 such that, for all z,y € [0,a + £],

O ) — O] < Lz -y (50)

which ends the proof of Part 1.
By induction, we easily show that

FO() = =D (@)e 1) 4 Ry(x)

with Ry =0 and, for all k = 1,...,0 — 1, Ry = h* D (2)h(z)e H @) + Rl (2).
Hence, for all z,y € [0,a+ £],

@) - fPw) = 1P @) - FE ()

< [hO(@)e ™ — hO(y)e" W] 1| Re(x) — Ro(y)|

< A9 (@)@ — O ()@ 4 |0 (1)@ — B0 ()W)
+|Re(z) — Re(y)|

< el pate |0 () — B ()] + ”thoo’[O’a%] H(@) _ JH(y)

+|Re(z) — Re(y)| (51)

Since h € HP([0,a+¢'], L), both H and hY) are continuous on the compact set [0, a+&'] (we
recall that Fix > 0 on this set) , hence || H||,[g,a+s] < 00 and ||h£||m7[0’a+€} < 00. Moreover, ' is
differentiable, hence, since [0, a+¢’] is compact, it is Lipschitz continuous. By induction, we can
also prove that Ry is differentiable (and then Lipschitz continuous). Hence, from Equation (51),
using again the fact that h € H?([0,a + €], L) and the compactness of [0,a + ¢'], we know that
there exists L1 > 0 such that

1@ - 1wl < elflomaLle -y~ 4 Lije —y| < e — o7,
with L” = elfllc.0ate1 [, + I (a + /)1 =P+ which implies Equation (50) and ends the proof of
Part 1.

Proof of Part 2. From the fact that yf{ (y) = —fx(z) (see Equation (4)), it can be shown by
induction that, if fx is ¢-times differentiable on [0, a+ '], then fy is (£ + 1)-times differentiable
on [a—¢' a+ €] (we recall that a — & > 0) and

()
() = —2X ) + Ro(y)
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. ~ ~ (O] ~
with Ry =0 and Ryy1(y) = ng(y) + Ry (y).

Hence, for all z,y € [a—¢’,a+¢'], using the fact that fx € H?([0,a+¢'], L"), and that Ry is
differentiable — which can be proved by induction —, hence Lipschitz continuous on the compact

set [a — &', a + €'], there exists a constant Lo > 0 such that

‘f;(f) (@) 1YW

1 ) - fE @) < +[Re(x) — Re(y)|

T Yy
0 () ©) ©)
T T €T = =
o | @ £ >|+ 1@ IO R - )
T Y Y Yy
) L1 L (0
< 1 lmgacraret |1 = 1|+ 10 - 10
+|Re(z) — R(y)|
f(e) oo, [a—e’,a+¢€’ " —
- 1/ x oo, atl 7 — yP~ + Lojz — yl.

a—¢ a—¢

(£> ! / "
This implies that fy € H5+! (Ja—¢’,a+¢'], ') with L/ = 13 Nloo. <t arte + L Ly(a—g) 7P

a—e’
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