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Abstract

This tutorial reviews image alignment and image stitching algorithms.
Image alignment algorithms can discover the correspondence relation-
ships among images with varying degrees of overlap. They are ide-
ally suited for applications such as video stabilization, summarization,
and the creation of panoramic mosaics. Image stitching algorithms
take the alignment estimates produced by such registration algorithms
and blend the images in a seamless manner, taking care to deal with
potential problems such as blurring or ghosting caused by parallax
and scene movement as well as varying image exposures. This tutorial
reviews the basic motion models underlying alignment and stitching
algorithms, describes effective direct (pixel-based) and feature-based
alignment algorithms, and describes blending algorithms used to pro-
duce seamless mosaics. It ends with a discussion of open research prob-
lems in the area.
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Introduction

Algorithms for aligning images and stitching them into seamless photo-
mosaics are among the oldest and most widely used in computer vision.
Frame-rate image alignment is used in every camcorder that has an
“image stabilization” feature. Image stitching algorithms create the
high-resolution photo-mosaics used to produce today’s digital maps
and satellite photos. They also come bundled with most digital cameras
currently being sold, and can be used to create beautiful ultra wide-
angle panoramas.

An early example of a widely used image registration algorithm
is the patch-based translational alignment (optical flow) technique
developed by Lucas and Kanade [123]. Variants of this algorithm are
used in almost all motion-compensated video compression schemes
such as MPEG and H.263 [113]. Similar parametric motion estima-
tion algorithms have found a wide variety of applications, including
video summarization [20,93,111,203], video stabilization [81], and video
compression [95,114]. More sophisticated image registration algorithms
have also been developed for medical imaging and remote sensing — see
[29,71,226] for some previous surveys of image registration techniques.
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In the photogrammetry community, more manually intensive meth-
ods based on surveyed ground control points or manually registered tie
points have long been used to register aerial photos into large-scale
photo-mosaics [181]. One of the key advances in this community was
the development of bundle adjustment algorithms that could simultane-
ously solve for the locations of all of the camera positions, thus yielding
globally consistent solutions [207]. One of the recurring problems in cre-
ating photo-mosaics is the elimination of visible seams, for which a vari-
ety of techniques have been developed over the years [1,50,135,136,148].

In film photography, special cameras were developed at the turn
of the century to take ultra wide-angle panoramas, often by expos-
ing the film through a vertical slit as the camera rotated on its
axis [131]. In the mid-1990s, image alignment techniques were started
being applied to the construction of wide-angle seamless panoramas
from regular hand-held cameras [43,124,193,194]. More recent work
in this area has addressed the need to compute globally consistent
alignments [167, 178, 199], the removal of “ghosts” due to parallax
and object movement [1,50,178,210], and dealing with varying expo-
sures [1,116,124,210]. (A collection of some of these papers can be
found in [19].) These techniques have spawned a large number of com-
mercial stitching products [43,168], for which reviews and comparison
can be found on the Web.

While most of the above techniques work by directly minimizing
pixel-to-pixel dissimilarities, a different class of algorithms works by
extracting a sparse set of features and then matching these to each
other [7,30,35,38,129,227]. Feature-based approaches have the advan-
tage of being more robust against scene movement and are potentially
faster, if implemented the right way. Their biggest advantage, how-

" i.e., to automatically dis-

ever, is the ability to “recognize panoramas,’
cover the adjacency (overlap) relationships among an unordered set of
images, which makes them ideally suited for fully automated stitching
of panoramas taken by casual users [30].

What, then, are the essential problems in image alignment and
stitching? For image alignment, we must first determine the appro-
priate mathematical model relating pixel coordinates in one image

to pixel coordinates in another. Section 2 reviews these basic motion
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models. Next, we must somehow estimate the correct alignments relat-
ing various pairs (or collections) of images. Section 3 discusses how
direct pixel-to-pixel comparisons combined with gradient descent (and
other optimization techniques) can be used to estimate these parame-
ters. Section 4 discusses how distinctive features can be found in each
image and then efficiently matched to rapidly establish correspondences
between pairs of images. When multiple images exist in a panorama,
techniques must be developed to compute a globally consistent set of
alignments and to efficiently discover which images overlap one another.
These issues are discussed in Section 5.

For image stitching, we must first choose a final compositing surface
onto which to warp and place all of the aligned images (Section 6).
We also need to develop algorithms to seamlessly blend overlapping
images, even in the presence of parallax, lens distortion, scene motion,
and exposure differences (Section 6). In the last section of this survey,
additional applications of image stitching and open research problems
were discussed.
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Motion Models

Before we can register and align images, we need to establish the math-
ematical relationships that map pixel coordinates from one image to
another. A variety of such parametric motion models are possible, from
simple 2D transforms, to planar perspective models, 3D camera rota-
tions, lens distortions, and the mapping to nonplanar (e.g., cylindrical)
surfaces [194].

To facilitate working with images at different resolutions, we adopt
a variant of the normalized device coordinates used in computer graph-
ics [145,216]. For a typical (rectangular) image or video frame, we
let the pixel coordinates range from [—1,1] along the longer axis, and
[—a,a] along the shorter, where a is the inverse of the aspect ratio, as
shown in Figure 2.1.! For an image with width W and height H, the
equations mapping integer pixel coordinates & = (7,7) to normalized
device coordinates = (x,y) are

2w -W 2y — H
s s

x and y= where S =max(W,H). (2.1)

I In computer graphics, it is usual to have both axes range from [—1,1], but this requires
the use of two different focal lengths for the vertical and horizontal dimensions, and makes
it more awkward to handle mixed portrait and landscape mode images.

4
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Fig. 2.1 Mapping from pixel coordinates to normalized device coordinates.

Note that if we work with images in a pyramid, we need to halve the
S value after each decimation step rather than recomputing it from
max (W, H), since the (W, H) values may get rounded off or truncated
in an unpredictable manner. Note that for the rest of this paper, we use
normalized device coordinates when referring to pixel coordinates.

2.1 2D (planar) Motions
Having defined our coordinate system, we can now describe how coor-
dinates are transformed. The simplest transformations occur in the 2D
plane and are illustrated in Figure 2.2.
Translation 2D translations can be written as @' = + t or

o =[It]z, (2.2)

where I is the (2 x 2) identity matrix and & = (z,y,1) is the homoge-
neous or projective 2D coordinate.

e
translation

_—r

-
Euclidean %e >

Fig. 2.2 Basic set of 2D planar transformations.
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Rotation + Translation This transformation is also known as 2D
rigid body motion or the 2D Fuclidean transformation (since Euclidean
distances are preserved). It can be written as ' = Rx + t or

' =R t|z, (2.3)

where

(2.4)

cosf) —sinf
R [sin@ COSH]

is an orthonormal rotation matrix with RRT = I and |R| = 1.

Scaled Rotation Also known as the similarity transform, this trans-
form can be expressed as ' = sRx + t, where s is an arbitrary scale
factor. It can also be written as
- bt .
' =[sR t] &= " &, (2.5)
b a t,

where we no longer require that a? + b?> = 1. The similarity transform
preserves angles between lines.

Affine The affine transform is written as '’ = Az, where A is an
arbitrary 2 x 3 matrix, i.e.,
a a a2 | -
z = [ 00 @01 02] & (2.6)
alp air a2

Parallel lines remain parallel under affine transformations.

Projective This transform, also known as a perspective transform or
homography, operates on homogeneous coordinates & and Z’,

' ~ Hz, (2.7)

where ~ denotes equality up to scale and H is an arbitrary 3 x 3

matrix. Note that H is itself homogeneous, i.e., it is only defined up to

a scale. The resulting homogeneous coordinate £ must be normalized
in order to obtain an inhomogeneous result &', i.e.,

; hoox + ho1y + hoz ; hioz + hiy + hao

T = and y = .

haox + ha1y + hoa haox + ha1y + hoa
Perspective transformations preserve straight lines.

(2.8)
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Table 2.1 Hierarchy of 2D coordinate transformations. The 2 X 3 matrices are extended

with a third [0T 1] row to form a full 3 x 3 matrix for homogeneous coordinate
transformations.

Name Matrix Number of d.o.f. Preserves Icon
Translation [ It ] 2% 3 2 Orientation +--- D
Rigid (Euclidean) [RIt],, 3 Lengths +--- Q
Similarity [sR|t] v 4 Angles +- - Q
Affine [A ]2><3 6 Parallelism +--- D
Projective [ H ]3><3 8 Straight lines \j

Hierarchy of 2D Transformations The preceding set of transfor-
mations are illustrated in Figure 2.2 and summarized in Table 2.1. The
easiest way to think of these is as a set of (potentially restricted) 3 x 3
matrices operating on 2D homogeneous coordinate vectors. Hartley and
Zisserman [86] contains a more detailed description of the hierarchy of
2D planar transformations.

The above transformations form a nested set of groups, i.e., they
are closed under composition and have an inverse that is a member of
the same group. Each (simpler) group is a subset of the more complex
group below it.

2.2 3D Transformations

A similar nested hierarchy exists for 3D coordinate transformations
that can be denoted using 4 x 4 transformation matrices, with 3D
equivalents to translation, rigid body (Euclidean) and affine transfor-
mations, and homographies (sometimes called collineations) [86].

The process of central projection maps 3D coordinates p = (X,Y, Z)
to 2D coordinates = (x,y,1) through a pinhole at the camera origin
onto a 2D projection plane a distance f along the z axis,

X

r=f%. y=iy, (2.9
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B2 / 4

XY2)

Fig. 2.3 Central projection, showing the relationship between the 3D and 2D coordinates
p and x, as well as the relationship between the focal length f and the field of view 6.

as shown in Figure 2.3. The relationship between the (unit-less) focal
length f and the field of view 0 is given by

= tang or 6=2tan"! 1 (2.10)
2 f
To convert the focal length f to its more commonly used 35 mm equiv-
alent, multiply the above number by 17.5 (the half-width of a 35 mm
photo negative frame). To convert it to pixel coordinates, multiply it
by S/2 (half-width for a landscape photo).
In the computer graphics literature, perspective projection is often
written as a permutation matrix that permutes the last two elements
of homogeneous 4-vector p = (X,Y,Z,1),

D, (2.11)

o O O =
S O = O
o O O
O = O O

followed by a scaling and translation into screen and z-buffer
coordinates.

In computer vision, it is traditional to drop the z-buffer values, since
these cannot be sensed in an image and to write

f 0 0
&~ [0 0 0|p=[K|o0]p, (2.12)
0 10

(==
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where K = diag(f, f,1) is called the intrinsic calibration matrix.? This
matrix can be replaced by a more general upper-triangular matrix K
that accounts for nonsquare pixels, skew, and a variable optic center
location [86]. However, in practice, the simple focal length scaling used
above provides high-quality results when stitching images from regular
cameras.

In this paper, I prefer to use a 4 x 4 projection matriz, P,

z%rv[;g ?]p:Pp, (2.13)

which maps the homogeneous 4-vector p = (X,Y, Z,1) to a special kind
of homogeneous screen vector & = (x,y,1,d). This allows me to denote
the upper-left 3 x 3 portion of the projection matrix P as K (making
it compatible with the computer vision literature), while not dropping
altogether the inverse screen depth information d (which is also some-
times called the disparity d [144]). This latter quantity is necessary
to reason about mappings between images of a 3D scene, as described
below.

What happens when we take two images of a 3D scene from dif-
ferent camera positions and/or orientations (Figure 2.4a)? A 3D point
p gets mapped to an image coordinate xy in camera 0 through the

p=WXYZ1)

(a) (b)

Fig. 2.4 A point is projected into two images: (a) relationship between the 3D point coor-
dinate (X,Y,Z,1) and the 2D projected point (z,y,1,d); (b) planar homography induced
by points all lying on a common place g - p + co = 0.

2 The last column of K usually contains the optical center (cg,cy), but this can be set to
zero if we use normalized device coordinates.
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combination of a 3D rigid-body (Euclidean) motion Ej,

Ry t
Ty = {019 10] p = Eop, (2.14)

and a perspective projection Py,
ii?() ~ PoEop. (2.15)

Assuming that we know the z-buffer value dy for a pixel in one image,
we can map it back to the 3D coordinate p using

p~E;'P g (2.16)
and then project it into another image yielding
&1~ P1E1p= P E1E;' Py &) = M1oZo. (2.17)

Unfortunately, we do not usually have access to the depth coordi-
nates of pixels in a regular photographic image. However, for a planar
scene, we can replace the last row of Py in (2.13) with a general plane
equation, ng - p + co that maps points on the plane to dy = 0 values
(Figure 2.4b). Then, if we set dyp =0, we can ignore the last column
of M in (2.17) and also its last row, since we do not care about the
final z-buffer depth. The mapping equation (2.17) thus reduces to

&1 ~ H oo, (2.18)

where H g is a general 3 x 3 homography matrix and &; and &, are
now 2D homogeneous coordinates (i.e., 3-vectors) [193,194].3 This jus-
tifies the use of the 8-parameter homography as a general alignment
model for mosaics of planar scenes [124,194].4

3 For points off the reference plane, we get out-of-plane parallaz motion, which is why this
representation is often called the plane plus parallax representation [110,165,196].

4Note that for a single pair of images, the fact that a 3D plane is being viewed by a set
of rigid cameras does not reduce the total number of degrees of freedom. However, for a
large collection of images taken of a planar surface (e.g., a whiteboard) from a calibrated
camera, we could reduce the number of degrees of freedom per image from 8 to 6 by
assuming that the plane is at a canonical location (e.g., 2 =1).
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11,:
(0,0,0,1)p=0

Xo = (Xo,yo,ﬁ)) X, = (x1:Y1: 1)
R

Fig. 2.5 Pure 3D camera rotation. The form of the homography (mapping) is particularly
simple and depends only on the 3D rotation matrix and focal lengths.

Rotational Panoramas The more interesting case is when the cam-
era undergoes pure rotation (Figure 2.5), which is equivalent to assum-
ing all points are very far from the camera, i.e., on the plane at infinity.
Setting tg = t; = 0, we get the simplified 3 x 3 homography

I:IIOZKIRIREIKEI :K1R10K61, (2.19)

where K = diag(fk, fx,1) is the simplified camera intrinsic matrix
[194]. This can also be re-written as

x1 fi £ 0
yi| ~ fi Ry it Yo (2.20)
1 1 1 1
or
x1 xo
y1| ~Rio |yo| (2.21)
f1 fo

which reveals the simplicity of the mapping equations and makes all
of the motion parameters explicit. Thus, instead of the general 8-
parameter homography relating a pair of images, we get the 3-, 4-,
or 5-parameter 3D rotation motion models corresponding to the cases
where the focal length f is known, fixed, or variable [199]. Estimating
the 3D rotation matrix (and optionally, focal length) associated with



12 Motion Models

each image is intrinsically more stable than estimating a full 8-d.o.f.
homography, which makes this the method of choice for large-scale
image stitching algorithms [30,178,199].

Parametrizing 3D Rotations If we are going to represent panora-
mas using a combination of rotations and focal lengths, what is the
best way to represent the rotations themselves? The choices include:

e the full 3 x 3 matrix R, which has to be re-orthonormalized
after each update;

e Euler angles (a,/3,7), which are a bad idea as you cannot
always move smoothly from one rotation to another;

e the axis/angle (or exponential twist) representation, which
represents the rotation by an axis n and a rotation angle 6,
or the product of the two,

b= 0n = (wg, wy, w;), (2.22)

which has the minimal number of 3-parameters, but is still
not unique;

e and unit quaternions, which represent rotations with unit
4-vectors,

q = (v,y,z,w) = (v,w) = <sinzﬁ,cos§> , (2.23)

where n and 6 are the rotation axis and angle.

The rotation matrix corresponding to a rotation by 6 around an
axis n is

R(1,0) = I + sinf[A]x + (1 — cosh)[n]2, (2.24)

which is known as Rodriguez’s formula [5], and [72]« is the matrix form
of the cross-product operator,

Al =] f. 0 —ngl. (2.25)
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For small (infinitesimal) rotations, the rotation reduces to
R(&)~ I+ 0n|x =1+ [J]«. (2.26)
Using the trigonometric identities
0 0
sinf = QSingcosi =2||v||w
and
o0 2
(1 — cosf) = 2sin 3= 2||v]|*,
Rodriguez’s formula for a quaternion can be converted to
R(q) = I + sinf[n]x + (1 — cosh)[n)%
= I + 2wlv]x + 2[v]%. (2.27)

This suggests a quick way to rotate a vector by a quaternion using
a series of cross products, scalings, and additions. From this, we
can derive the commonly used formula for R(q) as a function of
q=(z,y,z,w),
1—2(y%+2%) 2(zy — zw) 2(xz + yw)
R(q)=| 2(xy+zw) 1-22%+2%) 2yz— 2w)
2(zz — yw) 2(yz + zw) 1 —2(2? + ?)
(2.28)
The diagonal terms can be made more symmetrical by replacing 1 —
2(y? + 2?%) with (22 + w? — y? — 2?), etc.

Between the axis/angle representation and quaternions, I generally
prefer unit quaternions, because they possess a nice algebra that makes
it easy to take products (compositions), ratios (change in rotation), and
linear interpolations [174]. For example, the product of two quaternions
qo = (vo,wp) and q; = (v1,w) is given by

gs = qpq; = (Vo X V1 + wev] + W1VY, Wow — Vg - V1), (2.29)

with the property that R(q,) = R(qy)R(q;). (Note that quaternion
multiplication is not commutative, just as 3D rotations and matrix
multiplications are not.) Taking the inverse of a quaternion is also easy:
just flip the sign of v or w (but not both!). However, when it comes
time to update rotation estimates, I use an incremental form of the
axis/angle representation (2.26), as described in Subsection 4.3.
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2.3 Cylindrical and Spherical Coordinates

An alternative to using homographies or 3D motions to align images
is to first warp the images into cylindrical coordinates and to then use
a pure translational model to align them [43,193]. Unfortunately, this
only works if the images are all taken with a level camera or with a
known tilt angle.

Assume for now that the camera is in its canonical position, i.e.,
its rotation matrix is the identity, R = I, so that the optic axis is
aligned with the z axis and the y axis is aligned vertically. The 3D ray
corresponding to an (x,y) pixel is therefore (z,y, f).

We wish to project this image onto a cylindrical surface of unit
radius [193]. Points on this surface are parameterized by an angle 6
and a height h, with the 3D cylindrical coordinates corresponding to
(0,h) given by

(sinf,h,cosf) < (x,y, f), (2.30)

as shown in Figure 2.6a. From this correspondence, we can compute
the formula for the warped or mapped coordinates [199],

/

x
2’ = s0 =stan"' —, (2.31)
f
¥
vt + f2
where s is an arbitrary scaling factor (sometimes called the radius of the
cylinder) that can be set to s = f to minimize the distortion (scaling)

y =sh=s (2.32)

/'p=(X,Y,Z)

p=XY2)
m (sind,h,cos6) b (sinf cosep, sing,
4 \ G, Jcosdcom)

(a) (b)

Fig. 2.6 Projection from 3D to cylindrical and spherical coordinates.
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near the center of the image.? The inverse of this mapping equation is
given by
l'/
x = ftanf = ftan—, (2.33)
s

/ /

/
y:h\/a:2+f2=gf 1+tan2x’/5:f£secx—. (2.34)
s s s

Images can also be projected onto a spherical surface [199], which
is useful if the final panorama includes a full sphere or hemisphere
of views, instead of just a cylindrical strip. In this case, the sphere
is parameterized by two angles (6,¢), with 3D spherical coordinates
given by

(sinf cos ¢, sin ¢, cosfcosp) x (z,y, f), (2.35)

as shown in Figure 2.6b. The correspondence between coordinates is
now given by [199]

2’ = s0 = stan™? ? (2.36)
’ -1 Y
Yy = s¢ =stan T ———, 2.37
Va2 + f? (2.37)
while the inverse is given by
.',U,
x = ftanf = ftan—, (2.38)
s
/
y =22+ f2tan¢ = tany—f 1+ tan?z'/s
s
y/ /
= ftan = sec —. (2.39)
s s

Note that it may be simpler to generate a scaled (x,y,2) direction from
(2.35) followed by a perspective division by z and a scaling by f.
Cylindrical image stitching algorithms are most commonly used
when the camera is known to be level and only rotating around its ver-
tical axis [43]. Under these conditions, images at different rotations are

5The scale can also be set to a larger or smaller value for the final compositing surface,
depending on the desired output panorama resolution — see Section 6.
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Fig. 2.7 An example of a cylindrical panorama: (a) two cylindrically warped images related
by a horizontal translation; (b) part of a cylindrical panorama composited from a sequence
of images.

related by a pure horizontal translation.® This makes it attractive as an
initial class project in an introductory computer vision course, since the
full complexity of the perspective alignment algorithm (Subsections 3.5
and 4.3) can be avoided. Figure 2.7 shows how two cylindrically warped
images from a leveled rotational panorama are related by a pure trans-
lation [199].

Professional panoramic photographers sometimes also use a pan-
tilt head that makes it easy to control the tilt and to stop at specific
detents in the rotation angle. This not only ensures a uniform cover-
age of the visual field with a desired amount of image overlap, but also
makes it possible to stitch the images using cylindrical or spherical coor-
dinates and pure translations. In this case, pixel coordinates (z,y, f)
must first be rotated using the known tilt and panning angles before
being projected into cylindrical or spherical coordinates [43]. Having
a roughly known panning angle also makes it easier to compute the
alignment, since the rough relative positioning of all the input images
is known ahead of time, enabling a reduced search range for alignment.
Figure 2.8 shows a full 3D rotational panorama unwrapped onto the
surface of a sphere [199].

One final coordinate mapping worth mentioning is the polar map-
ping where the north pole lies along the optic axis rather than the

6Small vertical tilts can sometimes be compensated for with vertical translations.
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Fig. 2.8 An example of a spherical panorama constructed from 54 photographs.

vertical axis,

(cosfsin¢,sinfsing,cosp) = s (x,y, 2). (2.40)
In this case, the mapping equations become
' = spcosf = s—tan"! (2.41)
r z
y = s¢sinf = s%tan_l 2, (2.42)

where r = \/x? + y? is the radial distance in the (x,y) plane and s¢
plays a similar role in the (z/,3’) plane. This mapping provides an
attractive visualization surface for certain kinds of wide-angle panora-
mas and is also a good model for the distortion induced by fisheye
lenses, as discussed in Subsection 2.4. Note how for small values of
(z,y), the mapping equations reduces to 2’ & sz/z, which suggests that
s plays a role similar to the focal length f.

2.4 Lens Distortions

When images are taken with wide-angle lenses, it is often necessary to
model lens distortions such as radial distortion. The radial distortion
model says that coordinates in the observed images are displaced away
(barrel distortion) or toward (pincushion distortion) the image center
by an amount proportional to their radial distance (Figures 2.9a and b).
The simplest radial distortion models use low-order polynomials, e.g.,

= x(1 + kyr? + rar?),

2.43
y =y + rr? + ror?), (243)
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Fig. 2.9 Examples of radial lens distortion: (a) barrel, (b) pincushion, and (c) fisheye. The
fisheye image spans almost a complete 180° from side-to-side.

224 y2 and k1 and k9 are called the radial distortion

where r
parameters 28, 181].7 More complex distortion models also include tan-
gential (decentering) distortions [181], but these are usually not neces-
sary for consumer-level stitching.

A variety of techniques can be used to estimate the radial distortion
parameters for a given lens. One of the simplest and most useful is to
take an image of a scene with a lot of straight lines, especially lines
aligned with and near the edges of the image. The radial distortion
parameters can then be adjusted until all of the lines in the image are
straight, which is commonly called the plumb line method [28,57,101].

Another approach is to use several overlapping images and to com-
bine the estimation of the radial distortion parameters together with
the image alignment process. Sawhney and Kumar [167] use a hierar-
chy of motion models (translation, affine, and projective) in a coarse-
to-fine strategy coupled with a quadratic radial distortion correction
term. They use direct (intensity-based) minimization to compute the
alignment. Stein [187] uses a feature-based approach combined with
a general 3D motion model (and quadratic radial distortion), which
requires more matches than a parallax-free rotational panorama but is
potentially more general. More recent approaches sometimes simulta-
neously compute both the unknown intrinsic parameters and the radial

7 Sometimes the relationship between x and z’ is expressed the other way around, i.e., using
primed (final) coordinates on the right-hand side.
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distortion coefficients, which may include higher order terms or more
complex rational or nonparametric forms [13,45,84,185,189,201,204].

Fisheye lenses require a different model than traditional polynomial
models of radial distortion (Figure 2.9¢). Instead, fisheye lenses behave,
to a first approximation, as equi-distance projectors of angles away from
the optic axis [222], which is the same as the polar projection described
by Equations (2.40)—(2.42). Xiong and Turkowski [222] describe how
this model can be extended with the addition of an extra quadratic
correction in ¢, and how the unknown parameters (center of projec-
tion, scaling factor s, etc...) can be estimated from a set of overlapping
fisheye images using a direct (intensity-based) nonlinear minimization
algorithm.

Even more general models of lens distortion exist. For example,
one can represent any lens as a mapping of pixel to rays in space [39,
75,76,202], either represented as a dense mapping or using a sparser
interpolated smooth function such as a spline [39, 70].



3

Direct (pixel-based) Alignment

Once we have chosen a suitable motion model to describe the alignment
between a pair of images, we need to devise some method to estimate
its parameters. One approach is to shift or warp the images relative to
each other and to look at how much the pixels agree. Approaches that
use pixel-to-pixel matching are often called direct methods, as opposed
to the feature-based methods described in the next section.

To use a direct method, a suitable error metric must first be chosen
to compare the images. Once this has been established, a suitable search
technique must be devised. The simplest technique is to exhaustively
try all possible alignments, i.e., to do a full search. In practice, this may
be too slow, so hierarchical coarse-to-fine techniques based on image
pyramids have been developed. Alternatively, Fourier transforms can
be used to speed up the computation. To get sub-pixel precision in the
alignment, incremental methods based on a Taylor series expansion
of the image function are often used. These can also be applied to
parametric motion models. Each of these techniques is described in
more detail below.

20
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3.1 Error Metrics

The simplest way to establish an alignment between two images is
to shift one image relative to the other. Given a template image Iy(x)
sampled at discrete pixel locations {x; = (z;,y;)}, we wish to find where
it is located in image I (x). A least-squares solution to this problem is
to find the minimum of the sum of squared diﬁerences (SSD) function

Egssp(u) = Z[Il(iﬂz + u) — Ip(x;)] Ze“ (3.1)
7
where u = (u,v) is the displacement, and e; = I (x; + w) — Io(x;) is
called the residual error (or the displaced frame difference in the video
coding literature).! (We ignore for the moment the possibility that
parts of Iy may lie outside the boundaries of I; or be otherwise not
visible.)

In general, the displacement u can be fractional, so a suitable inter-
polation function must be applied to image I;(x). In practice, a bilinear
interpolant is often used, but bi-cubic interpolation should yield slightly
better results. Color images can be processed by summing differences
across all three color channels, although it is also possible to first trans-
form the images into a different color space or to only use the luminance
(which is often done in video encoders).

Robust Error Metrics We can make the above error metric more
robust to outliers by replacing the squared error terms with a robust
function p(e;) [22 78,92,188] to obtain

Esrp(u Zp (I1(x; + uw) — Io(x;)) Zp €;). (3.2)

The robust norm p(e) is a function that grows less quickly than the
quadratic penalty associated with least squares. One such function,
sometimes used in motion estimation for video coding because of its
speed, is the sum of absolute differences (SAD) metric, i.e.,

Esap(u Z\Il x; +u) — Ip(z;)| = Z\ez\ (3.3)

I The usual justification for using least squares is that it is the optimal estimate with respect
to Gaussian noise. See the discussion below on robust alternatives.
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However, since this function is not differentiable at the origin, it is not
well suited to gradient-descent approaches such as the ones presented
in Subsection 3.4.

Instead, a smoothly varying function that is quadratic for small
values but grows more slowly away from the origin is often used. Black
and Rangarajan [24] discuss a variety of such functions, including the
Geman—McClure function,

$2

T 1+ 22 Ja?’
where a is a constant that can be thought of as an outlier threshold. An
appropriate value for the threshold can itself be derived using robust
statistics [78,92,163], e.g., by computing the median of absolute dif-
ferences, MAD = med;|e;|, and multiplying by 1.4 to obtain a robust

pem () (3.4)

estimate of the standard deviation of the nonoutlier noise process [188].

Spatially Varying Weights The error metrics above ignore the fact
that for a given alignment, some of the pixels being compared may lie
outside the original image boundaries. Furthermore, we may want to
partially or completely downweight the contributions of certain pixels.
For example, we may want to selectively “erase” some parts of an image
from consideration, e.g., when stitching a mosaic where unwanted fore-
ground objects have been cut out. For applications such as background
stabilization, we may want to downweight the middle part of the image,
which often contains independently moving objects being tracked by
the camera.

All of these tasks can be accomplished by associating a spatially
varying per-pixel weight value with each of the two images being
matched. The error metric then become the weighted (or windowed)
SSD function,

EWSSD(U) = Zw0($)w1($l + u) [Il (acl + u) — Io(mi)]2, (35)

where the weighting functions wg and w; are zero outside the valid
ranges of the images.

If a large range of potential motions is allowed, the above metric
can have a bias toward smaller overlap solutions. To counteract this
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bias, the windowed SSD score can be divided by the overlap area

to compute a per-pizel (or mean) squared pixel error. The square root
of this quantity is the root mean squared intensity error

RMS = v/BEwssp/A, (3.7)

often seen reported in comparative studies.

Bias and Gain (exposure differences) Often, the two images
being aligned were not taken with the same exposure. A simple model
of linear (affine) intensity variation between the two images is the bias
and gain model,

L +u) = (1 + a)lo(z) + 5, (3.8)

where (3 is the bias and « is the gain [12,66,68,123]. The least squares
formulation then becomes

Epg(u) = Z[h(l’z’ +u) — (1+ a)lo(zi) — f)?
- Z[afo(wi) + 3 — el (3.9)

Rather than taking a simple squared difference between corresponding
patches, it becomes necessary to perform a linear regression, which is
somewhat more costly. Note that for color images, it may be necessary
to estimate a different bias and gain for each color channel to com-
pensate for the automatic color correction performed by some digital
cameras.

A more general (spatially varying nonparametric) model of inten-
sity variation, which is computed as part of the registration process, is
presented in [97]. This can be useful for dealing with local variations
such as the vignetting caused by wide-angle lenses. It is also possible
to pre-process the images before comparing their values, e.g., by using
band-pass filtered images [20,34] or using other local transformations
such as histograms or rank transforms [48,225], or to maximize mutual
information [108,214].
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Correlation An alternative to taking intensity differences is to per-
form correlation, i.e., to maximize the product (or cross-correlation) of
the two aligned images,

Ecc(u) = Zlo(mi)ll(a:i + u). (3.10)

At first glance, this may appear to make bias and gain modeling unnec-
essary, since the images will prefer to line up regardless of their relative
scales and offsets. However, this is actually not true. If a very bright
patch exists in [;(x), the maximum product may actually lie in that
area.

For this reason, normalized cross-correlation is more commonly

used,
Ence(u) = 2illol) - io] i+ ) Ti] : (3.11)
VEillo(a) — ToPIT (s + u) — )2
where
To = ;Zlo(mi) and (3.12)
I = ]1]211(2132- + u) (3.13)

are the mean images of the corresponding patches and N is the number
of pixels in the patch. The normalized cross-correlation score is always
guaranteed to be in the range [—1,1], which makes it easier to handle
in some higher-level applications (such as deciding which patches truly
match). Note, however, that the NCC score is undefined if either of the
two patches has zero variance (and in fact, its performance degrades
for noisy low-contrast regions).

3.2 Hierarchical Motion Estimation

Now that we have defined an alignment cost function to optimize, how
do we find its minimum? The simplest solution is to do a full search
over some range of shifts, using either integer or sub-pixel steps. This
is often the approach used for block matching in motion compensated
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video compression, where a range of possible motions (say +16 pixels)
is explored.?

To accelerate this search process, hierarchical motion estimation is
often used, where an image pyramid is first constructed, and a search
over a smaller number of discrete pixels (corresponding to the same
range of motion) is first performed at coarser levels [3,20, 154]. The
motion estimate from one level of the pyramid can then be used to
initialize a smaller local search at the next finer level. While this is not
guaranteed to produce the same result as full search, it usually works
almost as well and is much faster.

More formally, let

10 (@) — 179 (2a;) (3.14)

be the decimated image at level | obtained by subsampling (downsam-
pling) a smoothed (pre-filtered) version of the image at level [ — 1. At
the coarsest level, we search for the best displacement u() that mini-
mizes the difference between images Iél) and [ fl). This is usually done
using a full search over some range of displacements u(") € 27—, 52
(where S is the desired search range at the finest (original) resolution
level), optionally followed by the incremental refinement step described
in Subsection 3.4.

Once a suitable motion vector has been estimated, it is used to
predict a likely displacement

al=D — 240 (3.15)

for the next finer level.? The search over displacements is then repeated
at the finer level over a much narrower range of displacements, say
al=b + 1, again optionally combined with an incremental refinement
step [3]. A nice description of the whole process, extended to parametric
motion estimation (Subsection 3.5), can be found in [20].

2In stereo matching, an explicit search over all possible disparities (i.e., a plane sweep) is
almost always performed, since the number of search hypotheses is much smaller due to
the 1D nature of the potential displacements [170].

3This doubling of displacements is only necessary if displacements are defined in integer
pizel coordinates, which is the usual case in the literature, e.g., [20]. If normalized device
coordinates (Section 2) are used instead, the displacements (and search ranges) need not
change from level to level, although the step sizes will need to be adjusted (to keep search
steps of roughly one pixel).



26  Direct (pixel-based) Alignment

3.3 Fourier-Based Alignment

When the search range corresponds to a significant fraction of the larger
image (as is the case in image stitching), the hierarchical approach
may not work that well, since it is often not possible to coarsen the
representation too much before significant features get blurred away.
In this case, a Fourier-based approach may be preferable.

Fourier-based alignment relies on the fact that the Fourier transform
of a shifted signal has the same magnitude as the original signal but
linearly varying phase, i.e.,

Fih(z +w)}=F{L(@)}e W =1, (p)e 2 f (3.10)

where f is the vector-valued frequency of the Fourier transform and
we use calligraphic notation Z;(f) = F{Ii(x)} to denote the Fourier
transform of a signal [146, p. 57].

Another useful property of Fourier transforms is that convolution
in the spatial domain corresponds to multiplication in the Fourier
domain [146, p. 58]. Thus, the Fourier transform of the cross-correlation
function Ecc can be written as

7

F{Ecc(u)} = f{zfo(wi)fl(ﬂ?i + U)}

= F{lo(w)*h(uw)} = Zo(f)Zi (f), (3.17)

where

flu)Fg(u) = Zf(m)g(:ci +u) (3.18)

is the correlation function, i.e., the convolution of one signal with the
reverse of the other, and Z7(f) is the complex conjugate of Z;(f). (This
is because convolution is defined as the summation of one signal with
the reverse of the other [146].)

Thus, to efficiently evaluate Ecc over the range of all possible val-
ues of u, we take the Fourier transforms of both images Ip(x) and
I (x), multiply both transforms together (after conjugating the second
one), and take the inverse transform of the result. The Fast Fourier
Transform algorithm can compute the transform of an N x M image
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in O(NMlog NM) operations [146]. This can be significantly faster
than the O(N2M?) operations required to do a full search when the
full range of image overlaps is considered.

While Fourier-based convolution is often used to accelerate the com-
putation of image correlations, it can also be used to accelerate the sum
of squared differences function (and its variants) as well. Consider the
SSD formula given in (3.1). Its Fourier transform can be written as

F{Essp(u)} = f{Z[h(%‘ +u) - Io(ivz')]Q}

7

= 0(f) Y _(xi) + [ (@i)] - 2To(HZT(F).  (3.19)

i

Thus, the SSD function can be computed by taking twice the corre-
lation function and subtracting it from the sum of the energies in the
two images.

Windowed Correlation Unfortunately, the Fourier convolution
theorem only applies when the summation over x; is performed over
all the pixels in both images, using a circular shift of the image when
accessing pixels outside the original boundaries. While this is accept-
able for small shifts and comparably sized images, it makes no sense
when the images overlap by a small amount or one image is a small
subset of the other.

In that case, the cross-correlation function should be replaced with
a windowed (weighted) cross-correlation function,

Ewce(u) = Zwo(mi)fo(fci) wi(x; +u)li(x; +u), (3.20)

(2

= [wo(z)lo(x)|*[w1(x) 1 (z)], (3.21)

where the weighting functions wg and w; are zero outside the valid
ranges of the images, and both images are padded so that circular
shifts return 0 values outside the original image boundaries.
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An even more interesting case is the computation of the weighted
SSD function introduced in (3.5),

Ewssp(u) = Zwo(sc)wl(wi + W)l (z; + u) — Io(x;)]?

— wo(e)Fwi (@) (@) + [wo(@) (@) 7wy ()
—2[wo(x) Lo (x)]*[w ()1 (x)]. (3.22)

The Fourier transform of the resulting expression is therefore

F{Bwssp(w)} = Wo(£)Si(f) + So(F)Wi (f) — 2Zo(F)Z; (f), (3.23)

where
Wo = Fluo(x)}, Wi = Flun(x)},
I() = F{wo(a:)fo(m)}, Il = .7:{11)1(:12)]1(:12)}, (3.24)

So = Flwo(x)I3(x)}, and S = Fl{wi(z)I?(z)}

are the Fourier transforms of the weighting functions and the weighted
original and squared image signals. Thus, for the cost of a few additional
image multiplies and Fourier transforms, the correct windowed SSD
function can be computed. (To my knowledge, I have not seen this
formulation written down before, but I have been teaching it to students
for several years now.)

The same kind of derivation can be applied to the bias-gain cor-
rected sum of squared difference function Epg. Again, Fourier trans-
forms can be used to efficiently compute all the correlations needed
to perform the linear regression in the bias and gain parameters to
estimate the exposure-compensated difference for each potential shift.

Phase Correlation A variant of regular correlation (3.17) that is
sometimes used for motion estimation is phase correlation [29,109].
Here, the spectrum of the two signals being matched is whitened by
dividing each per-frequency product in (3.17) by the magnitudes of the
Fourier transforms,

 T(HIES)
FABec(W} = e e m (A

(3.25)
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before taking the final inverse Fourier transform. In the case of noiseless
signals with perfect (cyclic) shift, we have I (x + u) = Ip(x), and hence
from (3.16), we obtain

F{h(x +w)} = Ti(fle ?™*F =Ty(f) and
F{Epc(u)} = e 2mus, (3.26)

The output of phase correlation (under ideal conditions) is therefore
a single spike (impulse) located at the correct value of w, which (in
principle) makes it easier to find the correct estimate.

Phase correlation has a reputation in some quarters of outperform-
ing regular correlation, but this behavior depends on the characteristics
of the signals and noise. If the original images are contaminated by
noise in a narrow frequency band (e.g., low-frequency noise or peaked
frequency “hum”), the whitening process effectively de-emphasizes
the noise in these regions. However, if the original signals have very
low signal-to-noise ratio at some frequencies (say, two blurry or low-
textured images with lots of high-frequency noise), the whitening
process can actually decrease performance. Recently, gradient cross-
correlation has emerged as a promising alternative to phase correla-
tion [4], although further systematic studies are probably warranted.
Phase correlation has also been studied by Fleet and Jepson [61] as a
method for estimating general optical flow and stereo disparity.

Rotations and Scale While Fourier-based alignment is mostly used
to estimate translational shifts between images, it can, under certain
limited conditions, also be used to estimate in-plane rotations and
scales. Consider two images that are related purely by rotation, i.e.,

I (Rx) = Iy(x). (3.27)
If we re-sample the images into polar coordinates,

Io(r,0) = Iy(rcosf,rsinf) and (3.28)
I, (r,0) = I (rcosf,rsinf),

we obtain

I (r,0 + 0) = Io(r,0). (3.29)
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The desired rotation can then be estimated using an FFT shift-based
technique.
If the two images are also related by a scale,

L(e*Rx) = Iy(x), (3.30)
we can re-sample into log-polar coordinates,

Io(s,0) = In(e*cosB,e®sinf) and I;(s,0) = I1(e*cosh,e’sinf),
(3.31)
to obtain

Ii(s + 5,0 + ) = Iy(s,0). (3.32)

In this case, care must be taken to choose a suitable range of s values
that reasonably samples the original image.
For images that are also translated by a small amount,

I (e*Rx + t) = Io(x), (3.33)

De Castro and Morandi [51] proposed an ingenious solution that uses
several steps to estimate the unknown parameters. First, both images
are converted to the Fourier domain, and only the magnitudes of the
transformed images are retained. In principle, the Fourier magnitude
images are insensitive to translations in the image plane (although the
usual caveats about border effects apply). Next, the two magnitude
images are aligned in rotation and scale using the polar or log-polar rep-
resentations. Once rotation and scale are estimated, one of the images
can be de-rotated and scaled, and a regular translational algorithm can
be applied to estimate the translational shift.

Unfortunately, this trick only applies when the images have large
overlap (small translational motion). For more general motion of
patches or images, the parametric motion estimator described in Sub-
section 3.5 or the feature-based approaches described in Section 4 need
to be used.

3.4 Incremental Refinement

The techniques described up till now can estimate translational align-
ment to the nearest pixel (or potentially fractional pixel if smaller
search steps are used). In general, image stabilization and stitching
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Fig. 3.1 Taylor series approximation of a function and the incremental computation of the
optic flow correction amount. Ji(x; + u) is the image gradient at (z; + u) and e; is the
current intensity difference.

applications require much higher accuracies to obtain acceptable
results.

To obtain better sub-pizrel estimates, we can use one of several tech-
niques [205]. One possibility is to evaluate several discrete (integer or
fractional) values of (u,v) around the best value found so far and to
interpolate the matching score to find an analytic minimum.

A more commonly used approach, first proposed by Lucas and
Kanade [123], is to do gradient descent on the SSD energy function
(3.1), using a Taylor Series expansion of the image function (Figure 3.1),

Erx-ssp(u + Au) = Z[Il(wz' +u+ Au) — Io(z;)]?

(2

~ Z[[l(azi +u)+ Ji(x; + u)Au

7

—In(xy))? (3.34)
= [Ji(@i + w)Au + ], (3.35)

where
Ji(xi+u)=Vh(x;, + u) = (%il, %Iyl> (z; +u) (3.36)

is the image gradient at (x; + u) and
e = Il(.’BZ‘ + u) — I()(:I}i), (3.37)

first introduced in (3.1), is the current intensity error.*

4We follow the convention, commonly used in robotics and in [9], that derivatives with
respect to (column) vectors result in row vectors, so that fewer transposes are needed in
the formulas.
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The above least squares problem can be minimized by solving the
associated normal equations [69],

AAu=b, (3.38)
where
A=) T (i + u) (@i + u) (3.39)
and
b=-) eJ| (z; + u) (3.40)

)

are called the (Gauss—Newton approximation of the) Hessian and
gradient-weighted residual vector, respectively.” These matrices are also
often written as

L_[zB s S LI
_lzmy 215] zmj’

where the subscripts in I, and I, denote spatial derivatives, and I; is

(3.41)

called the temporal derivative, which makes sense if we are computing
instantaneous velocity in a video sequence.

The gradients required for J1(x; + u) can be evaluated at the same
time as the image warps required to estimate I (x; + u), and in fact are
often computed as a side-product of image interpolation. If efficiency
is a concern, these gradients can be replaced by the gradients in the
template image,

Ji(x; + u) = Jo(x), (3.42)

since near the correct alignment, the template and displaced target
images should look similar. This has the advantage of allowing the pre-
computation of the Hessian and Jacobian images, which can result in
significant computational savings [9,77]. A further reduction in compu-
tation can be obtained by writing the warped image I (x; + u) used to
compute e; in (3.37) as a convolution of a sub-pixel interpolation filter

5The true Hessian is the full second derivative of the error function E, which may not be
positive definite.
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with the discrete samples in I; [149]. Pre-computing the inner product
between the gradient field and shifted version of I; allows the iterative
re-computation of e; to be performed in constant time (independent of
the number of pixels).

The effectiveness of the above incremental update rule relies on the
quality of the Taylor series approximation. When far away from the
true displacement (say 1-2 pixels), several iterations may be needed.
(It is possible, however, to estimate a value for J; using a least-squares
fit to a series of larger displacements in order to increase the range of
convergence [98].)

When started in the vicinity of the correct solution, only a few itera-
tions usually suffice. A commonly used stopping criterion is to monitor
the magnitude of the displacement correction ||u|| and to stop when
it drops below a certain threshold (say 1/10th of a pixel). For larger
motions, it is usual to combine the incremental update rule with a hier-
archical coarse-to-fine search strategy, as described in Subsection 3.2.

Conditioning and Aperture Problems Sometimes, the inversion
of the linear system (3.38) can be poorly conditioned because of lack
of two-dimensional texture in the patch being aligned. A commonly
occurring example of this is the aperture problem, first identified in
some of the early papers on optic flow [91] and then studied more
extensively by Anandan [3]. Consider an image patch that consists
of a slanted edge moving to the right (Figure 3.2). Only the normal

(a) (b) ()

Fig. 3.2 Aperture problems for different image patches: (a) stable (“corner-like”) flow;
(b) classic aperture problem (barber-pole illusion); (c) textureless region.
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component of the velocity (displacement) can be reliably recovered in
this case. This manifests itself in (3.38) as a rank-deficient matrix A,
i.e., one whose smaller eigenvalue is very close to zero.

When Equation (3.38) is solved, the component of the displacement
along the edge is very poorly conditioned and can result in wild guesses
under small noise perturbations. One way to mitigate this problem
is to add a prior (soft constraint) on the expected range of motions
[10,72,180]. This can be accomplished by adding a small value to the
diagonal of A, which essentially biases the solution toward smaller Au
values that still (mostly) minimize the squared error.

However, the pure Gaussian model assumed when using a simple
(fixed) quadratic prior, as in [180], does not always hold in practice,
e.g., because of aliasing along strong edges [206]. For this reason, it may
be prudent to add some small fraction (say 5%) of the larger eigenvalue
to the smaller one before doing the matrix inversion.

Uncertainty Modeling The reliability of a particular patch-based
motion estimate can be captured more formally with an uncertainty
model. The simplest such model is a covariance matriz, which cap-
tures the expected variance in the motion estimate in all possible direc-
tions. Under small amounts of additive Gaussian noise, it can be shown
that the covariance matrix Y4, is proportional to the inverse of the
Hessian A,

Yu=02A"" (3.43)

where o2 is the variance of the additive Gaussian noise [3, 128, 191].
For larger amounts of noise, the linearization performed by the Lucas—
Kanade algorithm in (3.35) is only approximate, so the above quantity
becomes the Cramer—Rao lower bound on the true covariance. Thus,
the minimum and maximum eigenvalues of the Hessian A can now be
interpreted as the (scaled) inverse variances in the least-certain and
most-certain directions of motion. (A more detailed analysis using a
more realistic model of image noise can be found in [184].)

6 The matrix A is by construction always guaranteed to be symmetric positive semi-definite,
i.e., it has real non-negative eigenvalues.
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Bias and Gain, Weighting, and Robust Error Metrics The
Lucas—Kanade update rule can also be applied to the bias—gain equa-
tion (3.9) to obtain

Brk-pc(u + Au) = [Ji(@; + w)Au + ¢; — alo(z;) — 8> (3.44)
7
[12,66,68,123]. The resulting 4 x 4 system of equations in can be solved
to simultaneously estimate the translational displacement update Awu
and the bias and gain parameters 3 and a.”
A similar formulation can be derived for images (templates) that
have a linear appearance variation,

Ii(z + u) ~ Iy(x +Z)\B (3.45)

where the Bj(x) are the basis images and the A; are the unknown
coefficients [11,12,77]. Potential linear appearance variations include
illumination changes [77] and small non-rigid deformations [23].

A weighted (windowed) version of the Lucas-Kanade algorithm is
also possible,

Erx_wssp(u + Au) = Zwo x)wy (z; + u)[J1(z; + u)Au + e;]2.

(3.46)
Note that here, in deriving the Lucas—Kanade update from the original
weighted SSD function (3.5), we have neglected taking the derivative
of wi(x; + u) weighting function with respect to w, which is usually
acceptable in practice, especially if the weighting function is a binary
mask with relatively few transitions.

Baker et al. [11] only use the wy(x) term, which is reasonable if
the two images have the same extent and no (independent) cutouts in
the overlap region. They also discuss the idea of making the weighting
proportional to VI(x), which helps for very noisy images, where the
gradient itself is noisy. Similar observation, formulated in terms of total
least squares [212], have been made by other researchers studying optic
flow (motion) estimation [6,139,217]. Lastly, Baker et al. [11] show how

7In practice, it may be possible to decouple the bias—gain and motion update parameters,
i.e., to solve two independent 2 X 2 systems, which is a little faster.
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evaluating (3.46) at just the most reliable (highest gradient) pixels does
not significantly reduce performance for large enough images, even if
only 5%—10% of the pixels are used. (This idea was originally proposed
by Dellaert and Collins [53], who used a more sophisticated selection
criterion.)

The Lucas—Kanade incremental refinement step can also be applied
to the robust error metric introduced in Subsection 3.1,

Erx-srp(u + Au) = Zp(Jl (x; + ©w)Au + ;). (3.47)

We can take the derivative of this function w.r.t. « and set it to 0,
Gei
Xi:lb(ei)au = Zizw(ei)Jl(iB +u) =0, (3.48)

where U(e) = p/(e) is the derivative of p. If we introduce a weight func-
tion w(e) = ¥(e)/e, we can write this as

Zw(ei)J{ (2 + u)[J 1 (2; + u)Au + ;] = 0. (3.49)

This results in the Iteratively Re-weighted Least Squares algorithm,
which alternates between computing the weight functions w(e;) and
solving the above weighted least squares problem [92,188]. Alternative
incremental robust least squares algorithms can be found in [11,22,24,
166] and textbooks and tutorials on robust statistics [78,92,163, 188].

3.5 Parametric Motion

Many image alignment tasks, for example image stitching with hand-
held cameras, require the use of more sophisticated motion models, as
described in Section 2. Since these models typically have more parame-
ters than pure translation, a full search over the possible range of values
is impractical. Instead, the incremental Lucas-Kanade algorithm can
be generalized to parametric motion models and used in conjunction
with a hierarchical search algorithm [9,20,66,123,157].

For parametric motion, instead of using a single constant translation
vector u, we use a spatially varying motion field or correspondence map,
' (x;p), parameterized by a low-dimensional vector p, where x’ can
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Table 3.1 Jacobians of the 2D coordinate transformations.

Transform Matrix Parameters Jacobian J g/
. 1 0 itz 1 0
Translation {0 1 ty] (tzsty) {0 1:|
. cy —So tz 1 0 —sgpx — coy
Euclidean {59 co ty] (te,ty,0) [0 1 cor — Soy
L 14+ a —b te 1 0 z -y
Similarity [ b 1+a tyi| (tz,ty,a,b) |:0 1y -
t 7t 7a b
Affine 1+a  ao1  te EL”” . ) Lo e w00
a0 14an it 01,010,011 0o 1 0 0 y
1+ hoo ho1 ho2
Projective hio 1+ hi1 hi2 (hoo, . ,h21) (See text)
h2o ha21 1

be any of the motion models presented in Section 2. The parametric
incremental motion update rule now becomes

BEuk-pu(p + Ap) = > [L(@ (@i;p + Ap)) — To(x)]*  (3.50)

%

~ Y [L(x)) + Ji(@)Ap — Ip(@)]*  (3.51)

= [Ji(x)Ap + €], (3.52)
where the Jacobian is now
8[1 833/

i.e., the product of the image gradient VI; with the Jacobian of corre-
spondence field, J, = dx’/Op.

Table 3.1 shows the motion Jacobians J, for the 2D planar trans-
formations introduced in Section 2.® Note how I have re-parameterized
the motion matrices so that they are always the identity at the origin
p = 0. This will become useful below, when we talk about the compo-
sitional and inverse compositional algorithms. (It also makes it easier
to impose priors on the motions.)

8 The derivatives of the 3D rotational motion model introduced in Subsection 2.2 are given
in Subsection 4.3.



38  Direct (pixel-based) Alignment

The derivatives in Table 3.1 are all fairly straightforward, except
for the projective 2D motion (homography), which requires a per-pixel
division to evaluate, c.f. (2.8), re-written here in its new parametric

form as
, (1 + hoo)x + hory + hoz2 , hior + (1 + h11)y + hi2
T = and y = .
hoox + hory + 1 haox + ho1y + 1
(3.54)
The Jacobian is therefore
8 / 1 1 s _ !
J. = or 11z y 0 0 0 x/m :c/y ’ (3.55)
Op D[ 0 0 0 z y 1 —yzr —yy

where D is the denominator in (3.54), which depends on the current
parameter settings (as do 2’ and y/).

For parametric motion, the (Gauss—Newton) Hessian and gradient-
wetghted residual vector become

A=} T @)V (@) VI (@) (2:) (3.56)

and

b=~ 3Tl (@)l VI () (3.57)

Note how the expressions inside the square brackets are the same ones
evaluated for the simpler translational motion case (3.39)—(3.40).

Patch-Based Approximation The computation of the Hessian and
residual vectors for parametric motion can be significantly more expen-
sive than for the translational case. For parametric motion with n
parameters and N pixels, the accumulation of A and b takes O(n?N)
operations [9]. One way to reduce this by a significant amount is to
divide the image up into smaller sub-blocks (patches) P; and to only
accumulate the simpler 2 x 2 quantities inside the square brackets at
the pixel level [178],

Aj =Y VI (@) Vi), (3.58)
icP;
by = > eVI{ (). (3.59)

i€ P,
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The full Hessian and residual can then be approximated as

A~ Ib@)| X v @)V (@)

1€EP;

= JL(a) AT (&) (3.60)
and

b%ZJf/(ij)[ZeNIlT(wé)} =—ZJ£(@j)bj, (3.61)

i€ P

where &; is the center of each patch P; [178]. This is equivalent
to replacing the true motion Jacobian with a piecewise-constant
approximation. In practice, this works quite well. The relationship
of this approximation to feature-based registration is discussed in
Subsection 4.4.

Compositional Approach For a complex parametric motion such
as a homography, the computation of the motion Jacobian becomes
complicated, and may involve a per-pixel division. Szeliski and Shum
[199] observed that this can be simplified by first warping the target
image I; according to the current motion estimate ='(x;p),

Ii(z) = L(2'(z;p)), (3.62)
and then comparing this warped image against the template Ip(x),

Erx-ss(Ap) = S [L(&(w:: Ap)) — Io(w,))?

]

~ Z[jl(wi)ﬁp + eil? (3.63)
= Z[Vfl(wi)Jﬁ(wi)Ap + e (3.64)

Note that since the two images are assumed to be fairly similar, only an
incremental parametric motion is required, i.e., the incremental motion
can be evaluated around p = 0, which can lead to considerable simpli-
fications. For example, the Jacobian of the planar projective transform
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(3.54) now becomes
_ oz [z y 1.0 0 0 —2? -—ay
~ Op p=0 00 0 z y 1 —zy —y?

Once the incremental motion & has been computed, it can be prepended

Js (3.65)

to the previously estimated motion, which is easy to do for motions rep-
resented with transformation matrices, such as those given in Tables 2.1
and 3.1. Baker and Matthews [9] call this the forward compositional
algorithm, since the target image is being re-warped, and the final
motion estimates are being composed.

If the appearance of the warped and template images is similar
enough, we can replace the gradient of I; () with the gradient of Iy(z),
as suggested previously in (3.42). This has potentially a big advantage
in that it allows the pre-computation (and inversion) of the Hessian
matrix A given in (3.56). The residual vector b (3.57) can also be
partially pre-computed, i.e., the steepest descent images VIy(x)J z(x)
can be pre-computed and stored for later multiplication with the e(x) =
I (x) — Ip(x) error images [9]. This idea was first suggested by Hager
and Belhumeur [77] in what Baker and Matthews [9] call a forward
additive scheme.

Baker and Matthews [9] introduce one more variant they call
the inverse compositional algorithm. Rather than (conceptually) re-
warping the warped target image I (x), they instead warp the template
image Ip(x) and minimize

Erx-sm(Ap) = Z[—fl(mi) — Io(&(xi; Ap))]?

7
~ Y [VIo(w:) T s(z:) Ap — e, (3.66)

(2
This is identical to the forward warped algorithm (3.64) with the gra-
dients VI, (z) replaced by the gradients VIy(x), except for the sign of
e;. The resulting update Ap is the negative of the one computed by
the modified (3.64), and hence the inverse of the incremental trans-
formation must be prepended to the current transform. Because the
inverse compositional algorithm has the potential of pre-computing the
inverse Hessian and the steepest descent images, this makes it the pre-
ferred approach of those surveyed in [9]. Figure 3.3, taken from [11],
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Warped Template

= ﬁ H
(W(x;p)) T(x)

I(W(x:p))
Template Gradients

m % VT, VI, o
Wix;p)

Parameter Updates

Inverse Hessian
. i ¥ l
il =

‘Warp Parameters Jacobian

Hessian

%4—

SD Parameter Updates

Steepest Descent Images

Fig. 3.3 A schematic overview of the inverse compositional algorithm (copied, with permis-
sion, from [11]). Steps 3-6 (light-color arrows) are performed once as a pre-computation.
The main algorithm simply consists of iterating: image warping (Step 1), image differenc-
ing (Step 2), image dot products (Step 7), multiplication with the inverse of the Hessian
(Step 8), and the update to the warp (Step 9). All of these steps can be performed efficiently.

beautifully shows all of the steps required to implement the inverse
compositional algorithm.

Baker and Matthews [9] also discusses the advantage of using
Gauss—Newton iteration (i.e., the first order expansion of the least
squares, as above) vs. other approaches such as steepest descent and
Levenberg—Marquardt. Subsequent parts of the series [10-12] discuss
more advanced topics such as per-pixel weighting, pixel selection for
efficiency, a more in-depth discussion of robust metrics and algorithms,
linear appearance variations, and priors on parameters. They make for
invaluable reading for anyone interested in implementing a highly tuned
implementation of incremental image registration.
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Feature-Based Registration

As I mentioned earlier, directly matching pixel intensities is just one
possible approach to image registration. The other major approach is
to first extract distinctive features from each image, to match these
features to establish a global correspondence, and to then estimate the
geometric transformation between the images. This kind of approach
has been used since the early days of stereo matching [79,80,138] and
has more recently gained popularity for image stitching applications
[7,30,32,35,38,129, 227].

In this section, I review methods for detecting distinctive points,
for matching them, and for computing the image registration, includ-
ing the 3D rotation model introduced in Subsection 2.2. I also discuss
the relative advantages and disadvantages of direct and feature-based
approaches.

4.1 Keypoint Detectors

As we saw in Subsection 3.4, the reliability of a motion estimate
depends most critically on the size of the smallest eigenvalue of the
image Hessian matrix, Ag [3]. This makes it a reasonable candidate

42
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for finding points in the image that can be matched with high accu-
racy. (Older terminology in this field talked about “corner-like” fea-
tures [138], but the modern usage is keypoints, interest points, or salient
points.) Indeed, Shi and Tomasi [173] propose using this quantity to find
good features to track, and then use a combination of translational and
affine-based patch alignment to track such points through an image
sequence.

Using a square patch with equal weighting may not be the best
choice. Instead, a Gaussian weighting function can be used. Forstner
[62] and Harris and Stephens [82] both proposed finding keypoints using
such an approach. The Hessian and eigenvalue images can be efficiently
evaluated using a sequence of filters and algebraic operations,

0

G.(x) = %ng(a:) x I(x), (4.1)

Gy(e) = 5 Gasle) + (@) (42)
_ G2 () Gu(2)Gy(z)

P@ = e, e | 48

A(x) = G,,(x) * B(x), (4.4)

Noa (@) = apo + ai; F \/(aog —an)? + Go1010 (4.5)

where G, is a noise-reducing pre-smoothing “derivative” filter of width
o4, and G, is the integration filter whose scale o; controls the effec-
tive patch size. (The a;; are the entries in the A(x) matrix, where
I have dropped the (x) for succinctness.) For example, Forstner [63]
uses 04 = 0.7 and o; = 2. Once the minimum eigenvalue image has been
computed, local maxima can be found as potential keypoints.

The minimum eigenvalue is not the only quantity that can be used
to find keypoints. A simpler quantity, proposed by Harris and Stephens
[82] is

det(A) — a tr(A)? = AA1 — a(Xg + A1)? (4.6)
with oo = 0.06. Triggs [206] suggest using the quantity

Ao — ady (4.7)
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(say with a=0.05), which reduces the response at 1D edges, where
aliasing errors sometimes affect the smaller eigenvalue. He also shows
how the basic 2 x 2 Hessian can be extended to parametric motions to
detect points that are also accurately localizable in scale and rotation.
Brown et al. [32], on the other hand, use the harmonic mean,

detA_ /\0)\1
tr A >\0+)\1’

(4.8)

which is a smoother function in the region where Ag =~ A;. Figure 4.1
shows isocontours of the various interest point operators (note that all
the detectors require both eigenvalues to be large). Figure 4.2 shows the
output of the multi-scale oriented patch detector of Brown et al. [32]
at five different scales.

Schmid et al. [171] survey the vast literature on keypoint detec-
tion and perform some experimental comparisons to determine the
repeatability of feature detectors, which is defined as the frequency
with which keypoints detected in one image are found within ¢ = 1.5
pixels of the corresponding location in a warped image. They also mea-
sure the information content available at each detected feature point,
which they define as the entropy of a set of rotationally invariant local
grayscale descriptors. Among the techniques they survey, they find that

an improved version of the Harris operator with o4 =1 and o; =2
works best.

—-— Harris
— — —Harmonic mean
—— Shi-Tomasi

Fig. 4.1 Isocontours of popular keypoint detection functions (taken from [31]). Each detec-
tor looks for points where the eigenvalues Ao, A1 of H = fR VIVITdx are both large.
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Fig. 4.2 Multi-scale Oriented Patches (MOPS) extracted at five pyramid levels (taken from
[31]). The boxes show the feature orientation and the region from which the descriptor
vectors are sampled.

More recently, feature detectors that are more invariant to scale
[122,132] and affine transformations [16,99, 134, 169] have been pro-
posed. These can be very useful when matching images that have dif-
ferent scales or aspects (e.g., for 3D object recognition). A simple way
to achieve scale invariance is to look for scale-space maxima of Differ-
ence of Gaussian (DoG) [119,122] or Harris corner [132,206] detectors
computed over a sub-octave pyramid, i.e., an image pyramid where
the subsampling between adjacent levels is less than a factor of two.
Lowe’s original paper [122] uses a half-octave (1/2) pyramid, whereas
Triggs [206] recommends using a quarter-octave (v/2). The area of
feature point detectors and descriptors continues to be very active,
with papers appearing every year at major computer vision confer-
ences [17,37,106,152,160] — see the recent survey and comparison of
affine region detectors by Mikolajczyk et al. [134].

Of course, keypoints are not the only kind of features that can be
used for registering images. Zoghlami et al. [227] use line segments as
well as point-like features to estimate homographies between pairs of
images, whereas [14] use line segments with local correspondences along
the edges to extract 3D structure and motion. Tuytelaars and Van Gool
[209] use affine invariant regions to detect correspondences for wide
baseline stereo matching. Matas et al. [127] detect mazimally stable
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regions, using an algorithm related to watershed detection, whereas
Kadir et al. [100] detect salient regions where patch entropy and its
rate of change with scale are locally maximal. (Corso and Hager [47]
use a related technique to fit 2D oriented Gaussian kernels to homoge-
neous regions.) While these techniques can all be used to solve image
registration problems, they will not be covered in more detail in this
survey.

4.2 Feature Matching

After detecting the features (keypoints), we must match them, i.e.,
determine which features come from corresponding locations in differ-
ent images. In some situations, e.g., for video sequences [173] or for
stereo pairs that have been rectified [121,170], the local motion around
each feature point may be mostly translational. In this case, the error
metrics introduced in Subsection 3.1 such as Egsp or Encc can be used
to directly compare the intensities in small patches around each feature
point. (The comparative study by Mikolajczyk and Schmid [133] dis-
cussed below uses cross-correlation.) Because feature points may not
be exactly located, a more accurate matching score can be computed
by performing incremental motion refinement as described in Subsec-
tion 3.4, but this can be time consuming, and can sometimes even
decrease performance [32].

If features are being tracked over longer image sequences, their
appearance can undergo larger changes. In this case, it makes sense
to compare appearances using an affine motion model. Shi and Tomasi
[173] compare patches using a translational model between neighbor-
ing frames, and then use the location estimate produced by this step to
initialize an affine registration between the patch in the current frame
and the base frame where a feature was first detected. In fact, features
are only detected infrequently, i.e., only in region where tracking has
failed. In the usual case, an area around the current predicted location
of the feature is searched with an incremental registration algorithm.
This kind of algorithm is a detect then track approach, since detection
occurs infrequently. It is appropriate for video sequences where the
expected locations of feature points can be reasonably well predicted.
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For larger motions, or for matching collections of images where the
geometric relationship between them is unknown [30,169], a detect then
match approach in which feature points are first detected in all images
is more appropriate. Because the features can appear at different ori-
entations or scales, a more view invariant kind of representation must
be used. Mikolajczyk and Schmid [133] review some recently devel-
oped view-invariant local image descriptors and experimentally com-
pare their performance.

The simplest method to compensate for in-plane rotations is to find
a dominant orientation at each feature point location before sampling
the patch or otherwise computing the descriptor. Brown et al. [32]
use the direction of the average gradient orientation, computed within
a small neighborhood of each feature point, whereas Lowe [122] (as
well as Mikolajczyk and Schmid [133]) look for a peak in the local
gradient orientation histogram. The descriptor can be made invariant
to scale by only selecting feature points that are local maxima in scale
space, as discussed in Subsection 4.1. Making the descriptors invariant
to affine deformations (stretch, squash, and skew) is even harder [16,
169]. Mikolajczyk and Schmid [132] use the local second moment matrix
around a feature point to define a canonical frame, whereas Corso and
Hager [47] fit 2D oriented Gaussian kernels to homogeneous regions
and store the weighted region statistics.

Among the local descriptors that Mikolajczyk and Schmid [133]
compared, they found that David Lowe’s Scale Invariant Feature Trans-
form (SIFT) [122] generally performed the best, followed by Freeman
and Adelson’s steerable filters [64] and then cross-correlation (which
could potentially be improved with an incremental refinement of loca-
tion and pose — but see [32]). Differential invariants, whose descriptors
are insensitive to changes in orientation by design, did not do as well.

SIFT features are computed by first estimating a local orientation
using a histogram of the local gradient orientations, which is potentially
more accurate than just the average orientation. Once the local frame
has been established, gradients are copied into different orientation
planes, and blurred re-sampled versions of these images are used as the
features. This provides the descriptor with some insensitivity to small
feature localization errors and geometric distortions [122].
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Fig. 4.3 MOP descriptors are formed using an (8 X 8) sampling of bias/gain normalized
intensity values, with a sample spacing of 5 pixels relative to the detection scale (taken
from [31]). This low frequency sampling gives the features some robustness to keypoint
location error, and is achieved by sampling at a higher pyramid level than the detection
scale.

Steerable filters are combinations of derivative of Gaussian filters
that permit the rapid computation of even and odd (symmetric and
anti-symmetric) edge-like and corner-like features at all possible ori-
entations [64]. Because they use reasonably broad Gaussians, they too
are somewhat insensitive to localization and orientation errors.

For tasks that do not exhibit large amounts of foreshortening,
such as image stitching, simple normalized intensity patches per-
form reasonably well and are simple to implement [32] (Figure 4.3).
The field of feature descriptors continues to evolve rapidly, with
newer results including a principal component analysis (PCA) of
SIFT feature descriptors [105] and descriptors that include local color
information [213].

Rapid Indexing and Matching The simplest way to find all corre-
sponding feature points in an image pair is to compare all the features
in one image against all the features in the other, using one of the
local descriptors described above. Unfortunately, this is quadratic in
the expected number of features, which makes it impractical for some
applications.

More efficient matching algorithms can be devised using different
kinds of indexing schemes, many of which are based on the idea of find-
ing nearest neighbors in high-dimensional spaces. For example, Nene
and Nayar [141] developed a technique they call slicing that uses a series
of 1D binary searches to efficiently cull down a list of candidate points



4.2. Feature Matching 49

that lie within a hypercube of the query point. They also provide a nice
review of previous work in this area, including spatial data structures
such as k-d trees [164]. Beis and Lowe [18] propose a Best-Bin-First
(BBF) algorithm, which uses a modified search ordering for a k-d tree
algorithm so that bins in feature space are searched in the order of their
closest distance from query location. Shakhnarovich et al. [172] extend
a previously developed technique called locality sensitive hashing, which
uses unions of independently computed hashing functions, to be more
sensitive to the distribution of points in parameter space, which they
call parameter-sensitive hashing. Brown et al. [32] hash the first three
(non-constant) Haar wavelets from an 8 x 8 image patch. Even more
recently, Nister and Stewenius [143] use a metric tree, which consists of
comparing feature descriptors to a small number of prototypes at each
level in a hierarchy. Despite all of this promising work, the rapid com-
putation of image feature correspondences is far from being a solved
problem.

RANSAC and LMS Once an initial set of feature correspondences
has been computed, we need to find a set that will produce a high-
accuracy alignment. One possible approach is to simply compute a
least squares estimate or to use a robustified (iteratively re-weighted)
version of least squares, as discussed below (Subsection 4.3). However,
in many cases, it is better to first find a good starting set of inlier
correspondences, i.e., points that are all consistent with some particular
motion estimate.!

Two widely used solution to this problem are called RANdom SAm-
ple Consensus, or RANSAC for short [60] and least median of squares
(LMS) [162]. Both techniques start by selecting (at random) a subset
of k correspondences, which is then used to compute a motion esti-
mate p, as described in Subsection 4.3. The residuals of the full set of
correspondences are then computed as

ri = &(zip) — &), (4.9)
where % are the estimated (mapped) locations, and &, are the sensed
(detected) feature point locations.

L For direct estimation methods, hierarchical (coarse-to-fine) techniques are often used to
lock onto the dominant motion in a scene [20,21].
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The RANSAC technique then counts the number of inliers that are
within € of their predicted location, i.e., whose ||r;|| <e. (The e value
is application dependent, but often is around 1-3 pixels.) Least median
of squares finds the median value of the ||r;|| values.

The random selection process is repeated S times, and the sample
set with largest number of inliers (or with the smallest median resid-
ual) is kept as the final solution. Either the initial parameter guess p
or the full set of computed inliers is then passed on to the next data
fitting stage. In a more recently developed version of RANSAC called
PROSAC (PROgressive SAmple Consensus), random samples are ini-
tially added from the most “confident” matches, thereby speeding up
the process of finding a (statistically) likely good set of inliers [44].

To ensure that the random sampling has a good chance of finding
a true set of inliers, a sufficient number of trials S must be tried. Let
p be the probability that any given correspondence is valid, and P be
the total probability of success after S trials. The likelihood in one trial
that all k& random samples are inliers is p*. Therefore, the likelihood
that S such trials will all fail is

1—P=(1-p"", (4.10)

and the required minimum number of trials is

_ log(1 - P)

5= log(1 — pF)’

(4.11)

Stewart [188] gives the following examples of the required number
of trials S to attain a 99% probability of success:

k P S
3105 35
6] 0.6 97 |
6|05 | 293

As you can see, the number of trials grows quickly with the number

of sample points used. This provides a strong incentive to use the min-
imum number of sample points k possible for any given trial, which in
practice is how RANSAC is normally used.
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4.3 Geometric Registration

Once we have computed a set of matched feature point correspon-
dences, the next step is to estimate the motion parameters p that best
register the two images. The usual way to do this is to use least squares,
i.e., to minimize the sum of squared residuals given by (4.9),

Eis=)_|Iril® = |&(z::p) — & (4.12)
%

Many of the motion models presented in Subsection 2, i.e., translation,
similarity, and affine, have a linear relationship between the motion
and the unknown parameters p.2 In this case, a simple linear regression
(least squares) using normal equations Ap = b works well.

Uncertainty Weighting and Robust Regression The above least
squares formulation assumes that all feature points are matched with
the same accuracy. This is often not the case, since certain points may
fall in more textured regions than others. If we associate a variance
estimate af with each correspondence, we can minimize weighted least
squares instead,

Bwis = Y oy 2|Irll”. (4.13)
A

As discussed in Subsection 3.4, a covariance estimate for patch-based
matching can be obtained by multiplying the inverse of the Hessian with
the per-pixel noise estimate (3.43). Weighting each squared residual by
the inverse covariance Ei_l =0,2A; (which is called the information
matrix), we obtain

Bowrs =Y _lrilZa=> rISiiri=) o v Airy,  (4.14)

where A; is the patch Hessian (3.58).
If there are outliers among the feature-based correspondences (and
there almost always are), it is better to use a robust version of least

22D Euclidean motion can be estimated with a linear algorithm by first estimating the
cosine and sine entries independently, and then normalizing them so that their magnitude
is 1.
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squares, even if an initial RANSAC or MLS stage has been used to
select plausible inliers. The robust least squares cost metric (analogous
to (3.2)) is then

Errs(u) = Zﬂ(l!rillg;l)- (4.15)

As before, a commonly used approach to minimize this quantity is to
use iteratively re-weighted least squares, as described in Subsection 3.4.

Homography Update For nonlinear measurement equations such
as the homography given in (3.54), re-written here as

. (14 hoo)x + hory + ho2
xr = and
hoox + hory + 1

o, hiox + (1 + hir)y + o
V= hoow + ha1y + 1

an iterative solution is required to obtain accurate results. An initial

guess for the eight unknowns {hgo,...,ho1} can be obtained by multi-

(4.16)

)

plying both sides of the equations through by the denominator, which
yields the linear set of equations,

hoo

-z x y 1 0 0 0 —-i'z -1y
— . 4.17
ha1

However, this is not optimal from a statistical point of view, since the
denominator can vary quite a bit from point to point.

One way to compensate for this is to re-weight each equation by the
inverse of current estimate of the denominator, D,

D

12 -2 1z v 1 0 0 0 —3'z -—-i'y
7 —y 0 0 =z y 1

D "Dl o

(4.18)
While this may at first seem to be the exact same set of equations as
(4.17), because least squares is being used to solve the over-determined
set of equations, the weightings do matter and produce a different set

of normal equations that performs better in practice (with noisy data).
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The most principled way to do the estimation, however, is to directly
minimize the squared residual equations (4.9) using the Gauss—Newton
approximation, i.e., performing a first-order Taylor series expansion
in p, which yields,

&) — @ (zi;p) = Jo Ap (4.19)
or
Ahgo
[i’—iz’}_l[ac y 1 0 0 0 -2z -1y .
-9 D0 0 0 z y 1 —gz -3y :
Ahsgy
(4.20)

While this looks similar to (4.18), it differs in two important respects.
First, the left-hand side consists of unweighted prediction errors rather
than pixel displacements, and the solution vector is a perturbation
to the parameter vector p. Second, the quantities inside Jg/ involve
predicted feature locations (Z/,7') instead of sensed, feature locations
(2',4"). Both of these are subtle and yet they lead to an algorithm
that, when combined with proper checking for downhill steps (as in the
Levenberg-Marquardt algorithm), will converge to a minimum. (Iter-
ating the (4.18) equations is not guaranteed to do so, since it is not
minimizing a well-defined energy function.)

The above formula is analogous to the additive algorithm for direct
registration since the change to the full transformation is being com-
puted in Subsection 3.5. If we prepend an incremental homography to
the current homography instead, i.e., we use a compositional algorithm,
we get D =1 (since p = 0) and the above formula simplifies to

Ahgo

Al 1 2 _
P R A S B | IR CED
Ahay

where I have replaced (#',7') with (z,y) for conciseness. (Notice how
this results in the same Jacobian as (3.65).)

Rotational Panorama Update As described in Subsection 2.2,
representing the alignment of images in a panorama using a collection
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of rotation matrices and focal lengths results in a much more stable
estimation problem than directly using homographies [194,199]. Given
this representation, how do we update the rotation matrices to best
align two overlapping images?

Recall from (2.18) to (2.19) that the equations relating two views
can be written as

Xy~ I;Iloiito with I:Im = K1R10K61, (4.22)

where K, = diag(fx, fx,1) is the calibration matrix and Rig = R1 R !
is rotation between the two views. The best way to update Rjg is to
prepend an incremental rotation matrix R(J) to the current estimate

Ry [178,199],
H (@) = K \R(G) Ry oK, *
= [K1R(&)K{[K 1Ry 0K '] = DH . (4.23)
Note that here I have written the update rule in the compositional
form, where the incremental update D is prepended to the current

homography H. Using the small-angle approximation to R(J) given
in (2.26), we can write the incremental update matrix as

D = K \RG)K{'~ K (I + [J]x)K;"
1 —Ww, fiwy
= Wy 1 —fiwe | - (4.24)
_wy/fl wz/ f1 1
Notice how there is now a nice one-to-one correspondence between

the entries in the D matrix and the hgg,...,ho1 parameters used in
Table 3.1 and (4.16), i.e.,

(hoo ho1, hoz, hoo, hat, bz, hoo, hot)
= (07 —Wz, flwyaw,zaO) _f1w$7 _Wy/flawx/fl)- (425)
We can therefore apply the chain rule to (4.21) and (4.25) to obtain

Wy
wy | (4.26)

z

F’ —x] _ [ —xy/ fi f+22/ i —y
¥ -y —(fr + 92/ f) ry/ fr T
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Fig. 4.4 Four images taken with a hand-held model registered using a 3D rotation motion
model (from [199]). Notice how the homographies, rather than being arbitrary, have a well-
defined keystone shape whose width increases away from the origin.

which give us the linearized update equations needed to estimate J =
(wz,wy,wz).3 Notice that this update rule depends on the focal length
f1 of the target view, and is independent of the focal length fy of the
template view. This is because the compositional algorithm essentially
makes small perturbations to the target. Once the incremental rotation
vector J has been computed, the R; rotation matrix can be updated
using R; «— R(J)R;.

The formulas for updating the focal length estimates are a little
more involved, and are given in [178]. I will not repeat them here, since
an alternative update rule, based on minimizing the difference between
back-projected 3D rays, will be given in Subsection 5.1. Figure 4.4
shows the alignment of four images under the 3D rotation motion
model.

Focal Length Initialization To initialize the 3D rotation model,
we need to simultaneously estimate the focal length(s) of the camera(s)
and an initial guess for a rotation matrix. This can be obtained directly

3 This is the same as the rotational component of instantaneous rigid flow [20] and the same
as the update equations given in [178,199].
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from a homography-based (planar perspective) alignment H 10, using
the formulas first presented in [199].

Using the simplified form of the calibration matrices Ky =
diag(fx, fx,1) first used in (2.19), we can re-write (4.22) as

) hoo hot f5 thoo
Rig~K{'H (Ko~ | hig h11 fothe |, (4.27)

fihao  fihor  fi ' fihoo

where the h;; are the elements of Ho.

Using the orthonormality properties of the rotation matrix Ry and
the fact that the right-hand side of (4.27) is known only up to a scale,
we obtain

hdo + hoy + 3 hgy = hig + b3y + f32his (4.28)
and
hoohio + horhi1 + fo 2hozhiz = 0. (4.29)

From this, we can compute estimates for fy of

h2 _ h2
2 12 — N . 2 2 2 2
= f h h h h 4.30
fo P R R— ) 1 oo T hoy # hig + hiy (4.30)
or
hooh
f2= 022 if hoohio # —hothis. (4.31)

~ hoohio + hothi

(Note that the equations given in [199] are erroneous; the correct equa-
tions can be found in [178].) If neither of these conditions holds, we can
also take the dot products between the first (or second) row and the
third one. Similar result can be obtained for f; as well by analyzing
the columns of H1g. If the focal length is the same for both images,
we can take the geometric mean of fy and f; as the estimated focal
length f =+/fifo. When multiple estimates of f are available, e.g.,
from different homographies, the median value can be used as the final
estimate.
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Fig. 4.5 Gap closing: (a) a gap is visible when the focal length is wrong (f = 510); (b) no
gap is visible for the correct focal length (f = 468).

Gap Closing The techniques presented in this section can be used
to estimate a series of rotation matrices and focal lengths, which can
be chained together to create large panoramas. Unfortunately, because
of accumulated errors, this approach will rarely produce a closed 360°
panorama. Instead, there will invariably be either a gap or an overlap
(Figure 4.5).

We can solve this problem by matching the first image in the
sequence with the last one. The difference between the two rotation
matrix estimates associated with this frame indicates the amount of
misregistration. This error can be distributed evenly across the whole
sequence by taking the quotient of the two quaternions associated with
these rotations and dividing this “error quaternion” by the number
of images in the sequence (assuming relatively constant inter-frame
rotations). We can also update the estimated focal length based on the
amount of misregistration. To do this, we first convert the error quater-
nion into a gap angle, ;. We then update the focal length using the
equation f' = f(1 — 6,/360°).

Figure 4.5a shows the end of registered image sequence and the first
image. There is a big gap between the last image and the first which
are in fact the same image. The gap is 32° because the wrong estimate
of focal length (f =510) was used. Figure 4.5b shows the registration
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after closing the gap with the correct focal length (f = 468). Notice
that both mosaics show very little visual misregistration (except at the
gap), yet Figure 4.5a has been computed using a focal length which has
9% error. Related approaches have been developed by [83,103,130, 186]
to solve the focal length estimation problem using pure panning motion
and cylindrical images.

Unfortunately, this particular gap-closing heuristic only works for
the kind of “one-dimensional” panorama where the camera is continu-
ously turning in the same direction. In Section 5, I describe a different
approach to removing gaps and overlaps that works for arbitrary cam-
era motions.

4.4 Direct vs. Feature-Based Alignment

Given that there exist these two alternative approaches to aligning
images, which is preferable?

I used to be firmly in the direct matching camp [94]. Early feature-
based methods seemed to get confused in regions that were either too
textured or not textured enough. The features would often be dis-
tributed unevenly over the images, thereby failing to match image pairs
that should have been aligned. Furthermore, establishing correspon-
dences relied on simple cross-correlation between patches surround-
ing the feature points, which did not work well when the images were
rotated or had foreshortening due to homographies.

Today, feature detection and matching schemes are remarkably
robust, and can even be used for known object recognition from widely
separated views [122]. Features not only respond to regions of high “cor-
nerness” [62,82], but also to “blob-like” regions [122], as well as uniform
areas [209]. Furthermore, because they operate in scale space and use
a dominant orientation (or orientation invariant descriptors), they can
match images that differ in scale, orientation, and even foreshortening.
My own recent experience in working with feature-based approaches is
that if the features are well distributed over the image and the descrip-
tors reasonably designed for repeatability, enough correspondences to
permit image stitching can usually be found [32].
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The other major reason I used to prefer direct methods was that
they make optimal use of the information available in image alignment,
since they measure the contribution of every pixel in the image. Fur-
thermore, assuming a Gaussian noise model (or a robustified version
of it), they properly weight the contribution of different pixels, e.g.,
by emphasizing the contribution of high-gradient pixels. (See Baker
et al. [11], who suggest that adding even more weight at strong gra-
dients is preferable because of noise in the gradient estimates.) One
could argue that for a blurry image with only slowly varying gradients,
a direct approach will find an alignment, whereas a feature detector
will fail to find anything. However, such images rarely occur in practice
in consumer imaging, and the use of scale-space features means that
some features can be found at lower resolutions.

The biggest disadvantage of direct techniques is that they have a
limited range of convergence. Even though they can be used in a hier-
archical (coarse-to-fine) estimation framework, in practice it is hard to
use more than two or three levels of a pyramid before important details
start to be blurred away. For matching sequential frames in a video, the
direct approach can usually be made to work. However, for matching
partially overlapping images in photo-based panoramas, they fail too
often to be useful. Our older systems for image stitching [194,199] relied
on Fourier-based correlation of cylindrical images and motion predic-
tion to automatically align images, but had to be corrected by hand for
more complex sequences. Our newer system [31,32] uses features and
has a good success rate at automatically stitching panoramas without
any user intervention.

Is there no roéle then for direct registration? I believe there is. Once a
pair of images has been aligned with a feature-based approach, we can
warp the two images to a common reference frame and re-compute
a more accurate estimate using patch-based alignment. Notice how
there is a close correspondence between the patch-based approxima-
tion to direct alignment given in (3.60)—(3.61) and the inverse covari-
ance weighted feature-based least squares error metric (4.14).

In fact, if we divide the template images up into patches and place
an imaginary “feature point” at the center of each patch, the two
approaches return exactly the same answer (assuming that the correct
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correspondences are found in each case). However, for this approach to
succeed, we still have to deal with “outliers,” i.e., regions that do not
fit the selected motion model due to either parallax (Subsection 5.2) or
moving objects (Subsection 6.2). While a feature-based approach may
make it somewhat easier to reason about outliers (features can be classi-
fied as inliers or outliers), the patch-based approach, since it establishes
correspondences more densely, is potentially more useful for removing
local mis-registration (parallax), as we discuss in Subsection 5.2.



5

Global Registration

So far, I have discussed how to register pairs of images using both
direct and feature-based methods using a variety of motion models.
In most applications, we are given more than a single pair of images
to register. The goal is then to find a globally consistent set of align-
ment parameters that minimize the mis-registration between all pairs
of images [46,167,178,199]. To do this, we need to extend the pairwise
matching criteria (3.1), (3.51), and (4.12) to a global energy function
that involves all of the per-image pose parameters (Subsection 5.1).
Once we have computed the global alignment, we often need to perform
local adjustments such as parallax removal to reduce double images and
blurring due to local mis-registrations (Subsection 5.2). Finally, if we
are given an unordered set of images to register, we need to discover
which images go together to form one or more panoramas. This process
of panorama recognition is described in Subsection 5.3.

5.1 Bundle Adjustment

One way to register a large number of images is to add new images
to the panorama one at a time, aligning the most recent image with

61
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the previous ones already in the collection [199], and discovering, if
necessary, which images it overlaps [167]. In the case of 360° panora-
mas, accumulated error may lead to the presence of a gap (or excessive
overlap) between the two ends of the panorama, which can be fixed by
stretching the alignment of all the images using a process called gap
closing [199]. However, a better alternative is to simultaneously align
all the images together using a least squares framework to correctly
distribute any mis-registration errors.

The process of simultaneously adjusting pose parameters for a large
collection of overlapping images is called bundle adjustment in the pho-
togrammetry community [207]. In computer vision, it was first applied
to the general structure from motion problem [197] and then later spe-
cialized for panoramic image stitching [46,167,178].

In this section, I formulate the problem of global alignment using
a feature-based approach, since this results in a simpler system. An
equivalent direct approach can be obtained either by dividing images
into patches and creating a virtual feature correspondence for each one
(as discussed in Subsection 4.4 and [178]), or by replacing the per-
feature error metrics with per-pixel metrics.

Consider the feature-based alignment problem given in (4.12), i.e.,

Bpairwise-1s = 3 [Imil[2 = |} p) — &> (5.1)
7
For multi-image alignment, instead of having a single collection of pair-
wise feature correspondences, {(x;,Z;)}, we have a collection of n fea-
tures, with the location of the ith feature point in the jth image denoted
by x;; and its scalar confidence (inverse variance) denoted by ¢;;.! Each
image also has some associated pose parameters.

In this section, I assume that this pose consists of a rotation matrix
R; and a focal length f;, although formulations in terms of homogra-
phies are also possible [167,176]. The equation mapping a 3D point x;
into a point x;; in frame j can be re-written from (2.15) to (2.19) as

iij ~ Kjiji and ZL; ~ R]-_IKJ-_liij, (5.2)

I Features that not seen in image j have c;; = 0. We can also use 2 X 2 inverse covariance
matrices Zi_jl in place of ¢;j, as shown in (4.14).
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where K ; = diag(fj, fj,1) is the simplified form of the calibration
matrix. The motion mapping a point x;; from frame j into a point
x;, in frame k is similarly given by

Tir, ~ Hy®; = KRR K iy (5.3)
Given an initial set of {(R;, f;)} estimates obtained from chaining pair-
wise alignments, how do we refine these estimates?

One approach is to directly extend the pairwise energy Fpairwise—LS
(5.1) to a multiview formulation,

Eall—pairs—2D = chijcikniik(iij;RjafjaRkafk) — &u)?,  (5.4)

i gk
where the &;; function is the predicted location of feature i in frame
k given by (5.3), @;; is the observed location, and the “2D” in the
subscript indicates than an image-plane error is being minimized [176].
Note that since x;;, depends on the &;; observed value, we actually
have an errors-in-variable problem, which in principle requires more
sophisticated techniques than least squares to solve. However, in prac-
tice, if we have enough features, we can directly minimize the above
quantity using regular nonlinear least squares and obtain an accurate
multi-frame alignment.?

While this approach works well in practice, it suffers from two poten-
tial disadvantages. First, since a summation is taken over all pairs with
corresponding features, features that are observed many times get over-
weighted in the final solution. (In effect, a feature observed m times gets
counted (Tg) times instead of m times.) Second, the derivatives of &
w.r.t. the {(R;, f;)} are a little cumbersome, although using the incre-
mental correction to R; introduced in Subsection 2.2 makes this more
tractable.

An alternative way to formulate the optimization is to use true bun-
dle adjustment, i.e., to solve not only for the pose parameters {(R;, f;)}
but also for the 3D point positions {x;},

Bpaap =YY cijl|Zij (@i Ry, f) — #4517, (5.5)
J

7

2While there exists an overall pose ambiguity in the solution, i.e., all the R; can be post-
multiplied by an arbitrary rotation Rg, a well-conditioned nonlinear least squares algo-
rithm such as Levenberg—Marquardt will handle this degeneracy without trouble.



64  Global Registration

where Z;;(x;; Rj, f;) is given by (5.2). The disadvantage of full bundle
adjustment is that there are more variables to solve for, so both, each
iteration and the overall convergence may be slower. (Imagine how
the 3D points need to “shift” each time some rotation matrices are
updated.) However, the computational complexity of each linearized
Gauss—Newton step can be reduced using sparse matrix techniques [85,
197,207].

An alternative formulation is to minimize the error in 3D projected
ray directions [178], i.e.,

Epa-sp =YY cijll@:(@i; Ry, f;) — @i, (5.6)
(]

where &;(x;j; R;, f;) is given by the second half of (5.2). This in
itself has no particular advantage over (5.5). In fact, since errors are
being minimized in 3D ray space, there is a bias toward estimating
longer focal lengths, since the angles between rays become smaller as
f increases.

However, if we eliminate the 3D rays x;, we can derive a pairwise
energy formulated in 3D ray space [178],

Ballpairs—3D = »_ Y _ cijinl®i(&ijs By, f5) — Ti(@an; R, fi)I°. - (5.7)
i gk

This results in the simplest set of update equations [178], since the fj
can be folded into the creation of the homogeneous coordinate vector
as in (2.21). Thus, even though this formula over-weights features that
occur more frequently, it is the method used both by Shum and Szeliski
[178] and in our current work [32]. To reduce the bias toward longer
focal lengths, I multiply each residual (3D error) by \/f; fi, which is
similar to projecting the 3D rays into a “virtual camera” of intermediate
focal length, and which seems to work well in practice.

Up Vector Selection As mentioned above, there exists a global
ambiguity in the pose of the 3D cameras computed by the above meth-
ods. While this may not appear to matter, people have a preference for
the final stitched image being “upright” rather than twisted or tilted.
More concretely, people are used to seeing photographs displayed so
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that the vertical (gravity) axis points straight up in the image. Con-
sider how you usually shoot photographs: while you may pan and tilt
the camera any way, you usually keep vertical scene lines parallel to the
vertical edge of the image. In other words, the horizontal edge of your
camera (its z-axis) usually stays parallel to the ground plane (perpen-
dicular to the world gravity direction).

Mathematically, this constraint on the rotation matrices can be
expressed as follows. Recall from (5.2) that the 3D — 2D projection is
given by

&y ~ KRy, (5.8)

We wish to post-multiply each rotation matrix Ry by a global rota-
tion R, such that the projection of the global y-axis, 3= (0,1,0) is
perpendicular to the image z-axis, 2 = (1,0,0).3

This constraint can be written as

V" RyR,j =0 (5.9)

(note that the scaling by the calibration matrix is irrelevant here).
This is equivalent to requiring that the first row of Ry, rpo =2 Ry,
be perpendicular to the second column of Ry, 751 = Ry). This set of
constraints (one per input image) can be written as a least squares
problem,

Tyl = argmrinZ(rTrko)Q = argmrian [Zrkofr%’(}] T (5.10)
k k

Thus, 741 is the smallest eigenvector of the scatter or moment matrix
spanned by the individual camera rotation x-vectors, which should gen-
erally be of the form (c,0,s) when the cameras are upright.

To fully specify the R, global rotation, we need to specify one addi-
tional constraint. This is related to the view selection problem discussed
in Subsection 6.1. One simple heuristic is to prefer the average z-axis

3 Note that here we use the convention common in computer graphics that the vertical world
axis corresponds to y. This is a natural choice if we wish the rotation matrix associated
with a “regular” image taken horizontally to be the identity, rather than a 90° rotation
around the z-axis.
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— T
of the individual rotation matrices, k =),k Ry to be close to the
world z-axis, rg2 = Rgk. We can therefore compute the full rotation
matrix R, in three steps:

(1) 741 = min eigenvector (), TkOT%o)%

(2) rg0 = N((XCprr2) X 7g1);

(3) ’I"gg = T'g() X rgl,

where N (v) = v/||v|| normalizes a vector v.

5.2 Parallax Removal

Once we have optimized the global orientations and focal lengths of our
cameras, we may find that the images are still not perfectly aligned,
i.e., the resulting stitched image looks blurry or ghosted in some places.
This can be caused by a variety of factors, including unmodeled radial
distortion, 3D parallax (failure to rotate the camera around its optical
center), small scene motions such as waving tree branches, and large-
scale scene motions such as people moving in and out of pictures.

Each of these problems can be treated with a different approach.
Radial distortion can be estimated (potentially before the camera’s
first use) using one of the techniques discussed in Subsection 2.4. For
example, the plumb line method [28,57,101] adjusts radial distortion
parameters until slightly curved lines become straight, while mosaic-
based approaches adjust them until mis-registration is reduced in image
overlap areas [167,187].

3D parallax can be attacked by doing a full 3D bundle adjustment,
i.e., replacing the projection equation (5.2) used in (5.5) with (2.15),
which models camera translations. The 3D positions of the matched
features points and cameras can then be simultaneously recovered,
although this can be significantly more expensive that parallax-free
image registration. Once the 3D structure has been recovered, the
scene could (in theory) be projected to a single (central) viewpoint
that contains no parallax. However, in order to do this, dense stereo
correspondence needs to be performed [111,170,198], which may not be
possible if the images only contain partial overlap. In that case, it may
be necessary to correct for parallax only in the overlap areas, which
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can be accomplished using a Multi-Perspective Plane Sweep (MPPS)
algorithm [102,211].

When the motion in the scene is very large, i.e., when objects appear
and disappear completely, a sensible solution is to simply select pix-
els from only one image at a time as the source for the final compos-
ite [1,50,136], as discussed in Subsection 6.2. However, when the motion
is reasonably small (on the order of a few pixels), general 2D motion
estimation (optic flow) can be used to perform an appropriate correc-
tion before blending using a process called local alignment [104,178].
This same process can also be used to compensate for radial distortion
and 3D parallax, although it uses a weaker motion model than explic-
itly modeling the source of error, and may therefore fail more often or
introduce unwanted distortions.

The local alignment technique introduced by Shum and Szeliski
[178] starts with the global bundle adjustment (5.7) used to optimize
the camera poses. Once these have been estimated, the desired location
of a 3D point x; can be estimated as the average of the back-projected
3D locations,

Ty~ Y cyEi(Ei; Ry, ), (5.11)
J

which can be projected into each image j to obtain a target location
z;;. The difference between the target locations x;; and the original
features x;; provide a set of local motion estimates

U5 = Tjj — T, (512)

which can be interpolated to form a dense correction field u;(x;). In
their system, Shum and Szeliski [178] use an inverse warping algorithm
where the sparse — wu;; values are placed at the new target locations
T;;, interpolated using bilinear kernel functions [142] and then added to
the original pixel coordinates when computing the warped (corrected)
image. To get a reasonably dense set of features to interpolate, Shum
and Szeliski [178] place a feature point at the center of each patch (the
patch size controls the smoothness in the local alignment stage), rather
than relying of features extracted using an interest operator.



68  Global Registration

An alternative approach to motion-based de-ghosting was proposed
by Kang et al. [104], who estimated dense optical flow between each
input image and a central reference image. The accuracy of the flow vec-
tor is checked using a photo-consistency measure before a given warped
pixel is considered valid and therefore used to compute a high dynamic
range radiance estimate, which is the goal of their overall algorithm.
The requirement for having a reference image makes their approach
less applicable to general image mosaicing, although an extension to
this case could certainly be envisaged.

5.3 Recognizing Panoramas

The final piece needed to perform fully automated image stitching is a
technique to recognize which images actually go together, that Brown
and Lowe [30] call recognizing panoramas. If the user takes images in
sequence so that each image overlaps its predecessor and also specifies
the first and last images to be stitched, bundle adjustment combined
with the process of topology inference can be used to automatically
assemble a panorama [167|. However, users often jump around when
taking panoramas, e.g., they may start a new row on top of a previous
one, or jump back to take a repeated shot, or create 360° panoramas
where end-to-end overlaps need to be discovered. Furthermore, the abil-
ity to discover multiple panoramas taken by a user over an extended
period of time can be a big convenience.

To recognize panoramas, Brown and Lowe [30] first find all pairwise
image overlaps using a feature-based method and then find connected
components in the overlap graph to “recognize” individual panoramas
(Figure 5.1). The feature-based matching stage first extracts SIFT fea-
ture locations and feature descriptors [122] from all the input images
and then places these in an indexing structure, as described in Subsec-
tion 4.2. For each image pair under consideration, the nearest matching
neighbor is found for each feature in the first image, using the index-
ing structure to rapidly find candidates, and then comparing feature
descriptors to find the best match. RANSAC is then used to find a set
of inlier matches, using a pair of matches to hypothesize a similarity
motion model that is then used to count the number of inliers.
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Fig. 5.1 Recognizing panoramas using our new algorithm [31]: (a) input images with pair-
wise matches; (b) images grouped into connected components (panoramas); and (c) indi-
vidual panoramas registered and blended into stitched composites.

In practice, the most difficult part of getting a fully automated
stitching algorithm to work is deciding which pairs of images actu-
ally correspond to the same parts of the scene. Repeated structures
such as windows (Figure 5.2) can lead to false matches when using a



70  Global Registration

Fig. 5.2 Matching errors [31]: accidental matching of several features can lead to matches
between pairs of images that do not actually overlap.

Fig. 5.3 Validation of image matches by direct pixel error comparison can fail when the
scene contains moving objects.

feature-based approach. One way to mitigate this problem is to per-
form a direct pixel-based comparison between the registered images to
determine if they actually are different views of the same scene. Unfor-
tunately, this heuristic may fail if there are moving objects in the scene
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(Figure 5.3). While there is no magic bullet for this problem short of
full scene understanding, further improvements can likely be made by
applying domain-specific heuristics such as priors on typical camera
motions as well as machine learning techniques applied to the problem
of match validation.
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Compositing

Once we have registered all of the input images with respect to each
other, we need to decide how to produce the final stitched (mosaic)
image. This involves selecting a final compositing surface (flat, cylin-
drical, spherical, etc.) and view (reference image). It also involves select-
ing which pixels contribute to the final composite and how to optimally
blend these pixels to minimize visible seams, blur, and ghosting.

In this section, I review techniques that address these problems,
namely compositing surface parameterization, pixel/seam selection,
blending, and exposure compensation. My emphasis is on fully auto-
mated approaches to the problem. Since the creation of high-quality
panoramas and composites is as much an artistic endeavor as a com-
putational one, various interactive tools have been developed to assist
this process, e.g., [1,117,161]. T will not cover these in this article,
except where they provide automated solutions to our problems.

6.1 Choosing a Compositing Surface

The first choice to be made is how to represent the final image. If only a
few images are stitched together, a natural approach is to select one of

72
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the images as the reference and to then warp all of the other images into
the reference coordinate system. The resulting composite is sometimes
called a flat panorama, since the projection onto the final surface is
still a perspective projection, and hence straight lines remain straight
(which is often a desirable attribute).

For larger fields of view, however, we cannot maintain a flat repre-
sentation without excessively stretching pixels near the border of the
image. (In practice, flat panoramas start to look severely distorted once
the field of view exceeds 90° or so.) The usual choice for compositing
larger panoramas is to use a cylindrical [43,193] or spherical [199] pro-
jection, as described in Subsection 2.3. In fact, any surface used for
environment mapping in computer graphics can be used, including a
cube map that represents the full viewing sphere with the six square
faces of a cube [73,199]. Cartographers have also developed a number
of alternative methods for representing the globe [33].

The choice of parameterization is somewhat application dependent,
and involves a tradeoff between keeping the local appearance undis-
torted (e.g., keeping straight lines straight) and providing a reasonably
uniform sampling of the environment. Automatically making this selec-
tion and smoothly transitioning between representations based on the
extent of the panorama is an interesting topic for future research.

View Selection Once we have chosen the output parameterization,
we still need to determine which part of the scene will be centered
in the final view. As mentioned above, for a flat composite, we can
choose one of the images as a reference. Often, a reasonable choice is
the one that is geometrically most central. For example, for rotational
panoramas represented as a collection of 3D rotation matrices, we can
choose the image whose z-axis is closest to the average z-axis (assuming
a reasonable field of view). Alternatively, we can use the average z-axis
(or quaternion, but this is trickier) to define the reference rotation
matrix.

For larger (e.g., cylindrical or spherical) panoramas, we can still use
the same heuristic if a subset of the viewing sphere has been imaged. If
the case of full 360° panoramas, a better choice might be to choose the
middle image from the sequence of inputs, or sometimes the first image,
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assuming this contains the object of greatest interest. In all of these
cases, having the user control the final view is often highly desirable.
If the “up vector” computation described in Subsection 5.1 is working
correctly, this can be as simple as panning over the image or setting a
vertical “center line” for the final panorama.

Coordinate Transformations Once we have selected the parame-
terization and reference view, we still need to compute the mappings
between the input and output pixels coordinates.

If the final compositing surface is flat (e.g., a single plane or the
face of a cube map) and the input images have no radial distortion,
the coordinate transformation is the simple homography described by
(2.19). This kind of warping can be performed in graphics hardware
by appropriately setting texture mapping coordinates and rendering a
single quadrilateral.

If the final composite surface has some other analytic form (e.g.,
cylindrical or spherical), we need to convert every pixel in the final
panorama into a viewing ray (3D point) and then map it back into each
image according to the projection (and optionally radial distortion)
equations. This process can be made more efficient by pre-computing
some lookup tables, e.g., the partial trigonometric functions needed to
map cylindrical or spherical coordinates to 3D coordinates and/or the
radial distortion field at each pixel. It is also possible to accelerate this
process by computing exact pixel mappings on a coarser grid and then
interpolating these values.

When the final compositing surface is a texture-mapped polyhe-
dron, a slightly more sophisticated algorithm must be used. Not only
do the 3D and texture map coordinates have to be properly handled,
but a small amount of overdraw outside of the triangle footprints in
the texture map is necessary, to ensure that the texture pixels being
interpolated during 3D rendering have valid values [199].

Sampling Issues While the above computations can yield the cor-
rect (fractional) pixel addresses in each input image, we still need to
pay attention to sampling issues. For example, if the final panorama
has a lower resolution than the input images, pre-filtering the input
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images is necessary to avoid aliasing. These issues have been extensively
studied in both the image processing and computer graphics communi-
ties. The basic problem is to compute the appropriate pre-filter, which
depends on the distance (and arrangement) between neighboring sam-
ples in a source image. Various approximate solutions, such as MIP
mapping [219] or elliptically weighted Gaussian averaging [74] have
been developed in the graphics community. For highest visual qual-
ity, a higher order (e.g., cubic) interpolator combined with a spatially
adaptive pre-filter may be necessary [215]. Under certain conditions, it
may also be possible to produce images with a higher resolution than
the input images using a process called super-resolution (Section 7).

6.2 Pixel Selection and Weighting

Once the source pixels have been mapped onto the final composite
surface, we must still decide how to blend them in order to create an
attractive looking panorama. If all of the images are in perfect regis-
tration and identically exposed, this is an easy problem (any pixel or
combination will do). However, for real images, visible seams (due to
exposure differences), blurring (due to mis-registration), or ghosting
(due to moving objects) can occur.

Creating clean, pleasing looking panoramas involves both deciding
which pixels to use and how to weight or blend them. The distinction
between these two stages is a little fluid, since per-pixel weighting can
be thought of as a combination of selection and blending. In this section,
I discuss spatially varying weighting, pixel selection (seam placement),
and then more sophisticated blending.

Feathering and Center-Weighting The simplest way to create a
final composite is to simply take an average value at each pixel,

C(x) = Zwk(w)fk(w)/Zwk(w), (6.1)
k k

where Ij,(x) are the warped (re-sampled) images and wy, () is 1 at valid
pixels and 0 elsewhere. On computer graphics hardware, this kind of



76 Compositing

Fig. 6.1 Final composites computed by a variety of algorithms: (a) average, (b) median,
(c) feathered average, (d) p-norm p = 10, (e) Vornoi, (f) weighted ROD vertex cover with
feathering, (g) graph cut seams with Poisson blending, (h) and with pyramid blending.

summation can be performed in an accumulation buffer (using the A
channel as the weight).

Simple averaging usually does not work very well, since exposure
differences, mis-registrations, and scene movement are all very visible
(Figure 6.1a). If rapidly moving objects are the only problem, taking a
median filter (which is a kind of pixel selection operator) can often be
used to remove them [93] (Figure 6.1b). Conversely, center-weighting
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(discussed below) and minimum likelihood selection [1] can sometimes
be used to retain multiple copies of a moving object (Figure 6.4).

A better approach to averaging is to weight pixels near the center
of the image more heavily and to down-weight pixels near the edges.
When an image has some cutout regions, down-weighting pixels near
the edges of both cutouts and edges is preferable. This can be done by
computing a distance map or grassfire transform,

wi(x) = ) (6.2)

argmin{||yyl| | Ix(x + y) is invalid }
y

where each valid pixel is tagged with its Euclidean distance to the
nearest invalid pixel. The Euclidean distance map can be efficiently
computed using a two-pass raster algorithm [26,49]. Weighted averaging
with a distance map is often called feathering [42,199,210] and does a
reasonable job of blending over exposure differences. However, blurring
and ghosting can still be problems (Figure 6.1c). Note that weighted
averaging is not the same as compositing the individual images with
the classic over operation [25,153], even when using the weight values
(normalized to sum up to one) as alpha (translucency) channels. This
is because the over operation attenuates the values from more distant
surfaces, and hence is not equivalent to a direct sum.

One way to improve feathering is to raise the distance map values
to some large power, i.e., to use w?(x) in (6.1). The weighted averages
then become dominated by the larger values, i.e., they act somewhat
like a p-norm. The resulting composite can often provide a reasonable
tradeoff between visible exposure differences and blur (Figure 6.1d).

In the limit as p — oo, only the pixel with the maximum weight
gets selected,

C(x) = i(z) (), (6.3)
where
l= argmax wi () (6.4)

is the label assignment or pizel selection function that selects the image
to be used at each pixel. This hard pixel selection process produces a
visibility mask-sensitive variant of the familiar Vornoi diagram, which
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assigns each pixel to the nearest image center in the set [150,220].
The resulting composite, while useful for artistic guidance and in high-
overlap panoramas (manifold mosaics) tends to have very hard edges
with noticeable seams when the exposures vary (Figure 6.1e).

Xiong and Turkowski [223] use this Vornoi idea (local maximum of
the grassfire transform) to select seams for Laplacian pyramid blend-
ing (which is discussed below). However, since the seam selection is
performed sequentially as new images are added in, some artifacts can
oceur.

Optimal Seam Selection Computing the Vornoi diagram is one
way to select the seams between regions where different images con-
tribute to the final composite. However, Vornoi images totally ignore
the local image structure underlying the seam.

A better approach is to place the seams in regions where the images
agree, so that transitions from one source to another are not visible. In
this way, the algorithm avoids “cutting through” moving objects where
a seam would look unnatural [50]. For a pair of images, this process can
be formulated as a simple dynamic program starting from one (short)
edge of the overlap region and ending at the other [50,56,135,136].

When multiple images are being composited, the dynamic program
idea does not readily generalize. (For square texture tiles being com-
posited sequentially, Efros and Freeman [56] run a dynamic program
along each of the four tile sides.)

To overcome this problem, Uyttendaele et al. [210] observed that
for well-registered images, moving objects produce the most visible
artifacts, namely translucent looking ghosts. Their system therefore
decides which objects to keep and which ones to erase. First, the algo-
rithm compares all overlapping input image pairs to determine regions
of difference (RODs) where the images disagree. Next, a graph is con-
structed with the RODs as vertices and edges representing ROD pairs
that overlap in the final composite (Figure 6.2). Since the presence of
an edge indicates an area of disagreement, vertices (regions) must be
removed from the final composite until no edge spans a pair of remain-
ing vertices. The smallest such set can be computed using a vertez cover
algorithm. Since several such covers may exist, a weighted vertex cover
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Fig. 6.2 Computation of regions of differences (RODs): (a) three overlapping images with
a moving face; (b) corresponding RODs; and (c) graph of coincident RODs. (Taken from
(210]).

is used instead, where the vertex weights are computed by summing
the feather weights in the ROD [210]. The algorithm therefore prefers
removing regions that are near the edge of the image, which reduces
the likelihood that partially visible objects will appear in the final com-
posite. (It is also possible to infer which object in a region of difference
is the foreground object by the “edginess” (pixel differences) across the
ROD boundary, which should be higher when an object is present [87].)
Once the desired excess regions of difference have been removed, the
final composite can be created using a feathered blend (Figure 6.1f).

A different approach to pixel selection and seam placement was
recently proposed by Agarwala et al. [1]. Their system computes the
label assignment that optimizes the sum of two objective functions.
The first is a per-pixel image objective that determines which pixels
are likely to produce good composites,

Cp = ZDl(z)(m)v (6.5)

where Dj(,)(z) is the data penalty associated with choosing image [ at
pixel . In their system, users can select which pixels to use by “paint-
ing” over an image with the desired object or appearance, which sets
D(z,l) to a large value for all labels [ other than the one selected by
the user (Figure 6.3). Alternatively, automated selection criteria can be
used, such as mazimum likelihood that prefers pixels that occur repeat-
edly (for object removal), or minimum likelihood for objects that occur
infrequently (for greatest object retention). Using a more traditional
center-weighted data term tends to favor objects that are centered in
the input images (Figure 6.4).
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Fig. 6.3 From a set of five source images (of which four are shown on the left), Photomontage
quickly creates a composite family portrait in which everyone is smiling and looking at the
camera (right). Users simply flip through the stack and coarsely draw strokes using the
designated source image objective over the people they wish to add to the composite.
The user-applied strokes and computed regions are color-coded by the borders of the source
images on the left (middle). (Copied, with permission, from [1]).

Fig. 6.4 Set of five photos tracking a snowboarder’s jump stitched together into a seamless
composite. Because the algorithm prefers pixels near the center of the image, multiple copies
of the boarder are retained.

The second term is a seam objective that penalizes differences in
labelings between adjacent images,

Cs = Z Sl(w),l(y) (may)v (66)
(z,y)eN

where Sy, 1(,) (%, y) is the image-dependent interaction penalty or seam
cost of placing a seam between pixels & and y, and N is the set of Ny
neighboring pixels. For example, the simple color-based seam penalty
used in [1,112] can be written as

Si@)it)(@Y) = 1wy (@) — Ly @) + | Ly (y) — Lyl (6.7)
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More sophisticated seam penalties can also look at image gradients
or the presence of image edges [1]. Seam penalties are widely used
in other computer vision applications such as stereo matching [27] to
give the labeling function its coherence or smoothness. An alternative
approach, which places seams along strong consistent edges in overlap-
ping images using a watershed computation has recently been devel-
oped by Soille [182].

The sum of the two objective functions is often called the Markov
Random Field (MRF) energy, since it arises as the negative log-
likelihood of an MRF distribution [67]. For general energy functions,
finding the minimum can be NP-hard [27]. However, a variety of
approximate optimization techniques have been developed over the
years, including simulated annealing [67], graph cuts [27], and loopy
belief propagation [190,200]. Both Kwatra et al. [112] and Agarwala
et al. [1] use graph cuts, which involves cycling through a set of simpler
a-expansion re-labelings, each of which can be solved with a graph cut
(max-flow) polynomial-time algorithm [27].

For the result shown in Figure 6.1g, Agarwala et al. [1] use a large
data penalty for invalid pixels and 0 for valid pixels. Notice how the
seam placement algorithm avoids regions of differences, including those
that border the image and which might result in cut off objects. Graph
cuts [1] and vertex cover [210] often produce similar looking results,
although the former is significantly slower since it optimizes over all
pixels, while the latter is more sensitive to the thresholds used to deter-
mine regions of difference.

6.3 Blending

Once the seams have been placed and unwanted object removed, we
still need to blend the images to compensate for exposure differences
and other mis-alignments. The spatially varying weighting (feathering)
previously discussed can often be used to accomplish this. However, it
is difficult in practice to achieve a pleasing balance between smooth-
ing out low-frequency exposure variations and retaining sharp enough
transitions to prevent blurring (although using a high exponent does
help).
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Laplacian Pyramid Blending An attractive solution to this prob-
lem was developed by Burt and Adelson [34]. Instead of using a single
transition width, a frequency-adaptive width is used by creating a band-
pass (Laplacian) pyramid and making the transition widths a function
of the pyramid level. The process operates as follows.

First, each warped image is converted into a band-pass (Laplacian)
pyramid, which involves smoothing each level with a 1/16(1,4,6,4,1)
binomial kernel, subsampling the smoothed image by a factor of 2, and
subtracting the reconstructed (low-pass) image from the original. This
creates a reversible, overcomplete representation of the image signal.
Invalid and edge pixels are filled with neighboring values to make this
process well defined.

Next, the mask (valid pixel) image associated with each source
image is converted into a low-pass (Gaussian) pyramid. These blurred
and subsampled masks become the weights used to perform a per-level
feathered blend of the band-pass source images.

Finally, the composite image is reconstructed by interpolating and
summing all of the pyramid levels (band-pass images). The result of
applying this pyramid blending is shown in Figure 6.1i.

Gradient Domain Blending An alternative approach to multi-
band image blending is to perform the operations in the gradient
domain. Reconstructing images from their gradient fields has a long his-
tory in computer vision [89], starting originally with work in brightness
constancy [88], shape from shading [90], and photometric stereo [221].
More recently, related ideas have been used for reconstructing images
from their edges [58], removing shadows from images [218], separating
reflections from a single image [115], and tone mapping high dynamic
range images by reducing the magnitude of image edges (gradients) [59].

Pérez et al. [151] showed how gradient domain reconstruction can
be used to do seamless object insertion in image editing applications.
Rather than copying pixels, the gradients of the new image fragment
are copied instead. The actual pixel values for the copied area are
then computed by solving a Poisson equation that locally matches
the gradients while obeying the fixed Dirichlet (exact matching) con-
ditions at the seam boundary. Pérez et al. [151] show that this is
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equivalent to computing an additive membrane interpolant of the mis-
match between the source and destination images along the boundary.
(The membrane interpolant is known to have nicer interpolation prop-
erties for arbitrary-shaped constraints than frequency-domain inter-
polants [142].) In earlier work, Peleg [148] also proposed adding a
smooth function to force a consistency along the seam curve.

Agarwala et al. [1] extended this idea to a multi-source formulation,
where it no longer makes sense to talk of a destination image whose
exact pixel values must be matched at the seam. Instead, each source
image contributes its own gradient field, and the Poisson equation is
solved using Neumann boundary conditions, i.e., dropping any equa-
tions that involve pixels outside the boundary of the image.

Rather than solving the Poisson partial differential equations,
Agarwala et al. [1] directly minimize variational problem,

min [VO(2) - Vi) (@)]* (6.5)

The discretized form of this equation is a set of gradient constraint
equations
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tions.! They then solve the associated sparse least squares problem.
Since this system of equations is only defined up to an additive con-
straint, Agarwala et al. [1] ask the user to select the value of one pixel.
In practice, a better choice might be to weakly bias the solution toward
reproducing the original color values.

To accelerate the solution of this sparse linear system, [59] use multi-
grid, whereas [1] use hierarchical basis preconditioned conjugate gradi-
ent descent [192,195]. The resulting seam blending work very well in
practice (Figure 6.1h), although care must be taken when copying large
gradient values near seams so that a “double edge” is not introduced.

L At seam locations, the right-hand side is replaced by the average of the gradients in the
two source images.
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Copying gradients directly from the source images after seam place-
ment is just one approach to gradient domain blending. The paper by
Levin et al. [116] examines several different variants on this approach,
which they call Gradient-domain Image STitching (GIST). The tech-
niques they examine include feathering (blending) the gradients from
the source images, as well as using an L1 norm in performing the recon-
struction of the image from the gradient field, rather than using an 1.2
norm as in (6.8). Their preferred technique is the L1 optimization of
a feathered (blended) cost function on the original image gradients
(which they call GIST1-l;). Since L1 optimization using linear pro-
gramming can be slow, they develop a faster iterative median-based
algorithm in a multigrid framework. Visual comparisons between their
preferred approach and what they call optimal seam on the gradients
(which is equivalent to Agarwala et al. [1)’s approach) show similar
results, while significantly improving on pyramid blending and feath-
ering algorithms.

Exposure Compensation Pyramid and gradient domain blending
can do a good job of compensating for moderate amounts of exposure
differences between images. However, when the exposure differences
become large, alternative approaches may be necessary.

Uyttendaele et al. [210] iteratively estimate a local correction
between each source image and a blended composite. First, a block-
based quadratic transfer function is fit between each source image and
an initial feathered composite. Next, transfer functions are averaged
with their neighbors to get a smoother mapping, and per-pixel transfer
functions are computed by splining (interpolating) between neighbor-
ing block values. Once each source image has been smoothly adjusted,
a new feathered composite is computed, and the process is be repeated
(typically three times). The results in [210] demonstrate that this does
a better job of exposure compensation than simple feathering, and can
handle local variations in exposure due to effects like lens vignetting.

High Dynamic Range Imaging A more principled approach to
exposure compensation is to estimate a single high dynamic range
(HDR) radiance map from the differently exposed images [52, 125,
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137,158]. Most techniques assume that the input images were taken
with a fixed camera whose pixel values

Ix(z) = f(crR();p) (6.11)

are the result of applying a parameterized radiometric transfer function
f(R,p) to scaled radiance values cpR(x). The exposure values ¢ are
either known (by experimental setup, or from a camera’s EXIF tags),
or are computed as part of the fitting process.

The form of the parametric function differs from paper to paper.
Mann and Picard [125] use a three-parameter f(R) =a + SR” func-
tion, Debevec and Malik [52] use a thin-plate cubic spline, while Mit-
sunaga and Nayar [137] use a low-order (N < 10) polynomial for the
inverse of the transfer function.

To blend the estimated (noisy) radiance values into a final compos-
ite, Mann and Picard [125] use a hat function (accentuating mid-tone
pixels), Debevec and Malik [52] use the derivative of the response func-
tion, while Mitsunaga and Nayar [137] optimize the signal-to-noise ratio
(SNR), which emphasizes both higher pixel values and larger gradients
in the transfer function.

Once a radiance map has been computed, it is usually necessary to
display it on a lower gamut (i.e., 8-bit) screen or printer. A variety of
tone mapping techniques have been developed for this purpose, which
involve either computing spatially varying transfer functions or reduc-
ing image gradients to fit the available dynamic range [54,59,120,159].

Unfortunately, casually acquired images may not be perfectly reg-
istered and may contain moving objects. Kang et al. [104] present an
algorithm that combines global registration with local motion estima-
tion (optic flow) to accurately align the images before blending their
radiance estimates (Figure 6.5). Since the images may have widely dif-
ferent exposures, care must be taken when producing the motion esti-
mates, which must themselves be checked for consistency to avoid the
creation of ghosts and object fragments.

Even this approach, however, may not work when the camera
is simultaneously undergoing large panning motions and exposure
changes, which is a common occurrence in casually acquired panora-
mas. Under such conditions, different parts of the image may be seen at
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Fig. 6.5 Merging multiple exposures to create a high dynamic range composite: (a—c) three
different exposures; (d) merging the exposures using classic algorithms (note the ghosting
due to the horse’s head movement); and (e) merging the exposures with motion compensa-
tion [104].

one or more exposures. Devising a method to blend all of these different
sources while avoiding sharp transitions and dealing with scene motion
is a challenging task that has recently been tackled by first finding a
consensus mosaic and then selectively computing radiances in under-
and over-exposed regions [55].

In the long term, the need to compute high dynamic range images
from multiple exposures may be eliminated by advances in camera sen-
sor technology [104, 140, 208, 224]. However, the need to blend such
images and to tone map them to a pleasing final result will likely
remain.
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Extensions and Open Issues

In this paper, the basics of image alignment and stitching, concen-
trating on techniques for registering partially overlapping images and
blending them to create seamless panoramas have been surveyed. A
large number of additional techniques have been developed for solving
related problems such as increasing the resolution of images by taking
multiple displaced pictures (super-resolution), stitching videos together
to create dynamic panoramas, and stitching videos and images in the
presence of large amounts of parallax.

Perhaps, the most common question that comes up in relation to
image stitching is the following. “Why can’t you just take multiple
images of the same scene with sub-pixel displacements and produce
an image with a higher effective resolution?” Indeed, this problem has
been studied for a long time and is generally known as multiple image
super-resolution.! Examples of papers that have addressed this issue
include [35, 36, 40,41, 96,107]. (See [8] for a recent paper with lots of
additional references and experimental comparisons.) The general idea
is that different images of the same scene taken from slightly different

L One can also increase the resolution of a single image using various kinds of non-linear or
example-based interpolation techniques [8,65].

87
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positions (i.e., where the pixels do not sample exactly the same rays in
space) contain more information than a single image. However, this is
only true if the imager actually aliases the original signal, e.g., if the
silicon sensor integrates over a finite area and the optics do not cut
off all the frequencies above the Nyquist frequency. Motion estimation
also needs to be very accurate for this to work, so that in practice, an
increase in resolution greater than 2x is difficult to achieve [8].

Another popular topic is video stitching [15,93, 126,166, 183, 203].
While this problem is in many ways a straightforward generalization
of multiple-image stitching, the potential presence of large amounts of
independent motion, camera zoom, and the desire to visualize dynamic
events impose additional challenges. For example, moving foreground
objects can often be removed using median filtering. Alternatively, fore-
ground objects can be extracted into a separate layer [166] and later
composited back into the stitched panoramas, sometimes as multi-
ple instances to give the impressions of a “Chronophotograph” [126]
and sometimes as video overlays [93]. Videos can also be used to
create animated panoramic video textures in which different portions
of a panoramic scene are animated with independently moving video
loops [2,156].

Video can also provide an interesting source of content for creat-
ing panoramas taken from moving cameras. While this invalidates the
usual assumption of a single point of view (optical center), interesting
results can still be obtained. For example, the VideoBrush system [168]
uses thin strips taken from the center of the image to create a panorama
taken from a horizontally moving camera. This idea can be generalized
to other camera motions and compositing surfaces using the concept
of mosaics on adaptive manifold [150]. Related ideas have been used to
create panoramic matte paintings for multi-plane cell animation [220],
for creating stitched images of scenes with parallax [111], and as 3D rep-
resentations of more complex scenes using multiple-center-of-projection
images [155].

Another interesting variant on video-based panoramas are con-
centric mosaics [175]. Here, rather than trying to produce a single
panoramic image, the complete original video is kept and used to
re-synthesize novel views (from different camera origins) using ray
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remapping (light field rendering), thus endowing the panorama with
a sense of 3D depth. The same data set can also be used to explicitly
reconstruct the depth using multi-baseline stereo [118,147,177,179].

Open Issues While image stitching is by now a fairly mature field
with a variety of commercial products, there remain a large number of
challenges and open extensions. One of these is to increase the reliability
of fully automated stitching algorithms. As discussed in Subsection 5.3
and illustrated in Figures 5.2 and 5.3, it is difficult to simultaneously
avoid matching spurious features or repeated patterns while also being
tolerant to large outliers such as moving people. Advances in seman-
tic scene understanding could help resolve some of these problems, as
well as better machine learning techniques for feature matching and
validation.

The problem of parallax has also not been adequately solved. For
small amounts of parallax, the deghosting techniques described in Sub-
sections 5.2 and 6.2 can often adequately disguise these effects through
local warping and careful seam selection. For high-overlap panoramas,
concentric mosaics [175], panoramas with parallax [118] and careful
seam selection (with potential user guidance) [1] can be used. The most
challenging case is limited overlap panoramas with large parallax, since
the depth estimates needed to compensate for the parallax are only
available in the overlap regions [102,211].
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