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Abstract- There has been significant recent interest of
particle filters for nonlinear state estimation. Particle
filters evaluate a posterior probability distribution of
the state variable based on observations in Monte Carlo
simulation using so-called importance sampling. How-
ever, degeneracy phenomena in the importance weights
deteriorate the filter performance. By recognizing the
similarities and the difference of the processes between
the particle filters and Evolution Strategies, a new filter,
Evolution Strategies Based Particle Filter, is proposed
to circumvent this difficulty and to improve the perfor-
mance. The applicability of the proposed idea is ilfus-
trated by numerical studies.

1 Introduction

One of the crucial problems in control system science is
estimation of the state variables of dynamic systems using a
sequence of their noisy observations. For discrete time state
space formulation of dynamic systems, difference equations
are used to model the evolution of the system with time,
and observations are assumed to available at discrete time
instants. The focus will be on the recursive state estimation
approach, where the estimate of the state is updated as
new cbservation comes in. This problem can be discussed
within the Bayesian framework ([Sorenson 1985]}. In
this approach, we first compute a posterior probability
density function (pdf) of the _state based on all available
information, including the set of observations using
Bayes’ law, and then we find an optimal (with respect to
any criterion such as the mean squared errors) estimate
of the state from the posterior pdf. The well-known
Kalman filter ([Kalman and Bucy 1961]) is derived by
this approach as the minimum mean square error estimate
based on the posterior pdf computed for linear state space
model with Gaussian noise ([Anderson and Moore 1979],
[Sorenson 1985], [Katayama 2000]). However, it is gen-
erally difficult to compute analytically the posterior pdf
for nonlinear/non-Gaussian models, and some approxima-
tions should be introduced. A number of approximation
approaches have been devised. Historically, the first
of these approaches was extended Kalman filter (EKF)
([Jazwinski 1970], [Goodwin and Agiiero 2002]). It uses
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the linear approximations of the nonlinear functions in
system and observation equations around the estimate, and
applies the Kalman filter to obtain estimates for the state.
Then, the class of filters which approximate the posterior
pdf by mixture distributions was developed. Gaussian
sum filter ([Sorenson 19851) and interacting multiple
medel (IMM) filter ([Tugnait 1982]) are belonging.to this
class. Further general approach is grid-based filter, which
evaluates the posterior pdf at a series of prescribed points
in the sampled space based on deterministic numerical
integration methods ([Sorenson 19881). Recent massive
increase of the computational power allowed to the re-
birth of Monte Carlo integration and its application of
Bayesian filtering, or Monlte Carlo filters ([Kitagawa 1987],
[West 1993],  [Tanizaki and Mariano 1994]). We
focus here on a class of Monte Carlo filters,
known as “particle filiers” ([Liu and Chen 1998],
[Doucet 1998], [Doucet, de Freitas and Gordon 2001],
[Arulampalam et al. 2002]). It approximates the posterior
pdf by swarms of points, called ‘particles,” which evolves
and adapts to incoming data. Each particle has an assigned
weight and the posterior pdf can be approximated by a
discrete distribution which has support on each of the
particles. We can see some similarities between particle
filters and grid-based filters; both produce a set of weighted
points and use these as a basis for an approximation of the
posterior pdf. However, particles are generated randomly
from the system equation and naturally follow the move-
ment of the state, while the points of the grid-based filters
are chosen arbitrarily by the user and a new choice may
have to be made at each time instants to follow the moving
state. Further, since the particle filters use Monte Carlo
integration while the grid-based filters evaluate the integrals
in deterministic numerical methods, the computation cost
in calculating the weights of particles for particle filters is
considerably smaller than one in calculating the weights
assigned to each grids for the grid-based filters especially
for higher dimensional case.

In application of the particle filters, a common problem i1s
the degeneracy phenomenon, where almost all importance
weights tend to zero after some iteration. It implies a
large computational effort is devoted to update the particles
with negligible weights. Some modifications such as
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resampling particle filler have been proposed to resolve
this difficulty. In this paper, we propose a novel particle
filter, based on evolution strategies ([Schwefel 1995]), one
of the evolutionary computation approaches, and show its
applicability,

2 Particle Filter

Consider the following nonlinear state space model.

Tier1 = f{Tho Uk, Vi) (1)
yr = 9(Te, W) 2)

where xy, 1y, yi are the state variable, input and observa-
tion, respectively, f, g are known possibly nonlinear func-
tions, and v, wy are independently identically distributed
(i.i.d.) system noise and observation noise sequences, re-
spectively. We assume v, and wy are mutually indepen-
dent. Problem to be considered here is to find the best ¢s-
timate of the state variable z; in some sense based on the
all available data of observations y1.x = {y1,¥2.---, Yk }-
We can solve the problem by calculating the posterior prob-
ability density function {pd{) of the state variable x; of time
instant k& based on all the available data of observation se-
quence y1.x..For examples, using the posterior pdf, we can
obtain the minimum mean squared error estimate (MMSE)
and the maximum a posterior probability (MAP) estimate
as follows ({Goodwin and Agiiero 2002]).

&y = Elzg|yix] = ]fﬂkp(ﬂ?klyl:k)dmk (3

By = argmaxp(2k[y1) “

The posterior pdf p{xxlyy.1) of z) based on the observa-

" tion sequence y1.x is evaluated recursively from a priori pdf

plzalyg) = p(xg) of the inital state variable xg as follows.
Time evolution (Chapman-Kolmogorov equation)

plzeiyie—1) = /P(-T:Hmk—l)p(mk—l‘yl:k—1)dIkAl (5)
Observation update (Bayes’ rule)

plyr|xe)p(esyre—1)
Pyl y1e-1)

plzrlyie) = (6)

where normalizing constant
pluclynn) = [ plurdecp(@duedes ()
depends on the likelihood p{yx|zx }, which is determined by

the observation equation (2) and the known statistics of wy.
While, in (5), p(zk|z¢—1) is defined by the system equation

{1) and the known statistics of vy _;.

In most cases, it is difficult to evaluate the integrals in (5)
and (6) except the case where f and g are linear and vy
and wy, are zero-mean Gaussian with covartances @ and R,
respectively, such that

Azp + Bug + v
Cxy + g, (8)

Thtl
Y =

where we can oblain a Gaussian conditional density for the
state, i.e.,

plzelyie-1) ~ NiZjeo1, Popot)

plzelyre) ~ N{Zppp: Pee) 9
where
Eppe—1 = AZpp-1+ Buy
Pupor = AP AT +Q
T = Egpe-r + Kelye — Cogpr-r) (10)
P = (I - K C)Pyp—y
Kp = PO (CPpaCT + RY

This is the well-known Kalman fiter.

In such cases, some approximations should be introduced
as explained in Section 1. Another approach is 10 approxi-
mate the integrals with the following weighted sum on the
discrete grids.

Zw“ (2 —2})

where &(z) is Dirac’s delia function (3(z) = 1 forz = 0
and 6{z) = O otherwise), and w( ' is the weight for the
discrete grid 2\ with w(" > 0, P ]w,(f) = 1. By this

approximation, MMSE (?) and MAP estimate (4) are given
by

2@ yiw) (1

MMSE Zw“’ @ (12)
()
MAP g =a, o0 (13)

In particle filters, z, (i = 1,...,
domly.

n) are generated ran-

2.1 Importance Sampling

First, we briefly review the idea of “importance sampling”
Consider the case where an approximation for the pdf p{z)
is the following function with discrete grids.

1S .
~ = (D — D)
plz) =~ — ;Zlu {z~z)
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with Dirac’s delta functions 6(-) and z'*! randomly sampled
according 1o the pdf p(x). We can approximate the integral

1 .
1= [ gtz ~ > ota")

When it is hard to sample &'¥ from a general pdf p(z), we
find a pdf ¢(x), from which sampling is possible, then sam-
ple () from it and approximate the integral by

[ stz

= / g(ﬁ)%qmdx

~ S wlilga®)

i=1

(14)

Elg(x)] =

(15

where (0
1
q(m(l))
and 7, (i = 1,...,n) are sampled from the pdf ¢(x),
which is called the importance density and is chosen to be
closer as possible to the pdf p(x). This sampling process is
called “importance sampling.”

2.2 Sequential Importance Sampling Filter

App[ymo the idea of the importance sampling, if the par-

ticles r i = ..n) in {11) are sampled from the

1mportance densny q(rk|y1;;\.), then the weights are given

by :

(1)

W P(Iﬁ)wlxk)

("Ek Iyl:k)

In sequential case, at each iteration, we have samples con-

stituting an approximation 16 p(zg_1|¥1:4~1) and want to

approximate p(zy |yy.) with a new set of samples ;.. When

the importance density g(zs|y1.4—1) is chosen to factorize
such that

{16)

glxpling) = glaelreor, ving{zi—1lyra—-1) D

Then we can obtain samples ;I:Li) from the importance den-
sity ¢ |¢1.4) by augmenting each of the existing samples
ri’ll sampled from the importance density ¢(zx—1|y1:6-1)
with the new state mf:) sampled from g(zg|zr_1, Y11)
Noting that

pluelze. - 1)p(@r]|y—1)
P(yxlyrr-1)

plynler, yuk—1)p(xe]Tr_1. ¥ix-1)

Plytyrr-1)

p(:"klyl:k) =

X plTy—tlyie—1)

pluelze)p{ze]ze—z)
= P{Ti-11¥10-1)-
plurlyik-1) )
< plyelerplzrite—1)p(@e—1ly1:e-1) (18)
we have a
(i)
: T e s I
w’(:) ~ (yk| ( |z} i 1)}’( e 11911\ 1)

JI yneda(ed? lyeer)

R (wxly ) z‘”w” )

= Wi (i)
gz 12 yek)

Summarizing these steps, we can obtain a particle filter
shown in Fig.l. This filter is called “Sequential Importance
Sampling Particle Filter™ (SIS).

(15)

Procedure SIS

For k=
i=1,...,n sample ;rD ~ g(zoluo)
t =1,...,n. evaluate the weight
(i)
RGN plwolzf )p(=g)
L (i)
gz o)
For k>1
— A1)
i=1,....nsamplezy’ ~ qz|zi . yrx)
i=1....,n,evaluate [he weight
( HI G
w (r) (P(Ukll;\ )p('rl |xk_1)
‘:; Wy _y
( (f)‘v(?) ym-)
i=1..... n. normalize the weight
i
T
kT n LD
2ii vk () ()
- {2 1
Let plerlyig) = Z, 1 W O(ze — z; )

Figure 1: Algorithm of SIS filter

2.3 Sampling Importance Resampling Filter

A common problem in the SIS filier is the degeneracy phe-
nomenon, where almost all particles will be almost zero af-
ter a few iterations. By this degeneracy. a large computa-
tionat effort is devoted to updating particles whose contri-
bution to the approximation of the posterior pdf p{xy|y1.1)
is negligible. In order to prevent this phenomenon, we can
introduce resampling process, where particles with smaller
weights are eliminated and particles with relatively larger
weights are resampled. The resampling process involves
generating new particles z}, @ (i =1,....n) by resampling
from the grid approximation (1 1) randomly with probability

20
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The weights are reset to

; 1
wp = = @1
n
The effective sample size defined by
N, L (22)
e RFET)
RS DT AT
is used as a measure of degeneracy, where 1&,(:) is a

normalized weight. Note that 1 < Ny < n and

,(;” = 1 for some 7 and

that N.y; = 1 occurs’when @

@ = 0 for all ¢ except 5, and Negf = n holds when

S ()
ILA, —’U.k =

- = @, This implies smaller N, s im-
plies severe degeneracy. Hence if Neff < Nipres for some
predetermined threshold value N;p,.s, resampling should
be desirable. Particle filter with this resampling process is
called “Sampling Importance Resampling Particle Filter”

(SIR). (Sec Fig.2)

Procedure SIR

For k=0
i=1,...,n, sample 73’ ~ q(xalyo)
i = 1,....n, evaluate the weight
(#) (i)
wi? = P(yo\l‘oz )13’(350t )
(
Q(Iunlyo)
For k>1
t=1,...,n, sample :fr;:) ~ q(zk\zﬁ],yl:k)
: =1,...,n, evaluate the weight
= =i}, (3)
iy _ () (P(yk|$kz) )P(%”!Ikl_l)
W' = Wi (1) (D)
q{‘rk |Ik !yl:k)
i =1,...,n, normalize the weight
(1)
- (1) _ Wy
Uy, .

Sl
; 1
EVB]Uate [V _—T
. ad Z?:l(“’;l)?

If Neff > Arfhres
ol =P fori=1,...,n
otherwise )
Fori =1,...,n, sample an index j{¢) distri-
buted according to discrete distribution with n
elements satisfying
Pr(j(i) = &) =@l for£=1,....,n

. TR n 1
Fori=1,...,n, :ri,” = xfc“), wi.” =~

)

Let plaplyie) = Z?:l wi_”&(zk - .’L';:

Figure 2: Algorithm of SIR filter

3 Evolution Strategies Based Particle Filter

In this section, we propose a novel parucle filter called
“Evolution Strategies Based Particle Filier” (SIE) by rec-
ognizing the similarities in some steps of the “Sampling
Importance Resampling Particle Filter” (SIR) and evolution
strategies.

3.1 Evolutionary Computation

Evolutionary computation approach is computational mod-
els of natural evolutionary processes as key elements
in the design and implementation of computer-based
problem solving systems. A variety of evolution-
ary computation approaches such as ‘Evolutionary Pro-
gramming’ (EP) ([Fogel, Owens and Walsh 1965]), ‘Evo-
lution Strategies’ (ES) ([Schwefel 1995]), ‘Genetic Al-
gorithm’ (GA) ([Holland 1992]), and ‘Genetic Program-
ming’ {(GP) ([Koza 1992]) have been proposed and
studied.  Extensive survey and comments are given
in ([Back and Schwefel 1993],[Back 1996], [Fogei 1995]).
The common conceptual base is simulating the evolution of
individuals (candidate solutions) via processes of selection
and perturbation. These processes depend on the perceived
performance (fitness) of the individuals as defined by the
environments.

Evolutionary computation approach maintains a population
of structures that evolve according to rules of selection and
other operators, such as recombination and mutation. Each
individual 1s evaluated, receiving a measure of its fitness
in the environment. Selection (reproduction) focuses atten-
tion on high-fitness individuals, thus exploiting the avail-
able fitness information. Recombination (also refer to as
crossover) and mutation perturb those individuals, provid-
ing general heuristics for exploration. Figure 3 outlines a
basic evolutionary computation approach.

Here we explain ES briefly. Evolution Strategies is de-
veloped by Rechenberg and Schwefel ({Schwefel 1995]) 1o
solve hydrodynamic problems. It is applied to continuous
function optimization in real-valued n-dimensional space.
Mutation is applied more often to the solution rather than
crossover. The simplest method can be implemented as fol-
lows: Let 2% = (J:(Ik),v--zgf)) eR", (k=1,-,p)
be each individual in the population.

3.1.1 Generation of initial population

We generate an initial population of parent vectors
{£¥), (k = 1,---, 1)} randomly from a feasible range in
each dimension.
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generation of initial population|

fitness evaluation

selection

mutation and crossover

olution sufficiently good™=

Yes

Figure 3: Evolutionary computation approach

3.1.2 Evolution operations
1. Crossover

This process allows for mixing of parental informa-
tion while passing it to their descendants. A typical
crossover rule is

T; = Ts; 4+ X - (21 — Ts.j) (23

where § and T denote two parent individuals selected
at random from the population and x € [0, 1] is a uni-
form random or deterministic variable. The index 7
in 2 indicates j-th component of new individuals,
This is a similar operator used in differential evolu-
tion ([Storn and Price 1995])

2. Mutation

This process introduces innovation into the popula-
tion. Tt is realized by following additive process,

o; = ojexp{r'N(0,1) + 7N;(0,1)
z x; + o N; (0,1)

il

(24

Here, N(0,1) denotes a realization of normal ran-
dom variable with mean and unit variance, N;(0,1)

denotes random variable sampled anew for counter
4 of normal random variable with mean and unit
variance and ¢; denote the mean step size. The

factor 7 and 7' are suggested to set as fol-
lows ([Bdck and Schwefel 19937).

e (yim)

The factors 7 and 77 are chosen dependent on the size
of population . In this approach, small variations are
niuch more frequent than larger variations, expressing
the state of affairs on the phenotypic level in nature,

P x (VIn)Th (@29

3. Selection

This is the completely deterministic process choos-
ing the individuals of higher fitness out of the union
of parents and offspring or offspring only to form
the next generation in order to evolve towards better
search region.

o {u -+ A)-selection
This creates A offspring from p parents and se-

lected the p best individuals out of the union of
parents and offspring.

® (i, A)-selection
This creates A offspring from p parents and se-

lected the u best individuals out of offspring
(A= p).

3.2 Evolution Strategies Based Filter

We will propose here a novel particle filter based on Evolu-
tion Strategies by recognizing the fact the importance sam-
pling and resampling processes in SIR filter are correspond-
ing to mutation and selection processes in ES. Resampling
process in SIR filter selects offsprings with probability

oo
L o Pl e e )

S i i
glzle L yr)g(el® lyne—s)

and this corresponds to selection process in ES with fit-

ness function wf‘). On'the other hand, the importance sam-

pling process in SIR filter samples :cff)

portance density q(:ci.") i:a:?l 1:¥1:%)» and this corresponds to
mutation process in ES from the viewpoint of generating
offsprings :::E:) from the parents 3521 with extrapotation by
flzr—1) and perturbation by vx. The main difference is re-
sampling in SIR is carried out randomly and the weights
are reset as 1/n, while the selection in ES is deterministic

and the fitness function is never reset. Hence, by replacing

according to the im-
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the resampling process in SIR by the deterministic selection
process in ES, we can derive a new particle filter as fol-
lows. Based on the particles :ni_'ll: (i=1,...,n)sampled
from the importance density g(xx—1|y1.0—~1), We generates

{ :c;f” (7 =1.....£) sampled from the importance densuy

function g(z; ka 1+ Y1:1 ). Corresponding weights 1w, ) g

evaluated by

T
A (ykimij P(IZU)l z,)
Wp = Wi ,(J
,-I' yl:k)
=1, n, j =1..... £ (26)
, ; ; LIGD I L6 ) BT
From the set of np pamcles and weights {x,*", w,”, (i =

l.....n. 7=1,.... £)}, we choose n sets with the larger

weights, and set as 2.0 ,w''(i = 1,...,n). This process
corresponds to (n2, nf)-selection in ES. We call this parricle
filter using (n.nf)-selection in ES as Evolution Strategies
Based Particle Filter (SIE). The algorithm is summarized in
Fig.2.

Procedure SIE

For k=0

i=1,...,n, sample To ~ g(zplyp)
i =1,....n, evaluaie the weight

NG ='P(yo|$g))P($m)
alzg” [vo)
For

sample i:l.( ~ q($k|$£:il: Yi:k)
i=1,...,nand j =1,...,4

evaluate the weight

i _ o @l e )
Wy Wya
(i) (%)
4(Zy |I k)

sort the set of pairs {F}, J) ), (i=1,.
J=1,...,£)} by the size ofw 1) in descendmc
order

Take the first n z,, () from the ordered set
o).

i=1,...
Sy Wy
uk - n {1)
Dim1 Wy " -
Let plzrlyie) = 3y Wy 6(ze — z))

, 1, nermalize the weight

Figure 4: Algorithm for SIE filter

4 Numerical Example

Consider the following nonlinear state space model first
proposed in  ([Andre Netto, Gimeno and Mendes 19781}

and  discussed by  several authors  including
([Kitagawa 1987]).
= feloeo1k) +veog (27)
22
k
Ye = 55tk (28)
where
Tp—1 | 20%p—1

filp—1:k) = ——+ + 8cos (1.2k)

1+ :EA 1
and vy and wy are i.id. zero-mean normal random vari-
ates with variance (J; = 10 and Ry, = 1, respectively. or
equivalently,

Nizy: filae-1, k), Qr—1)

N(yl\ Zk Ri.)

The sample behaviors of the estimates by SIS (n = 400),
SIR {(r = 200,N.;y = 200) and proposed SIE (n =
20,¢ = 20) filters are given in Fig.5. Mean squared er-
rors with one standard deviation confidential interval at time
instant £ = 100 for 10 simulations is shown in Table4.
Though the results indicate that SIE filler shows the inter-
mediate performance between SIS and SIR filters, it can be
carried oul routinely since evaluation of the effective num-
ber and comparison with the threshold value as in SIR are
not necessary. The performance of course depends on the
choices of design parameters n, Ness and p and better
choices of these parameters will be pursued.

plaplzr-1) = (29)

I

plyklze) (30)

Table 1: Mean square errors

SIS | 13344+ 10.84
SIR | 48.87 +6.96
SIE | 6121 £11.56

5 Conclusions

Recognizing the similarity and the difference between the
importance sampling and resampling processes in SIR fil-
ter and mutation and selection processes in ES, have de-
rived a novel particle filter, SIE filter, by substituting (g, A)-
selection in ES into resampling process in SIR. Application
of other evolution operations such as crossover and modi-
fication of mutation will have the potential to create high
performance particle filters.
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Figure 5: Sample paths of state estimation
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