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Abstract

We address the denoising of images contaminated with multiplicative n oise, e.g. speckle noise.
Classical ways to solve such problems are ltering, statistical (Bay esian) methods, variational meth-
ods, and methods that convert the multiplicative noise into additi ve noise (using a logarithmic func-
tion), apply a variational method on the log data or shrink their coe cie nts in a frame (e.g. a wavelet
basis), and transform back the result using an exponential function.

We propose a method composed of several stages: we use the log-image data and ply a reason-
able under-optimal hard-thresholding on its curvelet transform; th en we apply a variational method
where we minimize a specializedhybrid criterion composed of an “! data- delity to the thresholded
coe cients and a Total Variation regularization (TV) term in the log-image d  omain; the restored
image is an exponential of the obtained minimizer, weighted in a such way that the mean of the
original image is preserved. Our restored images combine the advantages of krinkage and variational
methods and avoid their main drawbacks. Theoretical results on our hy brid criterion are presented.
For the minimization stage, we propose a properly adapted fast scheme bas@ on Douglas-Rachford
splitting. The existence of a minimizer of our specialized criter ion being proven, we demonstrate the
convergence of the minimization scheme. The obtained numerical resuts clearly outperform the main
alternative methods especially for images containing tricky geometri cal structures.

1 Introduction

In various active imaging systems, such as synthetic aperture radar (SAR laser or ultrasound imaging,
the data representing the underlying (unknown image) S, : ' Ry, R?, are corrupted with
multiplicative noise. Such a noise severely degrades the image (see Fig. 2(a)-(ay well as the noisy
images in section 6). In order to increase the chance to restore a better imagegeweral independent
measurements for the same scene should be realized, thus yielding a set of data:

k=So kt+tng, 82fl ;Kg K 1L (1)

where ¢ : ! R4, and ng represent the multiplicative and the additive noise relevant to each mea-
surement k. The additive noise nx has usually a very weak e ect and is systematically neglected in
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Figure 1: Noise distributions: K =1 in (a), (b), (c) and K =10 in (d), (e), (f). In (c) and (f) W is a
curvelet frame. Hist in (c) and (f) stands for histogram.

the literature. A commonly used realistic model for the distribution of  is the one-sided exponential
distribution, shown in Fig. 1(a):

def 1 ift O

« ¢ opdfC)= etk (&) where ke ()F L (@)

The data used for denoising is the average of the set of ak measurements that could be realized (see
e.g. Fig. 2(b)). In classical SAR modeling one takes =1 in (2), so the usual data production model
reads (see e.g. [3,67,68,72] among many other references):
1 X X
= K, k=S . k=So : )
Since all ¢ are independent, the resultant mean of the multiplicative noise in (3) follows a Gamma
distribution, see Fig. 1(d) for K =10:

KKKl

We K ; (4)

koo pdf( )=
where is the usual Gamma-function and pdf stands for probability density function.

Conversion of the multiplicative noise into additive noise. A large variety of methods|references
are given inx 1.1jrely on the conversion of the multiplicative noise into additive noise using

v=log =log Sp+log = up+ n: (5)

In this case the probability density function of n reads (see Fig. 1(b)-(e)):
K K gk(n e")
n=log : df(n)= —————: 6
g pdf(n) (K (6)
In our experiments, we will consider noisy images foK = 1 (see e.g. Fig. 2(a)), in which case pdf()
and pdf(n) are trivial to derive from (4) and (6).

1.1 Preexisting restoration methods

Various adaptive lters for multiplicative noise removal have been proposed,see e.g. [41,73] and references
therein. Experiments have shown that ltering methods work well when the multiplicat ive noise is weak,
i.e. whenK is large. However, in practice it is seldom possible to get a larg& .

1Taking 6 1 just amounts to re-scale S by



1.1.1 Bayesian MAP, regulrization and variational methods

Even though the methods belonging to this class are inspired by di erent motivations, it is well known
that given v, the general approach de ne the restored functionu*as

0 =argmin F,(u);
u

where u is de ned on a continuous or a nite domain R?, F, is a criterion combining data- delity
with priors (regularization) balanced via a parameter > O0:
8 Z
2 (u = u( );v() d;
Fo= (w+(u) for _ z =( 122 : (7)
- (uw = (r u()pd;

In what follows, the overscript \ 2 " denotes a minimizer of a given criterion and when there is no
ambiguity, the corresponding restored image. In (7), :R.+ ! R; assesses closeness to data, stands
for gradient (possibly in a distributional sense or a discrete approximatian when is nite), Ry ! R:
is an increasing function modeling the prior onjr uj andj j is a norm on the gradient eld. Rudin, Osher
and Fatemi [61] proved that when is nite, (t) = t yields solutionsthat preserve edges. The resultant

(prior) regularization term, known as Total Variation (TV), is very popular. It reads
Z

kukry € jr u()jd;

wherejr uj = P (@Qu=@)? + (@u=@)2.

Next we sketch the main modern MAP or variational methods that were used for nultiplicative noise
removal. Such methods were applied to raw-data (3)-(4) as well as to log-data {5(6). In [4], the authors
develop a Bayesian MAP estimator on the log-image where the data- tting term  is derived from (6)
and a specially designed prior term. The method of Aubert-Aujol (AA) [8] uses the rav data (3)-(4) and

is the log-likelihood derived from (4). The criterion reads
z ()

(AA) F (S)= l0gS( )+ gy d + KSkrv: (8)

The method proposed in [40] combines the log-likelihood associated to (6) and smoothed TV regular-
ization. A simple and fast method using graph-cut minimization is proposed in [3].

The methods in [59, 60] consider white Gaussian multiplicative noise with mea 1 and a very small
variance. In [60], Rudin Lions and Osher (RLO) minimize a criterion of the form

2
F (S) = g 1 + kSkyy : (9)
2

The methods proposed by Shi and Osher (SO) in [62] deal with various noises and provideerative TV
regularization using relaxed inverse scale space (RISS) ows. The rst one uses thieg-data v and is

based on the criterionF,(u) = ku vk3 + kukty . The corresponding RISS ow reads
Uy div —— 4 (Vv u+v);
(SO) ru (10)

Vi = (v u); > 0 with vo=0 and ug=mean(v):



The second one generalizes several multiplicative noise models in the image domd8) 28, 60] and the
RISS ow uses iterative TV regularization on exp (S) for convergence reasons. According to the authors,
both methods provide similar solution qualities. We focus on the rst one manly because of its simplicity.

Whatever smooth data- delity is chosen, it was proven [49,52] that TV regularization yields images
containing numerous constant regions (the well known stair-casing e ect), hence textues and ne de-
tails are removed; this is clearly visible in the restorations obtained usingthese methods as reported
in section 6. The results of [61] initiated a ood of papers to construct smooh edge-preserving convex
functions , see e.g. [2,21,69], and [9] for a recent overview. Even though smoothnesszato alleviates
stair-casing, it was proven in [53] that these functions lead to images with underestimated edges. This
is particularly annoying if the sought-after image has neat edges or spiky featuresince the latter are
eroded. Nevertheless, the good point is that these methods enable the introduction of fars in the image
domain.

1.1.2 Multiscale shrinkage for the log-data

Many authorsle.g. [3,5,37,55,72] and references therein|focus on restoring the log-data v in (5) using

decompositions into some multiscale frame fot_?(R?). Let us remind that the analysis operator W of a

frameW = w;:i21 , whergl is a set of indices, i.e. W2z)[i]= hz;w;i, 8i 2 |, satis es the generalized

Parseval condition c; kzk3 ) hz;wiij2  cokzk3; 8z 2 L2(R?), wherec, ¢ > O are the frame

bounds. Whenc; = ¢, the frame is said to be tight. In particlglar W can be a wavelet basis. The frame

is chosen so thatu, admits a sparse representation, i.e U, io; iwj forsome ; 2 Rwith#J  #1.
The usual strategy is to decompose the log-datas into an well-adapted W':

y=Wv=Wu,+ Wn: (12)

The rationale is that the noise Wn in y approaches a Gaussian distribution|see Figs. 1(c) and (f)]
according to the Central Limit Theorem. The tendency to normality gets better as K increases. Under
di erent frameworks, coe cients are denoised using shrinkage estimators:

yrlil=T (Wv)i] ; 8i21; (12)

whereT :R! R isasymmetric function satisfying0 T (t) t,8t 0. The mostwidely used examples
are soft and hard thresholding inaugurated in [30], and are given in (16) and 6) later on. Since then,
various shrinkage functionsT have been explored, e.g. [6,11,31,47,64,70] to name only a few. See also
those derived in a Bayesian framework and applied to multiplicative noise reroval e.g. in [3,5,72].

Let W = fw @i 2 I g be a dual frame. The associated dual operatoW y 7t L, Yl is a left

inverse of W, thatis v= ,,, (WV)[i]w;. Then a denoised log-image/r is generated by expanding the
shrunk coe cients yt in the dual frame reads
X . X _
vr = T(WY)iDw = T(Y[i]) wi; (13)
i21 i21

and the sought-after image readsSt = exp(vr):
The major problems with shrinkage denoising methods, as sketched in (12)-(13)s that shrinking
large coe cients entails an erosion of the spiky image features, while shriking small coe cients towards



zero yields Gibbs-like oscillations in the vicinity of edges and a loss of texturanformation. On the

other hand, if shrinkage is not strong enough, some coe cients bearing mainly noise W remain almost

unchanged|we call such coe cients outliers|and (13) suggests they generate artifacts with the shape

of the functions w;. An illustration can be seen in Fig. 2(b-h). Several improvements, such as &nslation

invariant thresholding [23] and block-Stein thresholding (BS) [22], were broughin order to alleviate these
artifacts. Results obtained using the BS method are presented in section 6: the alve mentioned artifacts
remain visible. Another inherent di culty comes from the fact that coe cients between di  erent scales
are not independent, as usually assumed, see e.qg. [7,11,47,63]. In summaryshenkage-based estimation
relies on sparsity of the representation, it is able to capture e ciently faint structures in the image. But

this comes at the price of an intricate choice of the shrinkage function and the asciated parameters
(e.g. threshold).

1.2 Our approach is hybrid

We initially restore the log-data (5) and then derive the restored image$S. Our objective is to avoid the
main drawbacks of variational and sparsity-based shrinkage methods aridke bene t of the best of both
worlds. A way to achieve such a goal is to combine the information brought by the coe cients of the
frame-transformed data along with pertinent regularization in the domain of the log-image. This idea for
the purpose of additive Gaussian noise removal have been investigated in sal papers [13,15,20, 24,33,
36,44,45].

Although guided by di erent arguments, hybrid methods amount to de ne the restored function ¢ as

02 argmin ( u) subjectto j(W(u Vv))[i]j i;8i21:
u

If the use of an edge-preserving regularization, such as TV for is a pertinent choce, the strategy for
the selection of parameters (i);,, is more tricky since it must take into account the magnitude of the
data coe cients (y[i]);,, . However, deciding on the value of ; based solely onyl[i], as done in these
papers, is too rigid since there are either correct data coe cients that incur smoothing ( j > 0), or noisy
coe cients that are left unchanged ( ; = 0). A way to deal with this situation is to determine ()2
based both on the data and on the prior term . According to the theoretical results derived in [50,51],
this objective can be carried out by de ning a non-smooth data- tting term for the coe ci ents, as done
by some of the authors of this paper in [32] which gave rise to very successfalimerical results.

To the best of our knowledge, hybrid methods have never been applied tdiptictive noise removal
before, whereas the latter is a challenging problem: it arises in imporémications but up to now, there is
no entirely satisfactory methods to solve it.

We propose a method where the restored log-image s de ned as the minimizer of a criterion
composed of an'!- tting to the (suboptimally) hard-thresholded frame coe cients of the log-data and
a TV regularization in the log-image domain (section 2). The rationale behind this choice and several
theoretical properties are presented as well. This method uses some ideas from a piews work of some
of the authors [32]. The minimization scheme to compute the log-restored imagyuses a Douglas-Rachford
splitting scheme specially adapted to our criterion (section 3). It involvesoriginal derivations and proofs.
The sought-after image is of the formB exp (&) where B is a bias-correction term derived from the noise



distribution (section 4). The full algorithm to remove multiplicative noi se is summarized in section 5. A
large variety of experiments and comparisons to other contemporary multipicative noise removal methods
are presented in section 6. Concluding remarks and open questions are discussed in EatTf.

2 Restoration of the frame coe cients of the log-data

In this section we consider how to restore the frame coe cientsy = Wv of the log-data imagev ob-
tained according to (5). We focus on methods which, for a given preprocessed data segdd to convex
optimization problems. The denoised coe cients are denoted byx}

We assume thatv 2 L2() which ensures thaty = Wv 2 “2(1).
2.1 Specic requirements to restore the coe cients
Given the log-data v obtained according to (5), we rst apply a frame transform as in (11) to get

y[i1= hwi;vi = hwj;ugi + hwi;ni; 8i 2 1; (14)

where u, denotes the unknown original log-image. The noise contained in thé-th datum reads n; w;i;
its distribution is of the form displayed in Fig. 1(c) or (f). However the signal to noiseratio (SNR) of the

coe cients is ill-assorted. When u, has a sparse representation in the frame, many coe cients contain
only noise. For this reason, we apply a hard-thresholding to all coe cients

yr 1% T ylil; 821 (15)
where the hard-thresholding operator Ty, with a threshold T, reads [30]

0 if jtj T;

Tu(t) = t otherwise.

(16)

The resultant set of coe cients is systematically denoted by yr,,. We choose arunderoptimal threshold T
in order to preserve as much as possible the information relevant to edges an@ textures, an important
part of which is contained in small coe cients. Let's point out that with har d thresholding, all kept
coe cients are unaltered and thus contain the original information on the sought-after image.

Let us consider

X . X .
vry =yt lile = yli]w;; (7)
i2l i21,
where
l,=fi21 :jy[ili>Tg (18)

The imagevr,, contains artifacts with the shape of the;'s, for all y[i], that are dominated by noise and
above the threshold T, as well as a lot of information about the ne details in the original (unknown)
log-imageu,. In all cases, whatever the choice off, the image vy, is unsatisfactory|see Fig. 2 (c)-(h).

Given the under-thresholded datayr, , we focus on hybrid methods where the restored coe cientsx”
minimize a function Fy : “2(1) ! R[flg of the form:

g R = argmin Fy(x)
x2°2(1)
S 19)
F) = ( xyr)+ ( Wx);



(a) Noisy for K =1 (b) Noisy for K =4

(e) T=4 (f) T=5 (9) T=6 (hy T=8

Figure 2: (a) Noisy Lena for K = 1. (b) Noisy Lena obtained via averaging, see (1), forK =4. (c)-(h)
Denoising of datav shown in (b) where the curvelet transform ofv are hard-thresholded according to (15)-
(17) for di erent choices of T where (see (61)). The displayed restorations correspond ter,, = exp (vr,),
as given in (17).

where is a data- delity term in the domain of the frame coe cients and is an edge-pres erving
regularization term in the log-image domain. The restored log-imageuis of the form

ERITE (20)

Let us denote
lo=1nly=fi21 :jy[i] Tg; (21)
wherel is given in (18). In order to specify the shape of and , we analyze the infor mation borne by

the coe cients yr,,[i] relevant to Io and to I;.

(Io) The coe cients y[i] for i 2 |y usually correspond to high-frequency components which can be of
the two types described below.

(a) Coe cients yJi] containing essentially noise|in which case the best we can do is to keep them
null, i.e. ®[i] = yr,[i1=0;

(b) Coe cients yJ[i] which correspond to faint edges and details inu,. Sinceyli] is dicult to
distinguish from the noise, the relevantxi] should be restored using the edge-preserving prior
conveyed by . Let us emphasize that a careful restoration must nd a nonzero X{i], since
otherwise X{i] = 0 would generate Gibbs-like oscillations in .

(I1) The coe cients y[i] for i 2 1, are of the following two types:



(a) Large coe cients which carry the main features of the sought-after function 0. They verify
ylil h wi;uei and can be kept intact, i.e. X{i] = y1,,[i] = V[i].

(b) Coe cients which are highly contaminated by noise, characterized by jy[ilj jh wi;ucij. We
call them outliers: if we had X{i] = y[i], by (17) we getvr, = ;¢; R[] + y[i]w which

shows that & would contain an artifact with the shape of w;. For this reason, x{i] must be
restored according to the prior .

2.2 A specialized hybrid criterion

This analysis clearly de nes the goals that the minimizer X of Fy is expected to achieve. In particular, x*
must involve an implicit classi cation between coe cients that tto yr, exactly and coe cients that are

restored according to the prior term . In short, restored coe cients have to t yr, exactly if they are in
accordance with the regularization term and have to be restored via the latter otherwise. Since [50,51]
it is known that criteria Fy where is non-smooth at the origin (e.g. ') can satisfy ®{i] = yr,[i] for
coe cients that are in accordance with the prior , while the other coe cients are res tored according to
, see also [32]. For these reasons, we focus on a criterion of the form (}19vhere

X
(x) = i Yl + VX[l = kOxyr )k (22)
i21, i21,
for 7 déafdiagf iti21g; (23)
(x) = rfvk d = fx v : (24)

Remark 1 We should emphasize that the TV regularization term in our criterion will not favor
minimizers @ = W2 that involve constant regions unlike the usual variationalmethods, as discussed in
x 1.1.1. The reason is that the non di erentiability of  at yr, ensures that®[i] = yr, [i] for a certain
number of coe cients [50]. Then g keeps some xed structures of the fornyr, [i]w; which can prevent
from stair-casing in @, provided that there is no large sets of outliers corresporidg to the same region
of the image all of which are restored according to the TV term . Such an important bene t clearly
depends on the level of the noise, the threshold and the choice of( i);,, .

2.3 Well-posedness of the minimization problem

The theorem below ensures the existence of a minimizer of the criteriofry de ned above. Its proof can
be found in [32].

Theorem 1 [32] For y 2 “%(1) and T > O given, considerFy as de ned by (15), (19) and (22)-(24),
where 2 R? is open, bounded and its boundany@ is Lipschitz, and W = w; :i 2 | is a frame of
L2() . Suppose that

1. W is the pseudo inverse ofv/, i.e. W =(W W) W whereW is the adjoint operator;
2. min :nﬂzn? i > 0.

Then Fy has a minimizer ® 2 “2(1).



Remark 2 Since W is a multiscale frame for L2(R?) and ® 2 “2(l), the restored log-imagelt as given
in (20) satises 0 2 L?() . Note that assumption 1 holds true in many cases, e.g. for thy frames this
choice of ¥ is standard since it leads tofv = ¢ *w , wherec 2 (0;1 ) is a constant.

Let us notice that the minimizer of Fy is not necessarily unique. Givery, we denote byG, the set of

all minimizers of Fy:
def

Gy =
For every yr,,, the set G, is convex and corresponds to images = W2 which are visually very similar,
as stated in the theorem below whose proof can be found in [32].

22°2(1) Fy(%) = min Fy(x) : (25)

Theorem 2 [32] Let the assumptions of Theorem 1 hold. If®; and ®, are two minimizers of Fy (i.e.
R1 2 Gy and R, 2 Gy), then
rivr e e, a.e. on ;

ie. kal and fNRz have the same level lines.

In words, the imagesu) = kal and t, = kaz share the same level lines, i.e. they are obtained from
each other by a local change of contrast. This is usually invisible to the na&d eye.

Some guidelines for the choice of; were investigated in [32]. The conclusions can be summarized as
follows.

(& Ifi 214, the parameter ; should be close to, but below the upper boundkw;kty , since above
this bound, outliers y[i] cannot be restored.

(b) For i 2 lg, areasonable choice is
Z

=max (e o)

jrowe( )]
where :T stands for transposed. If ; is below this bound, some neighboring coe cients that are
erroneously set to zero might not be restored correctly, even though Gibbs-like odtitions are
reduced.

’

Another important remark is that, for some multiscale transforms, the bounds discussed above are con-
stant. This is for instance the case for the wavelet transform.

For the frame W = w; :i 2 1 we here focus orthe second generation curvelet transformbecause
of the following facts.

This transform is known to provide near-optimal non-adaptive sparse representdbn of piecewise
smooth images away from smooth edges. Thus it is a very good candidate to pture e ciently the
geometrical content of the log-data.

The bounds on ( ;);,, are nearly constant, so we use only two values for;,
i= 09>0 8i2lgand = "1>0; 8i2Il:
Then the diagonal matrix in (23) satises [ i;i]2f To; T10.

This curvelet transform corresponds to a tight frame which will turn out to b e helpful for the
subsequent optimization scheme, see in particulax 3.2.2.



3 Minimization scheme
Let us rewrite the minimization problem de ned by (15), (19) and (22)-(24) in a m ore compact form:
nd ‘X such that Fy(%) = an Fy(x) for Fy(x)=( x)+ ( x): (26)

Clearly, in (22) and in (24) are proper lower-semicontinuous convex functi ons, hence the same holds
true for Fy. The set G, introduced in (25) is non-empty by Theorem 1 and can be rewritten as

G =fR2°%(1) 22 (@F) ‘(0)g;
where @F stands for subdi erential operator. Minimizing F, amounts to solving the inclusion
02 @F(x) ;
or equivalently, to nding a solution to the xed point equation
x=(d+ @F) '(x); 8> 0 (27)

where (Id+ @F,) ! is the resolvent operator associated to@F and Id is the identity map on the Hilbert
space'?(1). The schematic algorithm resulting from (27), namely

xD = (d+ @F) t(x™); (28)

is a fundamental tool for nding the root of any maximal monotone operator [34,58], such as e.g. the
subdi erential of a convex function. By (28), > 0 can be seen as the stepsize of the algorithm.
Unfortunately, the resolvent operator (Id+ @F,) ! for Fy in (26) cannot be calculated in closed-form;

we focus on iterative splitting methods.

3.1 Generalities on splitting methods

Splitting methods do not attempt to evaluate (28) directly; instead, they are based onseparate evaluations
of the resolvent operators (Id+ @) *and (Id+ @) *. The latter are usually easier and this turns
out to be true for our functionals and in (26).

Splitting methods for monotone operators have numerous applications for convexgiimization and
monotone variational inequalities. Even though the literature is abundant, these can basically be system-
atized into three main classes: the forward-backward [38, 65, 66], the umlas/Peaceman-Rachford [43],
and the little-used double-backward [42,54]. A recent theoretical overview of all hese methods can be
found in [25, 35]. Forward-backward can be seen as a generalization of the skical gradient projection
method for constrained convex optimization, hence it inherits all its restrictions. Typically, one must
assume that either or is di erentiable with Lipschitz continuous gradient, and the stepsizes must
fall in a range dictated by the gradient modulus of continuity; see [27] for a excellent account. Since
both and are non di erentiable, forward-backward splitting is not adapted t o our criterion (26).

We will focus on a Douglas/Peaceman-Rachford approach since di erentiability of neither of the
functions or is required. The derivation of our algorithm relies on the calculat ion of the proximity
operators as de ned next.

10



3.1.1 Proximity operators
Proximity operators were inaugurated in [46] as a generalization of corex projection operators.
De nition 1 (Moreau [46]) Let' : H! R be a proper, lower-semicontinuous and convex function
where H is a Hilbert space. Then, for everyz 2 H, the function h 7! ' (h) + kz hkg =2, for h2 H,
achieves its in mum at a unique point denoted byprox. z, i.e.
o 1 2
prox. z = argmin (h)+ skz hk; (29)
h2H 2

The operator prox. : H!H thus de ned is called the proximity operator of" .

It will be convenient in the sequel to introduce the re ection operator
rprox. %' 2prox.  Id: (30)
By the minimality condition for (29), it is straightforward that 8z;p2 H we have
p=prox.z () z p2@(p): (31)
Then, for any ' , we have (Id+ @') * = prox. , and we can write for all > 0,
(d+ @) *!=prox and (d+ @) ?!=prox : (32)
One can note that (28) can also be written asx**) =prox ¢ (x)for > 0.

3.1.2 Douglas-Rachford splitting algorithms

The Douglas/Peaceman-Rachford family is the most general preexisting class ehaximal monotone op-
erator splitting methods. Given a xed scalar > 0 and a sequence i 2 (0;2), this class of methods

can be expressed via the following recursion written in the compact form
h

(k+1) — k

X = 1 —

A

= 1 =

2

Since our problem (26) admits solutions, the following result ensures that iteraton (33) converges for
our criterion Fy.

i
Id + 7k(2prox Id) (2prox  Id) x® ;
[ (33)
Id + 7krprox rprox  x®) :

P
Theorem 3 Let > Oand x 2 (0;2) be such that ,,, k(2 «)=+1. Take x©® 2 *2(I) and
consider the sequence of iterates de ned by (33). Ther(x(¥)),, converges weakly to some point 2 ~2(1)
and prox x 2 Gy.

This theorem is a straightforward consequence of [25, Corollary 5.2]. Foinstance, the sequence ¢ =
1;8k 2 N, satis es the requirement of the theorem.
According to this theorem, the restored log-imagex’ as de ned by (19) and (22)-(24), reads

R=prox X (34)

where x is the output of the Douglas-Rachford algorithm (33).

11



3.2 Douglas-Rachford splitting algorithm for our criterio n

To implement the Douglas-Rachford recursion (33) that solves our minimizaton problem (26), we need
to compute the proximity operators prox and prox . This is detailed in this subsection.

3.2.1 Proximity operator of

The proximity operator of  is established in the lemma stated below.

Lemma 1 Let x 2 2(1). Then
prox (X)[i] = yr,[i1+ Ts " (X[i] yr,[i); 8 21; (35)

where Ts is the soft-thresholding operator with threshold

0 it jtj

Ts (= sign(t) otherwise, t2 R (36)

Proof. as given in (22) is an additive separable function in each coordinatei 2 |. Thus, solving the
proximal minimization problem of De nition 1 is also separable and amounts to solving independently
#1 scalar minimization problems.

For any convex function' andt2 R,s2 R, let (s)="' (s t). Thus, using (31), it is straightfroward

to show that

p=prox (s) 0 p=t+prox. (s t): (37)
Furthermore, it is easy to nd that for ' (h) = jhj
prox. (s) = Ts (9): (38)
Applying 37)to  (s)= js tjwith =, s=x[i]andt = y,[i] yields (35).
Note that now
prox  (x)=2 yrlil+ Ts ' (0] yn 0D o x: (39)

3.2.2 Proximity operator of

Clearly, ( x) = k kqv W(x) is a pre-composition of the TV-norm with the linear operator W. However,
computing the proximity operator of for an arbitrary i may be intractable. We then systematically
assume that our frame is tight with constant c2 (0;1 ); i.,e. W W = cId. An immediate consequence
is that W = ¢ tw .

The precise de nition of the TV norm that we actually use depends onfvx which belongs toL?().
Let X = L%() L?%() L2%R?» L2%R? andh;ix be the inner productin X. Forany q2 [1;1 ], we
denote by . the L9 norm on X. Forany > 0, we dene B; ( ) as the closedL?! -ball of radius
in X, o

n
€ z=(zmz)2X jz()j ;8 2 (40)

Bi()=

12



Let us also de ne the set

C()%E div(z)2L%(): z2Ct( )y \' By () : (41)
More precisely the TV regularization term we use reads
Z
kukty =sup u()w()d :w2C@ : (42)

Let us remind that ( x) = kW xkry . The expression of prox is given in statement (i) of the next
lemma while the computation scheme to solve statement (ii) is established il.emma 3.

Lemma 2 Let x 2 2(1) and By (:) be as de ned in (40).

(i) We have

prox (x)= Id W Id prox, : ., W (x); (43)

(if) Furthermore,
ProX. 1 i, (W= U Pcezy(u); 8u2L?() ; (44)

where C(:) is de ned in (41) and P¢ . is the orthogonal projector onC(:).

Proof. Sincef is bounded and linear,k krv is continuous and convex, and there isu 2 L2() such
that kukty < 1, itis clear that all assumptions required in [26, Proposition 11] are atis ed. Applying
the same proposition yields statement (i).

We focus next on (ii). Note that for any > 0, C( ) in (41) is a closed convex subset sinc8; ( )
is closed and convex, and the operator div is linear; thus the projectiorP¢ y is well de ned.

Let us remind that the Legendre-Fenchel (known also as the convex-conjugate) transform af function
":H! R,' 6 1, whereH is an Hilbert space, is de ned by

"?(hy= sup  Hzi ' (2)
z2dom(" )

and that ' ? is a closed convex function. If is convex, proper and lower semi-continuous, the original
Moreau decomposition [46, Proposition 4.a] tells us that

prox. +prox.. =Id : (45)

One can see also [27, Lemma 2.10] for an alternate proof of (45).
Let {s denote the indicator function of a nonempty setS, i. e.

{s(2) = 0 ifz2S;
SVE/T 41 otherwise:

It is easy to see that from (41), (42) and the de nition of the conjugate that

clk kv (2= fccry:

13



On the other hand, by De nition 1, it is easy to check that

Pce 1) :prox{c(c = :

Combining the last two equations yields
prOX ¢ 1 kiky ? = PC(C 1 ):

Identifying ¢ * kikyy with ' and ¢ ! kikqy 7 with ?, equation (45) leads to statement (ii). The proof
is complete.

Note that our argument (45) for the computation of prox . 1 ., (u) is not used in [18], which instead
uses conjugates and bi-conjugates of the objective function.

Remark 3 In view of (44) and (41), one can see that the term between the middle parentheses ir8)
admits a simpler form:
Id  prox; : xx,, = Pcct):

Using (30) along with (43)-(44) we easily nd that

rprox (x)= Id 2W Pc 1) 1 (%) : (46)

Calculation of the projection Pc() in (44) in a discrete setting. In what follows, we work in
the discrete setting. We consider thatw 2 RM N is the analysis matrix associated to a tight frame with
N<M =#1< 1. Notethatnow W = WT andthusW = ¢ twT,

Next we replaceX by its discrete counterpart,

X ="2() () where # = N: (47)

We denote the discrete gradient by and consider Div : X | “?() the discrete divergence de ned by
analogy with the continuous setting 2 as the adjoint of the gradient Div= 1 ; see e.g. [18].

Unfortunately, the projection in (44) does not admit an explicit form. The next lem ma provides an
iterative scheme to compute the proximal points introduced in Lemma 2. In this discrete setting, the set
C(:) introduced in (41) admits a simpler expression:

n 0
C <z Div(z) 2 *3() z2B; < (48)

where B; (:) is de ned according to (40).

2More precisely, let u2 *2() be ofsize m n, N = mn. We write
(FUEjl= uli+1:] uij]ouli) +1]  ulibj]
with boundary conditions u[m +1;i]= u[m;i]; 8i and u[i;n +1] = u[i;n]; 8i; then for z 2 X, we have
Owv()lij 1= zalij] zall Li] + z20ij]  z2fiij 1]

along with z1[0;i] = z1[m;i] = z2[i; O] = z2[i;n]=0, 8i.
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Lemma 3 We adapt all assumptions of Lemma 2 to the discrete setting, saexplained above. Given
u2 “2() , consider the forward-backward iteration: z©® 2 B, (1) and, for all k 2 N,

28 =Py gy 2%+ ¢ Div(z®W) cu=  where 0< inf sup K < 1=4; (49)
and, 8(i;j ) 2
8
<z[;j] ifjzfisjl 1

Po, 0y @Ni:j 1= . 2]
f2[i:j 1

(50)

otherwise:
Then
(i) (z))k2n converges to a point2 2 By (1);
(i u c ! Div(z¥) oy, CONVerges tou ¢ ! Div(%2) = prox ¢ 1 i, (u) at the rate O(L/K).

Proof. Given u 2 “2(), the projection "w = Pc(c 1 y(u), where C(:) is given in (48), is unique and
satis es

( , )
1 . 1 . .
W = argmin -ku wk®=argmin = Eu w  subject to w =Div( z) for z2 B; (1)
w2C(c 1) w2°2() 2
m
1l c 2
w = Div("2z) where 2= argmin - —u Div(z) ; (51)
228, 1) 2

where k:k denotes the Euclidian norm on*?(). This problem can be solved using a projected gradient
method (which is a special instance of the forward-backward splitting scheme) Wose iteration is given by
(49). This iteration converges to a minimizer of (51)|see [25, Corollary 6.5]| provided that the stepsize
k > O satis es sup, ¢ < 2= 2, where is the spectral norm of the Div operator. It is easy to check that
2 8|see e.g. [18]. Hence statement ().
Next we focus on statement {i). Set

10 =¢ u Div(z¥);8k2N and P=c u Div(2):

Let J be the dual objective given in (51), namely

J=H Div+ G; (52)

with

1l c
H:w7!E -u w and G={g, :

Let DH denote the the usual derivative of H. For an optimal solution 2 2 B; (1), we de ne the
Bregman-like distance as the functional

D E
B(w) = G(w) G(2)+ r (DH)(Div(z));w 2 . 8w2X ; (53)
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It is obvious that B(2) = 0. We also have B(w) 0, 8w 2 X . This is checked by noting that the
minimality condition corresponding to (52) is equivalent to 1" (DH)(Div(’z)) 2 @@&2). Applying the
subgradient inequality to G proves the non-negativity claim.

As H Div is di erentiable, the Taylor distance is the remainder of the Taylor expansion of H Div
near 2

D E
T(w) = H(Div(w)) H (Div(z)) f (DH)DiV(D)iw 2 Bw2X : (54)

Reminding that Div=  and that H is convex shows thatT(w) 0, 8w 2 X, along with T(2) = 0.
It is easy to verify that

B(z®)+ T(zW)y= J3(z¥W) J(2):8k2 N: (55)

Using [56] or [48, Theorem 4], the convergence rate over satis es

2 2R?

1) e

8k2N: (56)
where R € max kz 2k:J(z) J(@z©@) for z® 2 B; (1). R is obviously nite since By (1) is
bounded. Using (55), along with the facts that B(z()) 0 andthat 2 8 leads to

16R?

1) 3@ 3@ PR

8k2N: (57)

On the other hand, by the de nition of H, which is a quadratic (strongly convex of modulus 1), we
have

D E
H Div(z))  H (Div(%)) * (DH)(Div(2));z¥ 2 y
D

T(Z(k))
E

HDiv(z*)) H(Div(Z))  (DH)(Div("x));Div(z)) Div(%)
2

2
= % Div(z¥) Div(2) = % O (58)
Piecing together (58) and (57), we obtain
2 32R?
L n o =27® : 8k2N; 59
() i ; (59)

This completes the proof.

Note that computing prox,,., amounts to solving a discreteL 2-TV-denoising (the criterion given in
(10)).
The forward-backward splitting-based iteration proposed in (49) to compute the proximity operator
of the TV-norm is di erent from the projection algorithm of [18]. A simila r iteration was suggested in [19]
without a proof. The forward-backward splitting allows to derive a sharper upper-bound on the stepsize
x than the one proposed in [18]|actually twice as large. What is more, our proof is simpler than the

16



one in [18] since it uses well known properties of proximity operators, and & have a convergence rate on
the iterates.

Our iteration to solve this problem is one possibility among others. While this paper was submitted,
our attention was drawn to an independent work of [10] who, using a di erent framework, derive an
iteration similar to (49) to solve the L2-TV-denoising. Another parallel work of [74] propose an application
of gradient projection to solving the dual problem (51), and the authors of [71]applied the multi-step
Nesterov scheme to (51). See also [12] for yet another multi-step iterationat solve (51). We are of
course aware of max- ow/min-cut type algorithms, for instance the one in [1§. We have compared our
whole denoising procedure using our implementation of proy.,, and the max- ow based implementation
that we adapted from the code available at [17]. We obtained similar results although the max- ow-
based algorithm was faster, mainly because it uses the* approximation of the discrete gradient, namely

(" uwli;j 1 ) = u[i+1;j] wu[i;j] + uli;j +1] [i;j]. Let us remind that this approximation for the
discrete gradient does not inherit the rotational invariance property of the L2 norm of the usual gradient;
we observed that the quality of the resultant restorations is slightly reduced,compared to those involving
the L2 norm of the discrete gradient.

3.3 Comments on the Douglas-Rachford scheme for Fy

The bottleneck of the minimization algorithm is in the computation of the pro ximity-operator of the TV-
norm (Lemma 2). However, when inserted in the whole numerical scheme, this is not eeal drawback as
we explain it below. A crucial property of the Douglas-Rachford splitting scheme (33) is its robustness
to numerical errors that may occur when computing the proximity operators prox and prox , see [25].
We have deliberately omitted this property in (33) for the sake of simplicity. This robustness property
has important consequences: e.g. it allows us to run the forward-backward sub-recuos (49) only a
few iterations to compute an approximate of the TV-norm proximity operator in the inner iterations,
and the Douglas-Rachford is still guaranteed to converge provided that these umerical errors are under
control. More precisely, leta, 2 “?(1) be an error term that models the inexact computation of prox in
(43), as the latter is obtained through (49). If the sequence of error terms 4 ), and step-sizes (k),,n
de ned in Theorem 3obey ,,, «Kack < +1 ,thenthe Douglas-Rachford algorithm (33) converges [25,
Corollary 6.2]. In our case, noting that the convergence rate of Lemma 3 yield&ayk = O(1=k), one can
easily derive a rule on the number of inner iterations at each outer iterationk such that the summability
condition is veri ed.

4 Bias correction to recover the sought-after image

Recall from (5) that u, = log S, and set & = W2 as the estimator of Uo, Where X' is a minimizer of
Fy obtained from the Douglas-Rachford iteration. Unfortunately, the estimator 1 is prone to bias, i.e.
E[0] = u, by. A problem that classically arises in statistical estimation is how to carect such a bias.
More importantly is how this bias a ects the estimate after applying the in verse transfoHrnption, here the
exponential. Our goal is then to ensure that for the estimate$ of the image satisesE & = S,.

To this end we need the expectation and the variance of the log-noisa in (5)-(6). One can prove
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that

E[n] = oK) logK; (60)
Var[n] = 4(K); (61)
where -
d
2= 4 log ( z) (62)

is the polygamma function [1].
Expanding exp@ in the neighborhood of E [(], we have

epe=exp(El) 1+ Ep)+ SO q,
and therefore

E [exp?]

exp (E[0])(1 + Var['u] =2 + E[R2])
Soexp( )@+ Var[u]=2+ E[R2]) ; (63)

whereR; is the Lagrange remainder in the Taylor series. One can observe that the postenialistribution
of &t is nearly symmetric, in which caseE[R,] 0. Thatis, by  log(1+Var[t]=2) to ensure unbiasedness.
Consequently, nite sample (nearly) unbiased estimates ofi, and S, are respectivelyu*+log(1+Var[u] =2),
and exp (%) (1 + Var["u] =2). Var[0] can be reasonably estimated by ,(K), the variance of the noisen
in (5) being given in (61). Thus, given the restored log-imageus our restored image reads:

S=zexp()(1+ ,(K)=2): (64)

The authors of [72] propose a direct estimate of the biady using the obvious argument that the
noisen in the log-transformed image has a non-zero mean ,(K) logK. A quick study shows that the
functions (1+ ;(K)=2) and exp(logK o(K)) are very close forK reasonably large.

We should emphasize that the bias correction approach we propose can be used in a maaeneral
setting.

5 FRull algorithm to suppress multiplicative noise

Now, piecing together Lemma 1, Lemma 2 and Theorem 3, we arrive at the multiplicaitze noise removal
algorithm:

Task: Denoise an imageS contaminated with multiplicative noise according to (3).

Parameters: The observed noisy images, number of iterations Npr (Douglas-Rachford outer iterations)
and Ngg (Forward-Backward inner iterations), steif)sizes k2(0;2),0< g< 1=4and > 0, tight-frame
transform W and initial threshold T (e.g. T =2 1(K)), regularization parameters (.1 associated to
the setslg.1.

Speci ¢ operators:

Soft-thresholding Ts ' in (36).
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Projector Pg, (1) in (50).
The discrete gradient and divergence Div.
1() de ned according to (62) (built-in Matlab function, otherwise see [57]).
Initialization:

Compute v = log S and transform coe cients y = Wv. Hard-threshold y at T to get yt,,. Choose
an initial x© .

Main iteration:
For k=0 to Npgr,

(1) Inverse curvelet transform of x®) according to u®) = vx®),
(2) Initialize z©@; For s=0to Ngg 1
z*) = Pgaxy 29+ o Div(z®) cul®
(3) Setz(® = z(Nrs),
(4) Compute wK) = ¢ 1 Div(z(K).
(5) Forward curvelet transform: (k) = ww(®)
(6) From (46) compute r®® =rprox (x0)= xk) 2 &),
(7) By (39) compute ) = rprox  rprox  (x®)=2 yr [i]+ Ts ' r®i]  yr,[i] - rk

K

(8) Update x(**1) using (33): x**D = 1 x() + ?kq(k) ;

End main iteration
Output:  Using (34) and (43), get the denoised images =exp W (x(Nor)  (Nor)y (1+  1(K)=2).

Remark 4 (Computation load) The bulk of computation of our denoising algorithm is invested in
applying W and its pseudo—inverseflv . These operators are of course never constructed explicitly, rather
they are implemented as fast implicit analysis and synthesis operators. Ezh application of W or 0
cost O(N logN) for the second generation curvelet transform of anN -pixel image [14]. If we de ne
Npr and Ngg as the number of iterations in the Douglas-Rachford algorithm and the forvard-backward
sub-iteration, the computational complexity of the denoising algorithm is of order Npgr Ngg 2N logN
operations.

6 Experiments

In all experiments carried out in this paper, our algorithm was run using second-genetion curvelet tight
frame along with the following set of parameters: 8t; 1, s =0:24, =10 and Npgr = 50. For
comparison purposes, some very recent multiplicative noise removal algdéhms from the literature are
considered. We compare our method with the most recent successful algorithms, namely:
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BS Algorithm proposed in [22]: this is a Stein-Block thresholding method in the cunelet domain,
applied on the log transformed image. It is a sophisticated shrinkage-based deneisthat thresholds
the coe cients by blocks rather than individually, and has been shown to be nearly minimax
over a large class of images in presence of additive bounded noise (not necessarilgu8sian nor
independent). This algorithm has one threshold parameterT, and in all our experiments, we set it
to the theoretical value T = 4:50524devised in [22].

AA Algorithm proposed in [8]: it is sketched in (8); the algorithm was applied using 1000 iterations
and stepsizedt = 0:1, as recommended by the authors;

SO Algorithm proposed in [62]: the rst algorithm proposed in [62], see (10). As recommended
in [62] the stopping rule is to reachk suchthatk =maxfk 2 N:Var[ux u,] Var[n]= 1(K)g
where u, is the underlying log-image andn the relevant noise; see (61) for the variance. We
systematically used stepsizedt = 0:001 (except for Fig. 3 wheredt = 0:0005).

The denoising algorithms were tested on three images: CameramarN( = 2562 pixels), an image of
Fields (N = 5122 pixels) and an aerial picture of the French city N'mes (N = 5122 pixels). All images
were normalized so that their gray-scale is in the range [1256]. For each image, a noisy observation is
generated by multiplying the original image by a realization of noise accordig to the model in (3)-(4)
with the choice =1 and K 2f1;4;10g. For a N -pixel noise-free imageS, and its denoised version by
any algorithm $, the denoising performance is measured in terms of peak signal to noise rati®&NR)

in decibels (dB)
2

N maxS, minS,
PSNR = 101log;, 5 dB ;

So
2

where maxS, minS, gives the gray-scale range of the original image, and mean absolute-deviation
error MAE L

MAE= — § S,

N 1

6.1 Qualitative results

The results are depicted in Fig. 3-6 for the Fields image, Fig. 7-9 for the N'mesicture, and Fig. 10-12 for
Cameraman. Our denoiser does a good job at restoring faint geometrical structuresf the images even
for low values ofK , see for instance the results on N'mes and Fields fd =1 and K = 4. As expected,

our hybrid method is less prone to staircasing artifacts and takes bene t from he curvelet transform for

capturing e ciently the geometrical content of the images. Our algorithm perform s among the best and
even outperforms its competitors most of the time both visually and quaritatively as revealed by the

PSNR and MAE values. Note also that a systematic behavior of AA and SO methoddor low values of
K is their tendency to lose some important details and the persistence of a low-fregency ghost as it can
be seen on the residual images on Fig. 4. For SO method, the number of iterations nesesy to satisfy

the stopping rule rapidly increases whenK decreases.

20



6.2 Quantitative results

The above visual results were con rmed by Monte Carlo simulations where, foreach tested image and
each value ofK 2 f 1;4;10g, ten noisy realizations were generated. Then the compared algorithms were
applied to the same noisy versions. The output PSNR and MAE were averaged over theeh denoised
realizations.

For fair comparison, the parameters of SO and AA were tweaked manually to redt their best per-
formance level. For SO, =0:25 was recommended by the authors. Their values are summarized in
Table 1. Notice that the parameters of our method are very stable with respect ¢ the image, except
for Cameraman with small K. Curvelet based methods are indeed quite inadequate to this image since
the thresholding step generates Gibbs-like oscillations and outliers that are stingly visible on the nearly
uniform background (see the image restored by BS method). In order to remove thesartifacts, we used
di erent values for T, ¢ and mostly ;. Despite this drawback, our method yields quite good results on
Cameraman.

The denoising performance results are tabulated in Table 2 where the best PSNR and MA value is
shown in boldface. By inspection of this table, the PSNR improvement brought by air approach can be
quite high particularly for K =1 (see e.g. the Fields image) and the visual resolution is quite respectable.
This is an important achievement since in practiceK has a small value, usually 1, rarely above 4. This
improvement becomes less salient ak increases which is intuitively expected. But even forK = 10,
the PSNR of our algorithm can be higher by 0:45dB to more than 10dB compared to AA, SO and BS
methods, depending on the image.

Fields 512 512

. Parameters
Algorithm K=1 _ K=4 K=10 _
Ours T = 2 1K) o =T = 20 (K)o =|T = 2 1K), o =
1.2, 1=10 1.3, 1=10 1.3, 1=10
AA =125 =400 =480
SO =0:05, =0:25 =0:1, =0:25 =0:8, =0:25
Nmes 512 512
. Parameters
Algorithm K=1 _ \K:4 - \Kzlo N
Ours T =2 (K)o =|T =2 (K)o =[T = 2 1K) o =
1.5 ,=10 15 ,=10 1.3, 1=10
AA =60 =120 =130
SO =0:05 =0:25 =0:3, =0:25 =1:2, =0:25
Cameraman 256 256
Algorithm Parameters
K=1 _ \ K=4 R \ K=10
Ours T =26 1K), o =|T =25 1(K); o =|T = 211 1(K); o =
1.8, =57 1.8, =57 1.3, =10
AA =120 =240 =390
SO =0:04, =0:25 =0:1, =0:25 =1, =0:25

Table 1: Parameters used in the comparison study of Table 2.
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Noisy: K =1 in (3) SO: PSNR=9.59, MAE=196

AA: PSNR=15.74, MAE=76.66 BS: PSNR=22.52, MAE=35.22

Ours: PSNR=22.89, MAE=33.67 Original (512 512)

Figure 3: Fields (512 512) for K = 1 in (3). Restorations using di erent methods. Parameters:
SO aporithm for = 0:05, = 0:25 and dt = 0:0005; AA algorithm for = 125; our algorithm
T=2 1(K); 0:1:2; 1 =10.
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AA: residual, K =1

i t

BS: residual, K =1 Ours: residual, K =1

Figure 4: Residuals 8, $) for the restorations in Fig. 3 (K = 1).
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Noisy: K =4 in (3) SO: PSNR=19.78, MAE=55.42

Ours: PSNR=26.32, MAE=21.92 Original (512 512)

Figure 5: Fields (512 512) for K = 4 in (3). Restorations using di erent methods. Parameters:
86) algorithm for = 0:1, = 0:25 anddt = 0:001; AA algorithm for = 400; our algorithm T =
2 1(K); o=1:3; 1 =10.

24



Noisy: K =10 in (3) SO: PSNR=25.36, MAE=25.14

'.’*4

AA: PSNR=17.13, MAE=65.40 BS: PSNR=27.24, MAE=19.61

Ours: PSNR=28.04, MAE=18.19 Original (512 512)

Figure 6: Fields (512 512) for K = 10 in (3). Restorations using di erent methods. Parameters:
Sp algorithm for = 0:8, = 0:25 anddt = 0:001; AA algorithm for = 480; our algorithm T =
2 1(K); o=1:3; 1 =10.
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Noisy: K =1 in (3) SO: PSNR=18.39, MAE=24.08

AA: PSNR=22.18, MAE=13.71 BS: PSNR=22.25, MAE=13.96

Ours: PSNR=22.64, MAE=13.39 Original (512 512)

Figure 7: Aerial image of the French city of Nmes (512 512) for K = 1 in (3). Restorations using
di erent methods. Parameteigs: SO algorithm for = 0:05, = 0:25 anddt = 0:001; AA algorithm for
= 60; our algorithm T =2 (K); o=1:5 ;=10.
26




Noisy: K =4 in (3) SO: PSNR=24.40, MAE=10.76

AA: PSNR=24.55, MAE=10.06 BS: PSNR=24.92, MAE=9.87

Ours: PSNR=25.84, MAE=9.09 Original (512 512)

Figure 8: Aerial image of the town of N'mes (512 512) for K =4 in (3). Restorations using di erent
methods. Parameteﬁs: SO algorithm for =0:3, =0:25 anddt = 0:001; AA algorithm for = 120;
our algorithm T =2 1(K); o=1:5, 1 =10.
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Noisy: K =10 in (3) SO: PSNR=27.32, MAE=7.41

AA: PSNR=25.26, MAE=8.83 BS: PSNR=27.0, MAE=7.69

Ours: PSNR=27.80, MAE=7.21 Original (512 512)

Figure 9: Aerial image of N'mes (512 512) for K = 10 in (3). Restorations using di erent methods.
Paranbeters: SO algorithm for =1:2, =0:25anddt =0:001; AA algorithm for = 130; our algorithm
T=2 1(K); 0=1:3, 1 =10.
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Noisy: K =1 in (3) SO: PSNR=12.74, MAE=48.59

AA: PSNR=18.76, MAE=22.36 BS: PSNR=19.39, MAE=17.49

Ours: PSNR=19.82, MAE=16.33 Original (256 256)

Figure 10: Cameraman (256 256) for K =1 in (3). Restorations using di erent methods. Parameters:
SOpaIgorithm for =0:04, = 0:25anddt = 0:001; AA algorithm for = 125; our algorithm T =
26 1(K); 0=1:8 1=5:7.
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Noisy: K =4 in (3) SO: PSNR=20.12, MAE=18.64

AA: PSNR=21.97, MAE=14.26 BS: PSNR=22.36, MAE=12.14

Ours: PSNR=22.98, MAE=10.61 Original (256 256)

Figure 11: Cameraman (256 256) for K =4 in (3). Restorations using di erent methods. Parameters:
SOpaIgorithm for =0:1, = 0:25 anddt = 0:001; AA algorithm for = 125; our algorithm T =
25  1(K); 0=1:8 1=5:7.
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Noisy: K =10 in (3) SO: PSNR=25.64, MAE=7.42

AA: PSNR=24.48, MAE=9.9 BS: PSNR=24.43, MAE=9.44

Ours: PSNR=26.08, MAE=7.4 Original (256 256)

Figure 12: Cameraman (256 256) for K =10 in (3). Restorations using di erent methods. Parameters:
SOpaIgorithm for =1, = 0:25 and dt = 0:001; AA algorithm for = 125; our algorithm T =
21 (K); 0=1:3; 1 =10.
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Fields 512 512

PSNR MAE
(K J1 | 4 | 10 | [K 1 | 4 | 10 \
Ours | 23.13 (0.14) [ 26.31 (0.08) [ 27.99 (0.05) Ours | 32.67 (0.68) [ 22.00 (0.18) [ 18.24 (0.10)
BS 22.60 (0.10) | 25.50 (0.06) | 27.21 (0.05) BS 35.00 (0.58) | 23.95 (0.22) | 19.66 (0.12)
AA | 15.75 (0.004)| 16.82 (0.004)| 17.14 (0.004) AA | 76.64 (0.04) | 67.77 (0.05) | 65.36 (0.04)
SO |[10.11 (0.21) | 19.70 (0.23) | 25.33 (0.08) SO | 189.24 (2.96) | 55.80 (1.45) | 25.26 (0.22)

Nmes 512 512

PSNR MAE
(K |1 [ 4 | 10 [k [1 [ 4 | 10 |
Ours | 22.66 (0.09) [ 25.86 (0.03) [ 27.78 (0.03) Ours | 13.27 (0.07) [ 8.98 (0.03) [ 7.11 (0.02)
BS 22.18 (0.03) | 24.90 (0.03) | 26.95 (0.02) BS 13.88 (0.04) | 9.75 (0.03) | 7.59 (0.01)
AA | 22.01 (0.04) | 24.33 (0.01) | 25.06 (0.02) AA | 14.05 (0.09) | 10.37 (0.02) | 9.03 (0.02)
SO | 18.26 (0.03) | 24.25 (0.04) | 26.84 (0.03) SO | 24.54 (0.08) | 10.99 (0.04) | 7.83 (0.02)

Cameraman 256 256

PSNR MAE
(K J1 [ 4 [ 10 | [K 1 [ 4 [ 10 \
Ours | 19.61 (0.12) [ 22.94 (0.07) | 26.09 (0.10) Ours | 16.78 (0.25) | 10.67 (0.07) [ 7.44 (0.09)
BS 19.22 (0.09) | 22.31 (0.07) | 24.40 (0.05) BS 17.94 (0.25) | 12.14 (0.12) | 9.51 (0.06)
AA 18.65 (0.12) | 21.93 (0.09) | 24.42 (0.07) AA | 22.61 (0.34) | 14.39 (0.15) | 9.99 (0.10)
SO [ 12.62 (0.28) | 19.96 (0.12) | 25.61 (0.07) SO [ 49.33 (1.56) | 19.04 (0.32) | 7.43 (0.04)

Table 2: Average PSNR and MAE (over ten noisy realizations) to denoise di erentimages using the SO,
AA BS and our algorithm as a function of K. The standard deviation of PSNR and MAE over the ten
realizations are in parentheses. The best PSNR and MAE value is shown in boldf®. The parameters
used for each denoising algorithm are summarized in Table 1.

7 Conclusions

This work proposes quite an original, e cient and fast method for multiplica tive noise removal. The
latter is a di cult problem that arises in various applications relevant to acti ve imaging system, such as
laser imaging, ultrasound imaging, SAR and many others. Multiplicative noise contamination involves
inherent di culties that severely restrict the main restoration algorithms.

The main ingredients of our method are: (1) consider the log-data to restore a logmage; (2) preprocess
the log-data using and under-optimal hard-thresholding of its tight frame coe cients; (3) restore the log-
image using a hybrid criterion composed of an! data- tting for the coe cients and a TV regularization
in the log-image domain; (4) restore the sought-after image using an expondal transform along with
a pertinent bias correction. The resultant algorithm is fast, its consistency axd convergence are proved
theoretically.

The obtained numerical results are really encouraging since they outperform the mostecent methods
in this eld.
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