Random ergodic theorems and regularizing random weights.
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Abstract

We study the convergence of pointwise ergodic means for random subsequences, in a universal
framework, together with ergodic means which are modulated by random weights. The methods
used in this work mainly involve Gaussian tools, transference principles and new results on oscillation
functions.

1 Introduction

In this work we introduce different and complementary approaches in the study of convergence of pointwise
ergodic means for random subsequences, in a universal framework. We also study the pointwise convergence
of ergodic means which are modulated by random weights, for any subsequence.

The different strategies consist, for some cases, in using a transference method on Z? with the shift,
and in showing maximal inequalities (see Section 3). For other cases, we work directly, for instance, on the
dynamical system, to show maximal inequalities, or to calculate explicit bounds of the oscillation function
associated with the studied transformation (see Section 4). Finally, in Section 5, we study weighted ergodic
theorems and we show the regularizing effect of some random weights. In all these cases, the basic tools
(classic and less known) will be the spectral lemma and the dilation theorem. We also use results of R.
Jones about oscillation in ergodic theory, together with tools which come from the Fourier analysis and the
study of regularity of Gaussian random functions’trajectories and which are already known in this domain
(see [16]). Section 2 is devoted to these tools.

The first purpose of this work is to give conditions on the process { Xy, k € N} defined on a complete
probability space (€2, B, P) that we assume to be integer-valued, to be able to construct a universal mea-
surable set Qg such that P(£29) = 1 in order that there exist a positive constant C' such that for all w € €,
C(w) < oo, for any measurable dynamical system (Y, A, u,T) (that is to say, for any probability space
(Y, A, 1) and any p-preserving bijective transform 7 : Y — Y), for all f € L?(u), we have, on Qq,
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Hence, by studying the convergence properties of the sequence of deterministic ergodic averages below
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we obtain quantitative and universal results for the convergence of the following random ergodac averages:
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In the sequel, E will always denote the symbol of integration on the space (2, B, P). De plus dans la
suite pour tout & = (v, -, aq) € R* et 8= (B1,---,B4) € RY, nous notons < o, 3 >= Z?:l a;.05.

In order to study (1) we shall use essentially spectral tools together with regularity properties of
trajectories of Gaussian random functions. More precisely, we shall show the following result qui se presente
comme une extention des inegalites de Salem-Zygmung (1954, voir []). En effet, ces dernieres donnent des
estimations asymptotique de 'ordre de grandeur uniforme de polynomes trigonometriques aleatoires pour
pour un processus independant { Xy, & € N} prennant un nombre fini de valeurs entieres (voir [14]). Dans
ce cas leurs preuves reposent sur l’inegalite de Berstein pour les polynomes. Nous proposons de donner une
generalisation de ces inegalites; les outils gaussiens remplaceront 'inegalite de Berstein. Nous pourrons
ainsi obtenir des estimations asymptotiques de polynomes trigonometriques pour des processus alatoires
{X%, k € N}a valeurs dans R? possedant une condition de moment. Bien sur pour les applications en
theorie ergodique, le processus aleatoire sera a valeurs dans N¢

Theorem 1 Let {X}, k € N} be a m-dependent (m € N, see Definition 2) random process with values in
R? (d > 1) and defined on a complete probability space (2, B, P). Let N C N and assume that there exists
an increasing positive sequence (¢n)nen such that (\/N/QN)NZI 18 non increasing sequence and

w0 (i) <2>

and

V1l <1i<d, Esup\/M<oo, (3)
N>1 N

where the symbol XJ(\;) denotes the it component of the random vector Xn. Then we have the following
asymptotic estimation

N
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N
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Notice that the condition (3) is not empty since it contains the following example: Xy = wuy, + 6 where
(ug) is any strictly increasing sequence of positive integers (d = 1) and (%) a sequence of independent and
identically distributed, random variables satisfying

36>0/E|6 |°< .

We can show that the condition is satisfied when gy = /N log(un) [15].

Moreover if we denote by ||.|| a norm on R? and suppose that for some § €]0, 1] there exists v €]0, 1|
such that E (|| Xn||®) = O(2"") then we will prove in 3.1 that the assumptions of theorem 1 are holds
with gv = N7 0 o/ €] 1],

Now, from the spectral lemma, we have
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where py is the spectral measure of the operator T' at the point f. Theorem 1 gives us therefore a bound
for (5) as follows
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But x is a positive random variable which is integrable because of Theorem 1. And it is obviously
independent of the choice of the dynamical system.

Hence, as a corollary of Theorem 1, we obtain the following result which studies the asymptotic behavior
of the ergodic means introduced in (1), within the framework of multidimensional dynamical systems, that
is to say that the transform 7T is no longer a Z-action but a Z%action, d > 1.

Corollary 1 Let N C N. For all m-dependent process { Xy, k € N} with values in N, and all nor-
malization qn satisfying the conditions (2) and (3) of Theorem 1, there exists a measurable set Qo such
that P(Qo) = 1 and for all w € Qq, there exists a finite positive constant C' = C(w,m) such that for all
measurable dynamical system (Y, A, u,T), T being a Z3-action, for all f € L?(u), we have
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This property is actually satisfied, more generally, for all probability space (Y, A, ) and all L?(u)-
contraction 7'.

Let us specify the notion of Z?-action. Suppose that {T; :j € 74} is a collection of invertible
transformations of the measurable space (Y, A, ).

We say that T := {T} : j € Z%} is a nonsingular action of Z? on (Y, A, ) if

(i) 3X € A such that u(Y — X)=0and T, : X — X Vj € Z4,

(i) (4,y) — Tj(y) is measurable (Z¢, X — X),

(iii) Ty o Tj(y) = Ty4;(y) Vy € X, i,j € Z%. Moreover, a nonsingular action of Z¢ is called measure

preserving if poT; = p, Vj € 7. We say that the quadruplet (Y, A, u, T) a dynamical system. Thus an
automorphism naturally induces a unitary operator on L?(u). If Sy, Sa, - -+, Sq are d commuting automor-
phisms on Y, and if T' = S1 052 0---0.54, a typmal example of Z%actions is obtained by considering
for any j = (ji,---,ja) € Z4, T9 = 87" 0 SP o - S“ We introduce here several approaches to obtain
pointwise ergodic theorems for random processes. A ﬁrst way consists in transferring the problem from Y
to Z¢ (replacing T by the shift), and to show maximal inequalities.

Let us recall that a Z%-valued sequence (uy)nen is said to be L2-good if and only if, for all dynamical
system (Y, A, u, T) and for all f € L?(u),

N
lim — Z foT" exists u-almost everywhere.
k=1

More generally, we shall say that a sequence is L?-good for isometries and L?-good for contractions, if the
mean above converges also for, respectively, all isometry and all contraction 7.

In order to prove that a sequence is L?-good, it is often convenient to show, in a first time, that there
exists a positive constant C' such that, for all p > 1,

N
Yo € 12(2%), o(. + ug)

k=1

< C v llizzay, (6)
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where
NP = {[pk]v ke N}7 (7)

and, using Definition 1 below, E;‘]:1 I va li2zay /(J [l v [li2(zey) tends to 0, when J tends to co, at a
speed which depends only on p.

Definition 1 For a sequence of integers (N;)j>1 such that Nji1 > 2 N;, define

<l

N N;
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where N :={[p"], k € N, N; < [p"] < Nj 1}



We shall therefore restrict ourselves to the sequences which satisfy these two properties. We shall
call these sequences good for mazimal and variational inequalities or MVI-good. These properties are just
known to be sufficient conditions for a sequence to be L2-good (the first one is actually also necessary).
Ezamples: For instance when d = 1, the sequences studied in [2],[18] and [20], uy = N, uny = pn, the
N primes number, and ux = [P(N)], the integer part of a polynomial P(N) with real coefficients, are
MVI-good sequences.

When d > 2, we can also choose (uy) € N¢ as d polynomials with integer coefficients ([18] th. 6.2, [2]).

Our purpose, here, is to study the behavior of MVI-good sequences, when they are perturbed by
a multiplicative, independent, identically distributed, random variable. More precisely, we show, the
following.

Theorem 2 Let {0y : k € N} and {ék : k € N} be two independant families of N%-valued i.i.d. random
variables such that E | H?Zl 9(()1) |'2< 00 and E | H?Zl éél) °< oo for some & > 0. Let (u)ken be a
N-valued MVI-good sequence such that ||uy|| = O(Qkﬁ) for some B € (0,1). Then there exists an absolute

measurable set Qo such that P(Qg) = 1 and for allw € Qq, for all measurable dynamical system (Y, A, u, T),
for all f € L*(p),

1 ~
lim N Z f o T wt0k(@) eists ji-almost everywhere.

The result remains true when T is a non-negative contraction.

A second approach is directly located on the studied dynamical system using the spectral lemma.
According to the general form of the process { Xj, k € N}, it is sometimes more convenient to use the first
method or the second one. For instance, we shall prove the following result.

Theorem 3 Let (2,8, P) and (,B',P’) be two independent probability spaces. Let Sy be a random
walk generated by a sequence of non-centered i.i.d. random variables which have a moment of order two
on (¥, B',P"). Fiz the walk and consider a sequence of integer-valued independent random variables
{Xk, k € N} which are defined on (2, B, P).

Moreover, assume that the law of the Xi’s is generated by the convolution of a given law, that is to
say, there exists an integrable random variable Y such that

Vk>1, dPx, =dPi". (9)

Then there exists a measurable set Qo C QxQ', with Px P'(Qo) = 1, such that, for all fixred (w,w") € Q,
we have:
For all measurable dynamical system (X, A, u,T), and for all f € L*(u),

N
lim — Zf o TX+@) = B(f|F), p-a.e.
k=1

where F denotes the o-field generated by T-invariant functions of L?(i).
The theorem remains true when T is a non-negative contraction.

Let us explain the meaning of the equation (9). When Sy is fixed, the process {Xj, k € N} is inde-
pendent and the law of each X}, is the same as Y7 + Y5 + ... 4+ Yg, , where the Y;’s are i.i.d. and have the
same law as Y. For instance, if Y is a Poisson law of parameter 1, Xj is a Poisson law of parameter Sj.
Whereas, on  x Q'; the process { X, k € N} is not independent.

We shall show more precisely that the oscillation function Opz(, (foTX*, (N;),N,) (see Section 6) asso-
ciated with the sequence of ergodic means above is bounded by K (w,w’)|| f||L2(,) where P x P'(K (w,w’) <
o0) = 1.

Here is another result that we shall prove using a similar technique.



Theorem 4 Let (Q, B, P) be a complete probability space on which is defined a sequence of integer-valued
independent random variables { Xy, k € N}. Moreover, assume that the law of the Xy ’s is generated by the
convolution of a given law, that is to say, there exists an integrable random variable Y such that

Vk>1, dPx, = dPy™,

where (uy) is a sequence of integers that is assume to be MVI-good and such that there exists § € (0,1)

with uy = 0(2]“'@). Then there exists a measurable set Qo, with P(Qy) = 1, such that, for all fized w € Qq,
we have:
For all measurable dynamical system (X, A, u,T), and for all f € L*(p),

_ X (w)
A}Enoo ; foT eTists [-a.e.

The theorem remains true when T is a non-negative contraction.

The approach we shall use to prove the preceding results (in particular, Gaussian tools) can also be used
in the study of convergence of ergodic means which are modulated by random weights. More precisely, we
shall highlight the regularizing effect of the random weights generated by centered i.i.d. random variables
that have a moment of order 2, in the pointwise ergodic theorem, for any subsequence.

Theorem 5 Let (2,8, P) be a complete probability space on which is defined a sequence of centered
independent and identically distributed random variables { Xy, k € N} that satisfies E|X1|? < oo. Let
(ug, k> 1) be an strictly increasing sequence of integer such that there exists 5 € (0,1) with ug = O(2kﬁ).
Then there exists a set Qo, B-measurable, with P(Qo) = 1, such that, for all w € Qp, for all measurable
dynamical system (X, A, p, T)

Ve L*(u), J\}lm NZX’“ foT™ =0 p-a.e.

The theorem remains however true when T is a L'-L*-contraction.

Remark that, when the sequence (uy) is universally bad (see [14] for the definition), one can find a
function f € L?(u) which satisfies the property of strong sweeping out, that is to say,

lim sup — Z f(T*2x) =1, z-p-ae.

N —o0

and

liminf — Z f(T"x) =0, x-p-a.e.

N —o0

In that extreme case (and if uy = O(2k5 )), we know that, for almost every realization of universal sequence
of centered random variables (X}) with a moment of order 2, we have

N
1
— e\ .
]\}lm Nkilef(T x) =0, z-p-ae.

A priori le preuve que nous donnons ne permet pas d’affirmer que le resultat est encore vrai pour toute
contraction positive de L2.



2 Gaussian Tools and proof of Theorem 1

2.1 technical lemmas
Let us present now the Gaussian tools proved by X.Fernique that we shall use in the sequel (see [15] for

more details).

Proposition 1 Let {Gy, k > 1} be a sequence of Gaussian vectors with values in a Banach space (B, || . ||).
Then

Esup || Gk [|< K1 {supIE | Gk || +Esup | Agog |},
keN kEN kEN
where { Ak, k > 1} is an iso-normal sequence, K1 an absolute constant and for all k € N,

O = sup H< Gk7f>||2;9'
feB|IflI<1

Proposition 2 Let g be a real-valued Gaussian random function which is stationary, separable and con-
tinuous in quadratic mean. Moreover, m denotes its associated spectral measure on RY such that

E(] g(s) —g(t) |*) =2 /(1 — cos 2mu(s — t)) m(du).

o Eamgmnggﬁ/mmw%wmmwﬂ+/mmmpﬁmmwwﬁ,

a€l0,1]
where Ky is an absolute constant.
Proposition 3 [Slépian-Fernique| Let T be a finite set with cardinal n, X and Y be two Gaussian vec-

tors with values in RY, dx and dy be the associated deviations (that is to say, for instance, dy(s,t) =
VE Y (s) =Y (t) |2, for (s,t) € T x T). Assume that

V(S,t) eT xT, dy(s,t) < dx(S,t).

Then, we have also
EsupY(t) < Esup X (¢).
teT teT

We give one more spectral estimation which associates the operator T at the point f, with its spectral
measure on the torus of dimension d, that we identify, once for all, with [0, 1[?. First for d = 1.

Proposition 4 Let T be a contraction on a Hilbert space H, and let p(x) be a polynomial defined on the
unit circle D = {z, x € C,| x |= 1}. Then for all f in H, there exists a positive Borel measure, called py,
that is bounded over D and such that we have

nmnfﬁéijmeww
D

This result is a consequence of Bochner Theorem that U.Krengel extended to contractions on Hilbert
spaces (see [10], Proposition 3.1,p.94) and a dilation argument introduced by Sz.Nagy and Foias. ( changer)

Now let T¢ = [0,1[% denote the dual group of Z? and recall that if {T% k € Z9} is a group of
unitary operators acting on L?(u), then it is easy to see that for each f € L2(u), if we put for k € Z%:
y(k) = [ Tk f.fdu, then v is a positive definite function, hence one has by the Herglotz-Bochner-Weil
Theorem the existence of a unique non-negative bounded measure y¢ on the Borel o—algebra B([0,1[%),
such that

Vk € 74, /ka.fdu:/ exp 2im < k,a >pr(da).
[0,1[¢



Moreover if n € Z* and P(T) =", cpa o<p<n @ T, then one has the spectral equality

2

vf e L2(u), Pyl = | S arexp2in <k >| pylda),

d
010 | peza, 0<k<n

and by k < n for k,n € Z* we mean k; <n; for each 1 < j < d (see also W. Ambrose, Spectral resolution
of groups of unitary operators, Duke. Math. Journal, t. 11, 1944, p. 589-595.
Here are two other technical lemmas that we shall need.

Lemma 1 [15] Let {f,,n > 1} be a sequence of non-negative and measurable functions defined on a
measured space (X, A, p) with p(X) =1. Assume that for all fived p > 1,

N
1
1 {x : Ne}\ifrpn_)oo N ;fk(:v) exists } =1,

where N, is defined in (7). Then for all p > 1, the limit is the same, let us call it L, and we have

ol
u{xj\}gnooN;fk(:r) —L(a:)} =1.

Lemma 2 [2/[18] Let {f,,n > 1} be a sequence of measurable functions defined on a measured space
(X, A, ) with || fu ||L2=1, Vn > 1. Let p > 1 and for all sequence of integer (Nj);>1 with Njy1 > 2Nj,
let

1 & 1
M;(z) _J\[S;lﬁg N;fk(x)_ﬁj;fl(x) ;

where N is defined in Definition 1. Assume that ijl | Mj |2y /J tends to 0, when N tends to oo,
at a speed which does not depend on (N;);>1. Then

N
. 1 .
i {x : NE.I/\I/I:l—wo N kgil fr(x) exists } =1

2.2 Dilation theorem and oscillation functions

We shall also use the following tools. Let us start with a dilation theorem from Akcoglu-Sucheston ([10],
p.192, Th.2.9).

Theorem 6 [Dilation theorem] Let T : L — L a non-negative contraction defined on a LP-space L (1 <
p < 00). Then there exists another LP-space L and a non-negative isometry T:L — L such that, for
alln € N, DT™ = PT"D, where D : L — L is a non-negative isometric embedding from L to L, and
P:L—Lisa non-negative contraction.

Consider now a probability space (X, A, 1) and a sequence { fx, k > 1} of elements of L?(u) that satisfy:
Vk > 1, || frllr2(m = 1. For all p > 1, consider, at last, a family of partial indexes NV, = {[p*], k > 0}, and
an increasing sequence of integers, let us say {IN;, j > 0}, that satisfies: N;11 > 2N;, for all j > 2.

We are interested in the evaluation of the oscillation function associated with the sequence (fx) of
elements in L2(y), along the sequence {N;, j > 0}. This R-valued function is defined as follows:

2

Or2y (fi)s (N N,) i= | || sup %ka_ika , (10)

j NeN] =
R A L2()



where N; g is given in Definition 1. For convenience, we shall also use, sometimes, the notation

N
1

Or2( (Tw), £, (N;), N,) == | > || sup NZfOTk— _ZfoTk ;

j>1 || NeN] k=1 N; k=1 R
L2 (p)

or

2
Ora() (T, f,(N;),N,) == | Y || sup Zf T%——Zf o T ,
iz1||NEN; Ny i £2()

where the choice of the integer-valued sequence (uy) will be given by the context.

Proposition 5 Assume there exists a positive constant K < oo which does not depends on the sequence
{Nj, j > 1}, such that
Or2(u)((fr), (N;), N,) < K.

Then we have:

non-negativity: If we assume that, for all k > 1, fi > 0, then
lim — Z fr(x) exists p — pp. (11)
boundedness: If we assume that supy>; || fk||eo < 00, then

A}gnoo N Z fr(x) exists p — pp. (12)

Proof. We use, in both cases, Lemma 1. In the non-negative case, the conclusion comes down when it
is combined with Lemma 2. In the second case, one replaces the argument of Lemma 2 by a standard
reasoning that is clearly set in [18], p.719-04. o

2.3 Proof of Theorem 1

The data of the problem are the followings: Let (£, B, P) be a complete probability space on which is
defined a random function { X}, k € N} with values in R?, d > 1. In order to set the results in the most
general framework, assume that this function is m-dependent, that is to say, by definition,

Definition 2 A random process { Xy, k € N} is m-dependent if and only if, for any integer k > 1, Xgym
is independent of { Xy, Xg—1, -+, Xo}.

Ezamples: A sequence of independent random variables { X, k € N} is by definition 1-dependent. On the

other hand, a random walk {S) = Z?:o X,k € N} where {Xy, k € N} is a sequence of independent and

identically distributed random variables, is co-dependent if we fit the preceding definition in consequence.
We are going to estimate the asymptotic behavior of the quantity

N

sup Zexp 2im < a, Xy > —E exp 2im < a, X >, (13)
agl0,1)4 |5

uniformly in @ when N tends to infinity. That is the essential point of this work that will permit to
separate the conditions to impose, on one hand, on the random process, and on the other hand, on the
dynamical system that is likely to model a concrete situation, as for instance, the position of an energetic
particle in the space.



-Step 1: This step consists in transferring the problem to a problem of regularity of Gaussian random
functions’trajectories.

Let us take an independent copy of X = (Xi)gr>0 that we denote X’ = (X} )r>0. Usual convexity
properties shows that, to prove (4), we just need to prove

N

1
Ex x/ sup sup —Zexp 2im < o, X > —exp 2im < a, X, >| < o0.
NeN ag0,1)4 |IN 1 —{

Symetrization of the problem: Let us consider the following family of random functions with continuous
trajectories,
{fr(a) = exp 2im < a, X}, > —exp 2im < a, X], >, a € [0,1]4, k > 1}.

The hypothesis of m-dependence on the process { X, k > 1} suggests to make a partition of N, the set of
positive integers, as follows:
N=LULU---Ul,,

where, for all integers I < m, I; = {l + rm,r € N}. Our goal is to construct a finite family (with m
elements) of symmetric random functions associated with the m arithmetic progressions.
For all integers [ > m, we denote the random function

= {frken}

Note that, by construction, every f! forms a symmetric family of random functions, that is to say that their
law is not modified by change of sign. More precisely, let us denote {ex, k > 1} a sequence of Rademacher,
independent, random variables (which takes the values +1 and —1 with probability 1/2) that we assume
to be independent of the random variables X and X'.

Hence, we have

=1 keI' k<N

and so

1 & u 1

EX,X/ sup Ssup |— ka (Oé) < ZEX’X/ sup sup |— Z fk(a) .
NeN ag0,1)¢ | 4N 1 =1 N>lag[0,1)¢ |IN | 1y
Let us fix now an integer [ < m and study
1
Ex x/ sup sup |— Z fr(a)] . (14)

NEN aelo)t AN 5y
We know that {fx, k € I'} and {exfx, k € I'} have the same law. Thus (14) can be written with a larger
space of integration,

1
Ex x/ sup sup |— Z exfr(a)| <
NeN agl0,1]d | 4N keIl R<N

1
2Ex,sup sup |— Z € exp 2im < a, Xg >|. (15)
NeN aclo,1]d | AN kel R<N

We shall use a tool which is recurrent in the study of Gaussian processes: the principle of contraction.
This tool is based on a very simple idea which allows us to replace the change of sign in (15) by a sequence
of centered and reduced, normal, random variables. For more details, see [15] page 169.

Hence, to show that the right term of (15) is finite, we just need to prove

1
Ex g4 sup sup |— Z gr cos 21 < o, Xi > +gp,sin 21 < o, X >| < o0, (16)

d
NeN ago,1]d | AN eIl RN



where {gi, k > 1} and {g},, k > 1} are two sequences of independent random variables of law A (0, 1) which
are independent of X, e and €.

The problem is then reduced to the study of the regularity of Gaussian random functions’trajectories
if we fix the variable of integration X. This concludes the first step of the proof.
-Step 2: Use of Gaussian tools.

Let us start by denoting, conditionally to X, the random Gaussian functions

Gn(a) = — Z gk cos 21 < v, X > +g) sin 21 < a, X, > .
keIl k<N

Because of Proposition 5, we can bound (16) from above by

E sup sup |Gn(a)|<KiEx <sup E,qo sup | Gn(a)|+Eysup | Avon |> ,
NeN aclo,1]4 N>1 a€l0,1]4 N>1

where {Ay, N > 1} is an iso-normal sequence, that is to say, a sequence of independent and identically
distributed, random variables with centered and reduced, Gaussian law and

oy < sup || Gn(a) 2,9 -
acl0,1]¢

This estimation of o permits to obtain easily

1
on < —/eard{k € I',k < N}.
N_(JN\/ { }

or

N
ON S £
an
But the hypothesis (2) tells us that oy = o(1/4/log N). Thus, using results on strong integration of
Gaussian vectors, we obtain

Ey sup | Anvon |< oo,
NeN

and finally,
ExEy sup | Anvon |< oc.
NeN

Hence to show (16), we just need to prove

Ex sup E; o sup | Gn(a) |< . (17)
NeN a€l0,1]¢

In the sequel, since X is fixed, we shall fix also the integer V. We are going to compare the random
function G(a) = Gy () with every one of its 1-dimensional margins in order to use Proposition 7. The
random function G represents a stationary Gaussian random function which is continuous in probability
and thus, possess a modification with continuous trajectory that will be also denoted G. On the space
[0,1]%, G induces an Hilbert distance defined by

Y(s,t) € [0,1]% x [0,1]%,  dg(s,t) = VE | G(s) — G(t) |2.

For a positive integer j < d, let us consider the family of stationary, Gaussian, random functions which
are continuous in probability

, 1 . .
Vaj; €10,1], G/ (o) = — Z gk,j COS 27ran,§J) + gj. ; sin 277an,§7),
IN e k<N

where {gy,j,k > 1} and {g; ;, k > 1} are families of sequences of centered and reduced, Gaussian, random
variables which are independent for j < d and [ < m.

10



For all ¢t; and s; in [0, 1], denote

ds(55,15) = \JE | Gi(s;) — Gi(t;) |2,

the Hilbert distance on [0, 1], induced by G”. In this context, remark that we have

Yt = (t1, -, tq) €[0,1]% Vs = (s1,---,54) € [0,1]%, da(s,

Using Slépian-Fernique’s Theorem (see Proposition 3), we deduce from the preceding estimation

Eyqy sup Gn(a <\/—2Egg sup G ().
aglo,1]d =1 a;€[0,1]

For all j < d, we associate the random function G7 with its spectral measure on Rt defined by

) ; 1
Vi<j<d mO=— 37 b0,

N keIl k<N
where d, is the Dirac measure at the point u.

Because of Proposition 2, we obtain that (17) will be achieved as soon as the two families of following
conditions will be satisfied

Vj<d, E sup [—} Z min|( X(J) 1] < (18)
NeN LIN keIl k<N

Vji<d, Esu / w22y AT < 00. 19

= Nef\)/ N \/kell k<N {‘Xl(c J[>e=?} (19)

Note that (18) can be reduced to supyen(VN/qn) < oo. But this is an immediate consequence of
the hypothesis (2). Finally, the condition (19) can be easily reduced to the condition (3) by using the
non-increasing condition on (v/N/qy). This ends the proof of Theorem 1.

o

2.4 Another result

At last, we shall also need the following proposition relating to some random trigonometric polynomials
and that we prove with the help of the Gaussian techniques clearly set now.

Proposition 6 Let (Q, B, P) be a probability space on which is defined a sequence of centered, independent
and identically distributed random variables (0x, k > 1) which satisfies E|0x|?> < oco. Let (ug, k > 1) be an
increasing sequence of reals such that there exists ¢; > 0 and co > 0 with uny > ¢y N,

Then, we have
N

E sup sup Z O exp (2iTauy)| < 0o

1
N>1aefo] [ VN Ioguy

For the proof of this result, the reader is referred to [17].

3 First approach: an application of the transference method

3.1 A transference theorem

The aim of the following theorem is to explore a transference principle from a model with one deterministic
orbit (Z%, the shift S) to any random dynamical system.

11



Definition 3 For all real p > 1, define a partial index
NP = {[pk]v ke N}v
and for all sequence of integers (N;);j>1 with Nji1 > 2 Nj,
NI ={[p"], ke N, N; < [p"] < Nj11}.

For all v € 1?(Z%), define also

N
1
MPv(n) = sup |— Ev(n+ Xi)|, 20
)= gup | 3B+ ) (20)
and

1 & 1 &
Mjpv(n):Ns;E)ﬁ NZEU(H—FXI@)—EZEU(H—I—X]C) . (21)

P k=1 k=1

Theorem 7 Let be a N¥-valued random process { Xy, k € N} which satisfies
E|| Xk |I’=0(2""),

for some § > 0 and v < 1, and assume there exist a constant C' and a number A(J) independent of (N;);j>1
such that, for all v € I?(Z%),
| MPv [li2@zay< C || v [li2(ze), (22)

J
D1 MPv ey AU Nl o iz, (23)

j=1

and A(J)/J tends to 0 when J — oo at a speed which depends only on p. Then there exists an absolute,
measurable set Qg such that P(Qy) = 1 and for allw € Qq, for all measurable dynamical system (Y, A, u, T),
T being a Z%-action, for all f € L?(u),

N
A}Enoo N ,; foT exists p-almost everywhere.

The theorem remains true when T is a non-negative contraction.

This result gives us deterministic criteria for a particular dynamical system Z? with the shift, which
lead to general properties of pointwise convergence of random ergodic means within a universal framework.
In order to prove Theorem 7, we need the following lemmas.

Lemma 3 Let p > 1 and let { Xy, k € N} be a N¥-valued random process such that
Yo e P(Z2Y), || MPv lp@a< C |l v llizga),

where MPv is defined by (20). Then, for all dynamical system (Y, A, u,T), we have

Vfe L), || sup

<C 2 .
o <CH fllze

L2 (w)

1 N
NZE(foTX’C)
k=1

The result remains true when T is a non-negative isometry.
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Lemma 4 Let p > 1 and let (N;)j>1 be a sequence of integers such that Njy1 > 2N; and let MJ’-) be
defined by (21). Assume there exist, for all fized J, a number A(J) independent of v and (N;)j>1 such
that

J
Z | Mo [l2zay< A(T) || v [li2(zey -
j=1

Then , for all dynamical system (Y, A, u, T), we have, V.f € L?(u),

J N N
1 1
sup = Y B(foT¥) = — > E(foT*) < AW) 1 F llz2ga) -
; j | N N
= || veni |2 T k=1

The result remains true when T is a non-negative isometry.

Lemmas 3 and 4 are generalization of transference principles based on a model with one orbit [2] (the
only novelty here is in the presence of the expectation E). We just give the proof of the first lemma, the
second one is obtained from the original result by the same modifications.

Proof. First, let us remark that we just need to prove Lemma 3 for non negative functions. Fix m € N
and take an integer J > m. Let

[ Trof(x) ifne{0,---,J}¢
P (n) = { 0 otherwise

JFrom the hypothesis of the lemma, we have

| X
sup (N ZEcpw( + Xk)>

< C | ¢z 2z,
NeN, —1

12(24)

and since ¢, is a non negative function, we have also

N
1
sup (N ZE (sﬁz( + Xk) I{w:X,ij)Smy Vj—l,---,d}))

<O |l vz llizzay -
NeN, 1

12(24)

Hence, since ¢ (n + X}) = f(T"Xkz) forn € {0,---,J —m},

Lo x D <m, vi=1,.) Lo x D <m, vi=1,.d)

J-m  J-m | X 2 J J

Z Z sup <NZ]E(T"+XI¢Of(x)I{w:X(j)<m_ vj_l___d}>> < C? Z Z(Tkof(x))Q.
New, KOS "

Tll:O nd:() P k=1 k1:0 kd:0

But T is measure preserving and, by integrating the last inequality, we obtain

N
1 X
sup (N ZE (T ko fI{W:X,(Cj)va Vj—l,---,d}))
k=1

NeN,

2
(J —m)? <C2I f T2

L2 (w)

that is to say

N
1 X
sup (N ZE (T ko fI{w:X,i”Sm, Vj—l,»~,d})>
k=1

NeN,

J \?
<C 1l (75

L2(n) -

and making J tend to infinity,

N
1 X
sup <N ZE (T ko fI{w;X,(j)gm, Vj—l,m,d})>

<C | fllrze -
NP IS [le2u)

L2 (n)

13



We just have now to make m tend to infinity. Since, for a fixed N € N,

N
1
sup — E(f(TX"x)Iw_ ) . il oo )
NEN,, N<N (Nkz_:l {w: X, <m, Vj=1,---.d}

tends to supyenr, N<N (% Zivzl E (f(TXk :v))) for p-almost every x in X, using Lebesgue’s monotonous
convergence Theorem we have proved that

N
1
sup (NZE(TXkof)> <C | fllag -
NEN,,N<N 1 L2()
Then making N tend to infinity and using
XN
sup NZE(TXkOf <
NeN, =1 L2()

N + N
sup< Z TXkof> sup( Z TX’“of> ,

e k=1 L2 ()

we obtain the expected inequality. o
Using Corollary 1 together with Lemma 3, we obtain

Corollary 2 Let be a N -valued random process { X, k € N} which satisfies
E(|| Xn [|°) = 02",

for some 6 > 0 and v < 1. Let p > 1 and assume there exists a constant C independent of v € 12(Z%) such
that
| MPv [[i2zay< C [ v [li2(ze),

then there exists an absolute, measurable set Qqy such that P(Qy) = 1 and for all w € Qq, there exists a
finite, positive constant C = C(w, m) such that for all measurable dynamical system (Y, A, u, T), T being
a Z%-action, for all f € L?(u), we have

Cw) I fllzz2e

L2(p)

The result remains true when T is a non-negative isometry.

Proof. First of all, let 4/ € ((y + 1)/2,1) and notice that gy := N7 satisfies the conditions of non-
increasing, (2), (3) and >y, N, AN /N < oco. Indeed, the first and the last conditions are easily checked

and, for (3), we proceed as follow.
Multiplying (3) by v/ and changing ¢n in N, we have to bound

logt (| X 19)
NEN N2v—1

from above. It is actually smaller than

+ su

Ex sup ; -1 |
N2y -1 NeN N2v'—1

NeN

\/ logt (| X o /247 | flog(2v )
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where the second term is bounded from above by 1 and the first term is bounded by

5 \/Exlog (| x| jon='-1) -y Ex(| X %)
21 NT I NT T
NeN N= NeN, 2N N

Using the hypothesis made on X, one proves that it is smaller than

2N

NeN ONZY' Tt N2y -1

< 00.

Letting
1
_ E TX (w)
- k=1 o™

we have next,

| supnen, | An Iz < [ subnen, | Av —EAN [[[z2() +C || f [[22(0)

And the non-negativity of 7' permits to change the supremum over N, into the supremum over N (for
pP < N < pPt we have | Ay |[< p | Appsa |).
o

Corollary 2 means that the class of convergence of the random ergodic means above, for the almost
everywhere convergence, is closed in L2(p).

The problem of pointwise convergence is thus linked to the possibility of making an approximation: find
a class which is dense in L?(u) and for which we have almost-everywhere convergence. We have actually
the following corollary of Corollary 1 and Lemma 4.

Corollary 3 Let the process { X, k € N} satisfies
E(|| Xn I°) = 02",

for some § > 0 and v < 1. Let (N;);j>1 be a sequence of integers such that Nji1 > 2.N; and let M} be
defined by (21). Assume there exists, for all fized J, a number A(J) independent of v and (N;)j>1 such
that

Yo e @Y, 3" M < A [0 o
j=1
where A(J)/J tends to 0 when J — oo at a speed which depends only on p > 1, then we obtain:
There exists an absolute, measurable set Qo such that P(o) = 1 and for all w € Qq, for all measurable
dynamical system (Y, A, u,T), T being a Z*-action, for all f € L*(p),

1
lim — TXk(w) t Imost h
Nl_I)r(l)o ,; fo exists p-almost everywhere.

The result remains true when T is a non-negative isometry.

Proof. Using the same notation as above, Lemmas 4 and 2 tells us that EAy converges when N € N, and
N — oo. But, from Corollary 1,

I Y (A —EAN) [2n< D 1 Ax —EAy [[12(< 0.
NEN, NeN,

Therefore

Z (An —EAN) < o0, p—a.e.

NeN,
which means that Ay — EAx tends to 0, and Ay converges p-almost everywhere, when N € N,. And,
since T is non-negative, we know, from Lemma 1, that the convergence still occurs when N describes
N. Finally, remark that the dilation theorem (in Section 2.2) gives us, also, the result for non-negative
isometries. o

Corollary 2 together with Corollary 3 lead obviously to Theorem 7.
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3.2 Application to perturbed MVI-good sequences (proof of Theorem 2)

Our purpose, here, is to study the behavior of MVI-good sequences when they are perturbed by a multi-
plicative, independent, identically distributed, random variable. First of all, we have

Lemma 5 Let (un)nen be N¥-valued sequence which satisfies (6), then for all m = (m;)%_, € Z¢, we have

N
1
Vo € 12(Z%), NZU(.+muk)
k=1

sup

<C v |li2zays
NeN,

12(2%)

with the same constant C'.

To prove Lemma 5, we just use an Euclidean division on Z%. Let

N
S = EnEZd | SUPnen, | % > p=1 V(0 +mouy) ||2

N
= Ell 1 Eld 1 ZneZd | SUPnen, | % Zk:l v(m(n +uy) +1) |2

Applying the hypothesis of the lemma to n — f(mmn + 1), we obtain

S<Z ZC2Z|umn+z =C* > |v(n)

l1=1 la=1 nezd nezd

<

Corollary 4 Let {0y, N € N} be a family of independent, identically distributed, Z*-valued random
variables and (un)nen a Z%-valued sequence which satisfies (6), then we have

Yo € 12(Z%), sup

<C v lpgay -
NEeN,

12(z4)

| X
N Z Ev(. 4+ Orur)
k=1

For j € Z¢, denote P; = P({w € Q : Oy(w) = j}). Since the family {#y, N € N} is identically
distributed, we have also P; = P({w € Q: Ony(w) = j}). Hence

N N :
supnen, | % ke Ev(n+0ku) | = supyen, | 5 Zopo ZjeszPjU(" +juk) |
< EjeZd Pjsupyen, | % Y v(ntju) |-

Using the triangular inequality, we can bound the {2-norm from above as follow

SZPJ‘

12(z4)  JEZ

X
— v(. + jug)

sup N
k=1

NeN,

sup
NeN,

1 N
k=1 12(z%)

And using Lemma 5, we obtain

1 N
k=1

<D BC v le@n=C |l vl -
12(zd)y  JEZ

sup
NeN,

o
We have found therefore a process (Xy = Onuy) which satisfies (22). To apply Theorem 7, we are
going to show that it satisfies also (23).
Recall that M7 is defined in (8), and for m = (m;)%_, € Z4, define

N N
o 1
Yo € 12(Z%), MEP™v(n) = sup NE (n+muy) _FE v(n 4+ mug)|.
NeN} k=1 T k=1
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Lemma 6 Let (ug)ren be an Z-valued sequence such that there exists, for all fized J, a number A(J)
independent of v and (N;);>1 which satisfies

J
Vo e (2%, Y| M lz@a< A() 1| v [z -
j=1
Then, we have, for all m € Z2,
J
Yv € l2 Zd Z ™y ||l2(Zd)< Hml H v ||l2 (z4) -

The proof of this lemma is very close to Lemma 5’s. Using once again an Euclidean division, we have

J
D[22 1M
j=1\ nezd
J m1 N 1 N; 2
:Z Z Z Z sup Z m(n+ug)+1) — N Zv(m(n—i—uk)—l—l)
j=1 \ =1 lg=1nezd NGN‘ k=1 I p=1

This last expression is smaller than

mi md Ny

J N
Y Y Y sw NZ m(n + uy) +1) _iz m(n -+ wg) +1)
k=1

J=1li=1  lg=1 \| nezd NEN} Jk:l

J ma

_ Z 3oy \/M;(v(m. +1))(n).

j=1l=1 l4=1

But using the hypothesis of the lemma this is also smaller than

Sty iAW) | v(m. +l) ||l2(zd)
le 1 Zld VAW V2 o peza [v(mn +1) 2

< AW)/1Ti= 1mz\/211 Lty Y nega v(mn 1) 2
= AW \ITLy mi [ gz

An immediate consequence of this is the next corollary

Corollary 5 Let (ug)ren be a Z%-valued sequence such that there exists, for all fized J, a number A(J)
independent of v and (N;),;>1 which satisfies

<

Vo € 12(2%), Z | M?v [lj2za)< A(T) || 0 li2(za) -

Let {0n, N € N} be a family of independent, identically distributed, Z%-valued random wvariables with
E | Hle 961) |'/2< 0o. Let MFv be defined by (21) with Xy = O un. Then, we have

1/2

Vo € 12(2%), Z | Mo [l2zay< | E AW) | v 2z -

I
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Let us denote once again P, = P({w € Q: 0p(w) = m}). Then we have

=
3

=

2
|

N N
SUD e prs | % Yokt 2omeza Pmv(n +muy) — N% Yokt Domeza Pmv(n +mug) |

N N;
> meza Pm SUP N en | % Xy v(n+ mug) — N% Dkt v(n+mauy) |
= Y ezt P M 0(n)

and, using lemma 6,

IN

D) N0 = E|He”|1/2 I) N o ll2cza -

ZH MPv ||z < Z P,

meZd

[T

o
Finally, we have found easy conditions on the process { Xy = x.un, N € Z} to satisfy the hypotheses
of Theorem 7. We just need the extra condition

Vo<i<d,  Ey|6Wul PP=002N"),
which is satisfied as soon as
Vo<i<d,  Eg|6% P< oo and uy = 0@N"),
for some ' < . So we obtain the following theorem of convergence.

Theorem 8 Let {0,,n € N} be a family of independent, identically distributed, Z¢ valued random variables
such that E | H?Zl 9(()1) |'/2< 00, and let (uy)nen be a MVI-good sequence on Z% such that || u,, ||= O(2"")
(with v < 1). Then there exists a absolute measurable set Qo such that P(Qo) = 1 and for all w € Qq, for
all measurable dynamical system (Y, A, u, T), T being a Z4-action,

N
1
Ve L (u), A}gnoo N Z f oW eyists ji-almost everywhere.
k=1

Using the same arguments, we can find a result of [15] again: the convergence of the ergodic mean
associated with Xy = un + 6, where E | H?:l 9(()1) |9< oo for some § > 0. More generally, we have, the
same way, the convergence of the ergodic mean associated with Xy = Oy uy + éN, where (Oy)nen and
(On)nen are two ii.d. random processes (see Theorem 2).

Let us point out (in the one dimensionnal case d = 1) that the conditions on (un)nyen above, are
satisfied by the sequences given in the introduction as, in particular, uy = [P(N)] the integer part of a
{—degree polynomial P(N) with real coefficients. This example raises the more general question of the
convergence of ergodic means associated with the processes

!
w) = ZG%)(w) NF
k=1

where {9%6),N € N}’s are sequences of independent, identically distributed, random variables. This open
question is directly related to the problem of finding a bound for

N

I sup | (/M) Yoo+ Bilk) Hiz@ay /v iz
k=1

which depends only on the degree of the polynomial P;.
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4 Second application: study of the oscillation function

4.1 Proof of Theorem 3

We start with properties of oscillation functions associated with some probability system and non-negative
contractions. Consider therefore a contraction T' on L?(u), a function f in L%*(u) and {ug, k > 1} a
sequence of positive integers.

Proposition 7 In the case when T is a non-negative contraction over L*(u) and uy = k, we have, for all

fe L),
Or2((T* 0 £), (N;), N,) < K|IFll L2y

where K is an absolute constant.

Proof. This proposition arises from an estimation by Lifshits-Weber obtained by a spectral regularization
principle ([19], Corollary 6.4.3, p. 110) in the case when T is a non-negative isometry on an arbitrary
L2%-space, namely,

Theorem 9 [19] Let T' a non-negative isometry on L?(p), then, for all increasing sequence (N;) of positive
integers, there exists an absolute constant K < oo such that

0
Jj=1

where Ax(f) = (1/N) Y52, TH().

Moreover, the equation (24) remains true when the means Ay are generated by an arbitrary contraction
on L*(n), under the extra condition sup;>q Njy1/N;j < oo. The constant K in (24) depends therefore on
this quantity. -

2

sup  |An(f) — An; ()]

< K| flZ2 ), (24)
N;<N<Nji1

L2 ()

The main difficulty consists, of course, in proving the preceding theorem. With the help of this theorem,
the dilation theorem, where the argument of non-negativity is crucial, permits to prove Proposition 7.

Indeed, let H = L2(u). By hypothesis, T is a non-negative contraction. In virtue of the dilation
theorem, there exists another L2- -space that we denote H, and a non- negative isometry T such that,
DT™ = PT™D, where D : H — H is a non- negative isometric embedding from HtoHand P:H —
H a non- negative projection. The non-negativity of the mentioned operators and the fact that a non-
negative isometry on a L2-space transforms functions with disjointed supports into functions with disjointed
supports (see [10], p.186) leads to

(T, £, (Nj), Np) < 205(T, Df, (N;), Ny)-
Then, finally, Weber’s result states that
Vf €H, Ox(T,Df,(N;),N,) < K|IDf|l5; = KI|f|n.

Hence the conclusion. o
Remarks:

1. Proposition 7 gives us directly the theorem of ergodic domination by Akcoglu (Maximal inequality)
of an ergodic mean over a L2-space for non-negative contractions ([10], Th.2.5, p.189).

2. Proposition 5 gives us directly Akcoglu’s ergodic theorem for non-negative contractions defined on a
L?-space ([10]. Th.2.6, p.190).

We shall use Proposition 7 in order to bound the oscillation function of ergodic means along some
random sequences.
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Proposition 8 Let (2, B, P) be a complete probability space on which is defined a sequence of integer-
valued independent random variables { Xy, k € N}. Moreover, assume that the law of the Xy ’s is generated
by the convolution of a given law, that is to say, there exists an integrable random variable, say Y, such
that

Vk>1, dPx, = dP;%,

where (Sg) is a random walk generated by a sequence of non-centered i.i.d. random variables which have
a moment of order two, and are defined on another space (', B', P') independent of (2, B, P).

Then there exists a measurable set Qo C QxQ', with Px P'(Qy) = 1, such that, for all fized (w,w’) € Qo,
we have:

For all measurable dynamical system (X, A,u,T), and for all f € L*(u), the oscillation function
Opr2() (T, (f), (N;),N,) associated with the sequence of ergodic means

1 N
{NZfoTXk,Nz1},
k=1

satisfies
OL2(M)(T3 (f)v (Nj)aNP) <K (Waw/) ||f||L2(u)7
where K(w,w') < 0o, P x P'-a.e.

To prove this result, one of the tools we shall use consists in the following proposition that comes from
a collective work of Lacey, Petersen, Rudolph and Wierdl [13].

Proposition 9 Given a 1-dimensional, non-centered random walk which has a moment of order two, we
know that there exist a set Qg dense in 2 and an € > 0 such that, for all w in that set, there exists C, < 00
such that,

1 & 1 & C
VN > 2, X _slug) » N Zexp 2imaSk(w) — EN Zexp 2iTaSE| < FL:
€[-1/2,1/2] =1 k=1

Let us prove Theorem 3.
Proof. First of all, recall that, for p > 1 and a given increasing sequence of positive integers (N;), we
denote ‘
N3 = {[o"], k €N, N; < [p*] < Nj4a}.

Denote also
N
Ay = =D TY(f).
N N 2 (f)

We suggest a proof in three steps.

-Step 1: Fix w’ € ). Hence, we assume that a realization of the law of the process (X}) is given with the
help of the sequence of positive number {Si(w’), N > 1}. jFrom the application of the strong law of large
numbers to the sequence (S) (that is to say, sup,~; Sk/k < 0o, P’-a.e.), we can omit to suppose that, for
all o/,

E,|Xi| = O(k).

The arguments used here are, on one hand, the hypothesis of integrability of the law Y and, on the other
hand, the independence between the spaces on which are defined Y and the random walk (Sk).
We need to introduce the following quantity: E,Ax. It gives us the following immediate bound,

2

sup |AN - AN].| <3 Z ||AN - EwANH%ﬂ(H) + 3||AN]~ - ]EWANJ-H%Q(M)

NeN L2(p) NeN]
2
+3 sup‘ |EWAN —EwANj|
NeN} L2 ()
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From Corollary 1 and Theorem 1, we have therefore

log N
D AN —Eudy|ffag < K(w,o)® D7 =,
NeN) NeN)
and log N
oo N+
145, = Bu A, |22 < K(w,w)? =2,
J

where K (w,w’) < oo for almost every w and w’'.
Then, using the arguments detailed in the prove of Proposition 10, we show that

Z log nnN + log an
N N,
NeN}

is the general term of a convergent series of index j, and this happen independently of the lacunary
sequence (N;), for all geometric partial index N,.
It gives us a bound for the oscillation function we are interested in,

OL2(M)((TXk)a fa (Nj)va) < ||f||L2(u)K(w7("/) +3 OL2(M)((EWTXk)7 (f)a (Nj)va)'
-Step 2: The “transfered” problem consists therefore in finding an estimation for

OL2(;L)((EWTXIC)7 fs (Nj)ﬂNP)'

Denote T the non-negative contraction on L?(u) defined by T(.) = ETY(.). Then the sequence of
non-negative operators on L?(u) defined by ET**(.) can be rewritten, without difficulty, in

Vk>1, E,TX()=T5)().

Hence, in order to bound OLz(#)((TSk(”/)), £, (N;),N,), we need to introduce the quantity E,, 7% The
technique used in the first step of the proof, together with, this time, Proposition 9 and the spectral lemma
applied to the contraction T, gives us

OLQ(#)((T)v (f)v (Nj)aNP) < ||f||L2(,u)K(w=w/) + 3OL2(M)((EM’TSIC(WI))7 (f)v (Nj)va)v

where K (w,w’) < oo for almost every w and w'.
-Step 8: The problem “transfered” a second time consists therefore in finding an estimation for

0L2(u)((EW’TSk(w/))a fa (Nj)va)'

Denote T' the non-negative contraction on L?(p) defined by T'(.) = ET1(.) where S; denotes the i.i.d
increment of the random walk. 3
Hence, the sequence of contractions E,T°%(.) on L?(x) can be written as

~k ~
VE>1, T () =E,T%().
Using Proposition 7, we show that
Oz (B THD), (f), (N, N) < K| fl] 1200,

where K is an absolute constant. This concludes the proof of Proposition 8. o
This means, in particular, that, according to Proposition 5, P x P’-almost everywhere, the sequence
(Xy) is L2-good.
We have, in fact, the expression of the limit which is

N

. 1 Xi(w)
J\}EnooN;fOT HOS=E(f|F), pae.

where F is the o-field generated by the functions in L?(u) which are invariant under the action of T. To
show this result, we just need to observe that the function which are invariant under 7" are the same as

the ones under T. We conclude using Hopf’s ergodic theorem.
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4.2 Sketch of the proof of Theorem 4

We start as in the first step of the proof of Theorem 3. Then we show that one can extend, without
difficulty, the maximal and variational inequalities for non-negative contractions. We leave the details to
the reader.

Remark 1: In the case when, for instance, u is a polynomial or the sequence of ordered primes numbers,
we know that the variational inequalities are satisfied in the framework of non-negative isometries (see [2]).
Remark 2: In the case when uy, = k and L(Y") is a Poisson law of parameter 1, a direct calculation gives
an estimation of the oscillation function of the ergodic mean above, by the application of Weber’s result,
without any argument of dilation.

Indeed, for all N € N, let Xn be a Poisson of parameter N. We can easily check that such a process
{Xy : N € N} satisfies the condition (3) with gy = /Nlog N. Corollary 1 together with a reasoning
analogous to the one made in the proof of Corollary 3, show therefore that, for all w € Qq, (Y, A, u, T) and
f € L?(u), the a.e. convergence of (1/N) Zszl f o TX* is equivalent to the one of (1/N) Eszl Ef o Tk,

We shall focus now on the convergence of that last mean. The method is nearly the same. Since the
ergodic mean (1/N) ngvzl foT¥* is known to converge a.e. for all f € L?(u), we just need to show that
there exists a sequence ay such that, for all p > 1, ZneNp any < oo and

1 & 1<
NE EfoTXk—NE foT"
k=1 k=1

(From the Spectral Lemma, we know that the left side of this last inequality is equivalent to

1 Y 1< ’
- Ee27rian = e27riak
/[—1/2,1/2) Nkz;: N ;

where py still denotes the spectral measure of the operator at the point f, and

<C| f 2 an-
L2(p)

1/2

o (dar) <hLi+ 1L+ I3,

2 1/2
1 N . N
Il — / N ZEG%HQX’C _ Z 2miak Ly da) ,

|| <e 1 k:

N 9 1/2

I = / =S EemioXe| yi(da)|

jole(e/2) |V z::
1/2
IB — / 2miak [y dOé) ,
la|€(e,1/2) Z

for some arbitrary € €]0,1/2[. To bound I; from above, we use the well-known property of Poisson laws,

E e2miaXs _ ek(e%m—l)'
We have therefore to bound
N e2mic Tia N e2mic T
oA e R | I DAY L B

N a2

< %Zk:l ek o) — 1‘
N

< % Zk:l k 0(042)

< NO(a?)

< NO(e).

The last inequality comes from the fact that the integration is over [—¢, €]. We obtain finally

L<C|f ||L2(#) Né?.
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To bound I, and I3 from above, we use, respectively

N
1 k(827\'ia71) C
T € S 9
N ; N|a|
and N
- elmic <
N ; N|a]

We obtain easily
C
I+ 13 < e I f Iz

since the integration is done, this time, over {a € [=1/2,1/2] :| o |> €}. Finally, putting ¢ = N=2/3 we
have the desired bound,

/[1/2,1/2)

Observe that we have also proved that the limit of (1/N) ngvzl foTX* is the same as (1/N) Zszl foT*
which is known to be E(f | ) where F denotes the o-field of invariants under T .

9 1/2

N
1 12T 1 12T B
N DB - L3 ek y(da) | <O | g N
k=1

N
k=1

M=

5 Third application: weighted ergodic means (proof of Theorem
5)

We end this work by a study of the following problem: given a probability space (€2, 5, P) on which is
defined a sequence of centered, independent and identically distributed random variable (Xj, k > 1) that
satisfies a condition on the moments (see below), given an increasing sequence of integers (ug, k& > 1),
given a measurable dynamical system (X, A, u,T), for f € L?(u), what can we say about the pointwise
convergence of the sequence of modulated ergodic means

N
1
{NZkaoT“k,Nzl}?
k=1

Let us specify that
1. we do not assume that the sequence of random weight is bounded,

2. the sequence (ug, k > 1) is not supposed to be L?-good for the pointwise ergodic theorem. Thus,
we shall be able, in no way, to use any maximal inequality which is known to be true, for instance,
when the sequence (ug, k > 1) is L?-good.

In a previous work with Weber[17], one of the authors shows that when the sequence (ug, k > 1) is
L?-good and when the sequence of weights is non-negative, for all f € L%(u),

1 N

A}iinoo N Z X f oT“ exists p-almost everywhere,
k=1

universally on the space where the sequence (X}) is defined.

More recently, Assani[l] proved a result of the same kind in the case when uy = k, the weights are
centered and the spaces are of LP-style, p > 1.

Given a sequence of centered weights, say (X), writing it as a difference of two non-negative sequences,
X = Xi-Ix,>0 — (—Xk-Ix,<0), and applying [17] to both non-negative weights, we obtain immediately
Assani’s result for p = 2. It is therefore not difficult to observe that we have also the result for all p > 1.
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To prove Theorem 5, we start by determining the oscillation function associated with the sequence of
operators, Ty, := XiT"*. For that, recall that

2

2

Nj
Ora (T), £, (V). M) = |32 | sup |5 S - == ST ||

° NEN; J
>1 J k=1 k=1
I= L2 ()

where N is a partial index, (N;) is a sequence of integers such that N1 > 2N;, and f € L?(u).

Proposition 10 Under the hypotheses of the preceding theorem, there exists a B-measurable set Qq, with
P(Qp) = 1, such that, for all w € Qq, there exists a positive constant K(w) < oo such that, for all
measurable dynamical system (X, A, u,T), and for all f € L*(p),

OLZ(#)((Tk)v (f)7 (N]),N) < K(w)”fHLQ(#)'

Moreover, the constant K is independent of the sequence (N;), and we can chose N among the following
indexes: N, for p > 1 (geometrical index, see Section 1), N7 = {k", k > 1} where v > 1/(1 — f3) is an
integer ([ is given in the theorem).

A consequence of Proposition 10, is that we have the theorem with only partial indexes, and, a pri-
ori, we cannot obtain immediately the total index by arguments of non-negativity and boundedness (see
Proposition 5). Actually, the lemma below permits to conclude. Indeed, it exhibits a connection between
the sequence of random variables (Xj) and the index N7 = {k7, k > 1} where v > 3 is an integer.

Lemma 7 Under the hypotheses of Proposition 10, for all integer v > 3, we have

(N+1)"
E sup —— E | Xk| < 0.
1
N>1 N7 e

Remark: The sequence does not need to be centered.

Let us prove, first, Proposition 10.
Proof. We suggest a proof relying on Proposition 6 and the spectral lemma. Let us first introduce a
notation: for all integer N and all f € L?(u), denote

1 N
Ay = N};Tk(f).

Hence, we have
2

<2 > ANIE2 + 214N, 72,
L2 () NeNi

sup |AN - ANJ|
NeNi

where NV := {N € N, N; < N < N;;1}. Then, using the spectral lemma and Proposition 6, we obtain

;From the hypothesis of increase made on (uy), and the fact that N; > 27, we have the estimation

) 1 1
CY st 23‘(1—6)1 )
NeNi

2

sup |AN - AN]|
NeNi

loguy | logun;,
SQO(W)||f||%2(u)[Z N TN, 1
J

L2(p) NeNi

2

sup |AN - ANJ|

2
s, <20() Ifll2(

L2 (n)

where C'is a constant which depends only on the sequence (ug).

24



- In the case when N' = N, = {[p*], k > 1} with p > 1, it is clear that we obtain
Or2()((Th), £, (N;), Np) < K (p, (uk), )| Fl 2 )
with K(p, (ug),w) < oo for all p > 1.
- In the case when N = N7 = {k7, k > 1} with v > 1/(1 — ) an integer, it is clear that we obtain
Or2u) ((Th), £, (N3), Ny) < K (v, (uk), )| £l 2 )
with K (v, (ug),w) < oo for all v > 1/(1 — 3). Hence the proof of Proposition 10.

Next, we give a proof of the lemma which relies on an argument of Gaussian randomization.
Proof. Introducing the quantity E|X|, we have the following bound

(N+1)Y (N+1)Y
E sup —— Xi| <Esup —— Xi| — E|Xg|| + C(v)E| X1,
U N k:zN:wl Kl < S AT ; | Xk — E[X| (7)E[X:]

where C(y) is a constant which depends on +.
;From symetrization and contraction principles, it remains us to prove that

(N+1)7
Ex g4 sup — gr| Xk| | < o0,
! N2l N’Y_l kg’v | |

where {gi, k > 1} is an isonormal sequence.
Fix the variable X, and integrate over g, the Gaussian random variable indexed on positive integers,

Gy = ;ﬁ}?w gk Xk|. For all fixed X and all N, denote
1
N+1)7
]((;:]J’\_]'Y) |AXk|2

Note that, for all N, £(I'x) = N(0,1). Therefore,

Ex 4 ]svup |Gn| <Ex2Y Ji[ugl Z | Xk |? [IE sup ’N 7o 1I‘NH .

1
>1 N7t
As /2 —1> 0 (v > 3 by hypothesis), we know that Egsups, [Tx/N?/?>7!| < co. And the condition on
the moments imposed to the sequence (X} ) leads to the conclusion that

gl 2
Ex2 su>p1 M};'Xkl < 0.
o
Finally, we prove Theorem 5
Proof. ;From Proposition 10, we know that, for all dynamical system and all f € L?(u1), on the indexes
N, = {k7, k > 1} with v an integer large enough (which depends on the increase of the sequence (ux)),
we have

The lemma permits us to show the existence of a positive, random variable C' which is integrable and such

that, for all N > 1, we have
(N+1)7

N Z | Xk (w)] < %

k=N~
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For all positive integer M, there exists an integer N such that
NY<M< (N+1).

We have the following inequality

1 M
37 2 Xn(@)F(Tz)| <
k=1
N1 & 1 O&
7 |7 L Xe@) (T 2)| + 5 Y [ Xa(@)]|f(Ta)].
k=1 k=N~

The first term converges to 0 when N tends to co. Let us focus on the second term. Without loss of
generality, we can assume that f is non-negative. Then, we decompose f as follows, f = f1 + fo =

f]IfS\/N + fo>\/N'
For the first term, we have,

(N+1)7
% > |Xk(w)||f1(T“ka:)|§c(w)g
k=N~

which tends to 0 when NV tends to oo, because of the lemma.
For the second term, by integrating with the measure p which is invariant under the action of the
operator T, we have again, from the lemma,

(N+1)Y

1 S
X @) [l < o) [ (25)
k=N~
We finish by remarking that
I
Bl EECLTES
N>1

Indeed, applying Schwarz inequality to the sum and the integral, we obtain

I
Z/if -f]\j‘/ﬁdug /Z]{[—Zdu > u(f?>N) < oo,

N>1 N>1 N>1

because f is in L?(u).
Remark finally that the same calculations would lead to the same kind of result in LP. o
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